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Abstract of thesis presented to the Senate of Universiti Putra Malaysia in fulfillment
of the requirement for the degree of Doctor of Philosophy

BOUNDARY LAYER FLOW AND HEAT TRANSFER OF HYBRID
Cu-Al,O3/WATER NANOFLUID PAST A PERMEABLE SURFACE

By

NAJIYAH SAFWA BINTI KHASHI’IE

October 2020

Chairman : Norihan Md Arifin, PhD
Institute : Mathematical Research

Hybrid nanofluid is invented to improve the heat transfer performance of tradi-
tional working fluids in many engineering and industrial applications. This thesis
presents the numerical solutions and stability analysis of five problems related to
the boundary layer flow with heat transfer in Cu-Al, O3/water hybrid nanofluid over
different permeable surfaces. The five considered problems are (1) mixed convec-
tive stagnation point flow towards a vertical Riga plate, (2) magnetohydrodynamics
(MHD) flow past a stretching/shrinking disc with Joule heating, (3) magnetohydro-
dynamics (MHD) flow past a stretching/shrinking cylinder with Joule heating, (4)
three-dimensional flow past a stretching/shrinking sheet with velocity slip and con-
vective boundary condition and (5) three-dimensional flow past a nonlinear stretch-
ing/shrinking sheet with orthogonal surface shear. The combination of copper (Cu)
and alumina (Al,O3) nanoparticles with water as the base fluid is modeled using the
single phase model and modified thermophysical properties of nanofluid. A set of
similarity transformation is opted to reduce the complexity of the governing model
and then, computed using the bvp4c solver in the Matlab software. For all the prob-
lems, the validation of model are conducted by comparing the numerical values of
present and previously published report in a specific case. The surfaces are perme-
able to allow the usage of suction parameter and generate the possible solutions.
Dual solutions exist in all problems within a specified range of parameters, but it is
found that only the first problem has dual solutions without the utilization of suction
parameter. However, higher values of suction parameter can affect the performance



of hybrid Cu-Al,O3/water nanofluid in augmenting the heat transfer rate as reported
in second to fifth problems. Among all the parameters discussed in this thesis, copper
volumetric concentration, electromagnetohydrodynamics (EMHD), magnetic, veloc-
ity slip and suction parameters can delay the boundary layer separation. Meanwhile,
Biot number (convective condition), EMHD, suction, magnetic, velocity slip and
nonlinear parameters have potential to increase the heat transfer rate of the hybrid
nanofluid. Stability analysis proves that the first solution is more realistic than the
second solution.
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Abstrak tesis yang dikemukakan kepada Senat Universiti Putra Malaysia sebagai
memenuhi keperluan untuk ijazah Doktor Falsafah

ALIRAN LAPISAN SEMPADAN DAN PEMINDAHAN HABA BAGI
NANOBENDALIR HIBRID Cu-Al,O3/AIR TERHADAP PERMUKAAN
TELAP

Oleh

NAJIYAH SAFWA BINTI KHASHI’IE

October 2020

Pengerusi : Norihan Md Arifin, PhD
Institut : Penyelidikan Matematik

Nanobendalir hibrid dicipta untuk meningkatkan prestasi pemindahan haba cecair
tradisional dalam kebanyakan aplikasi kejuruteraan dan perindustrian. Tesis ini
membentangkan penyelesaian berangka dan analisis kestabilan bagi lima masalah
yang berkaitan dengan aliran lapisan sempadan dan pemindahan haba dalam hibrid
nanobendalir Cu-Al,Os3/air ke atas permukaan telap yang berlainan. Lima masalah
yang dipertimbangkan adalah (1) aliran titik genangan dengan olakan campuran
ke arah plat menegak Riga, (2) aliran magnetohidrodinamik (MHD) terhadap cak-
era meregang/mengecut dengan pemanasan Joule, (3) aliran magnetohidrodinamik
(MHD) terhadap silinder meregang/mengecut dengan pemanasan Joule, (4) aliran
tiga dimensi terhadap permukaan meregang/mengecut dengan slip halaju dan syarat
sempadan olakan dan (5) aliran tiga dimensi terhadap permukaan meregang/menge-
cut tak linear dengan permukaan ricih ortogon. Gabungan nanopartikel tembaga (Cu)
dan alumina (Al,O3) dengan air sebagai cecair asas dimodelkan dengan menggu-
nakan model fasa tunggal nanobendalir dan sifat-sifat termofizikal yang diubahsuai.
Satu set penjelmaan keserupaan dipilih untuk menurunkan kerumitan model dan ke-
mudian, dikira menggunakan penyelesaian bvp4c dalam perisian Matlab. Untuk ke-
semua masalah, pengesahan model dijalankan dengan membandingkan nilai-nilai
berangka semasa dengan laporan yang telah diterbitkan dalam kes tertentu. Per-
mukaan adalah telap untuk membenarkan penggunaan parameter sedutan dan men-
jana penyelesaian yang berkemungkinan. Penyelesaian dual wujud dalam kesemua
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masalah dalam julat parameter tertentu, tetapi didapati hanya masalah pertama mem-
punyai penyelesaian dwi tanpa penggunaan parameter sedutan. Walau bagaimana-
pun, nilai parameter sedutan yang tinggi boleh menjejaskan prestasi nanobendalir hi-
brid Cu-Al,Os/air dalam menambah kadar pemindahan haba seperti yang dilaporkan
dalam masalah kedua hingga kelima. Di antara semua parameter yang dibincangkan
dalam tesis ini, kepekatan volumetrik tembaga, parameter EMHD, parameter mag-
net, parameter slip halaju dan parameter sedutan dapat melambatkan pemisahan
lapisan sempadan. Sementara itu, nombor Biot (syarat sempadan olakan), parameter
EMHD, parameter sedutan, parameter magnet, parameter halaju slip dan parameter
tak linear berpotensi untuk meningkatkan kadar pemindahan haba bagi nanobendalir
hibrid. Analisis kestabilan membuktikan bahawa penyelesaian pertama adalah lebih
realistik daripada penyelesaian kedua.
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LIST OF ABBREVIATIONS

By strength of the magnetic field

Bi Biot number

C, specific heat capacity at a constant temperature

Cy skin friction coefficient

d dimensionless parameter related to the electrodes
and magnets width (Chapter 4)

Ec Eckert number

g gravitational acceleration

Gr Grashof number

hy heat transfer coefficient

Jo density of the current in electrodes (Chapter 4)

K curvature parameter

L characteristic length of the surface

My magnetization of the magnets (Chapter 4)

M magnetic parameter

n nonlinear parameter

N-S, S—N polarity of the magnet (Chapter 4)

Nuy Nusselt number

p magnets and electrodes width (Chapter 4)

Rey Reynolds number

Ty wall shear stress

T dimensionless time variable

qw surface heat flux

k thermal conductivity

K3 first nanoparticle (alumina)

S1 second nanoparticle (copper)

S suction parameter

t time

T fluid temperature

Ty temperature of the heated surface (Chapter 7)

Ty wall/surface temperature

T ambient temperature

Ty characteristic temperature (Chapter 4,5,6)

Ue free stream velocity

Uy stretching/shrinking velocity

u,v,w velocity components

Yy term for surface mass flux velocity (Chapter 4)

W term for surface mass flux velocity (Chapter 5,6,7,8)

Z modified Hartmann number or EMHD parameter
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0 dimensionless temperature

Bo slip length as the proportional constant
of the slip velocity

velocity slip parameter
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kinematic viscosity of the fluid
dynamic viscosity of the fluid

density of the fluid
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CHAPTER 1

INTRODUCTION

1.1 Introduction

In the real industrial processes, there exist situations of continuous moving surfaces
in a moving or quiescent ambient environment. For example, the hot steel extrusion,
the lamination and the melt-spinning process in the polymer’s extrusion and the heat
treatment for the material moves between a wind-up roll or conveyor belts and a
feed roll (Moutsoglou and Bhattacharya, 1982). The importance of the final product
quality which depends on the heat transfer and cooling fluid performance attract
many researchers to further the study of the flow field and heat transfer. The problems
of boundary layer flow induced by a moving and deformable surfaces have drawn an
extensive attention among the researchers after first attempt made by Blasius in 1907
and Sakiadis in 1961, respectively (Ahmad et al., 2011).

1.2 Boundary Layer Theory

1.2.1 Velocity and Thermal Boundary Layer

In 1904, Ludwig Prandtl introduced the concept of fluid viscosity and contributed to
the discovery of the boundary layer theory (Acheson, 1990; Anderson, 2005). Before
Prandtl published the report, the viscosity effect was neglected in the ideal flow so-
lution, therefore the equations regarding viscosity became complicated. The Navier-
Stokes equations were used to give exact solutions for flows with small Reynolds
number before the concept of boundary layer flow was introduced. In contrast, the
Navier-Stokes equations gave insignificant solutions for flows with high Reynolds
number. Therefore, the concept by Prandtl stated that the viscosity has a large im-
pact at the solid boundary and this effect is insignificant in areas further away from
the solid boundary. The boundary layer is a region between the wall or surface (be-
low) and the inviscid free-stream (above) as shown in Figure 1.1. The flow past a
solid boundary can be divided into two regions. The first region is thin and near to
the solid boundary which is termed as the boundary layer. In the boundary layer
or first region, fluid viscosity has a great and significant effect on the flow. Mean-
while, the fluid viscosity has very low effect in the second region. Referring to the
concept presented by Prandtl, there are various terms that can be neglected in the



Navier-Stokes equations through the assumption of a thin boundary layer.
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Figure 1.1: An illustration of boundary layer flow

The Cartesian coordinates (x,y) are taken such that the x—axis is measured along
the sheet oriented in the horizontal direction and the y—axis is perpendicular to it.
At any given coordinate, the velocity distribution can be drawn as a function of y.
This is the most common way to illustrate a boundary layer. Referring to Figure
1.1, there are two points of velocity cross sections in the boundary layer. The first
is cross section for a laminar boundary layer while the second is after transition and
represents a turbulent boundary layer. In a boundary layer, the velocity is always
zero at the wall, and asymptotically approaches the free-steam velocity.
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Figure 1.2: Velocity and thermal boundary layer

Similar to the velocity boundary layer, a thermal boundary layer develops if there
is a difference between the ambient and surface temperatures. Consider a fluid flow



over a flat plate (isothermal) with constant temperature T, as shown in Figure 1.2.
At the leading edge, the fluid temperature profile is uniform with the ambient tem-
perature To.. However, when the fluid particles contact the surface, the thermal equi-
librium is achieved between the fluid particles and the wall temperature. At this
point, energy flow occurs at the surface where the fluid particles transfer the energy
with those in the adjoining fluid layer (by conduction and diffusion) and tempera-
ture gradients will develop in the fluid. The region of the fluid where the tempera-
ture gradient exists is known as the thermal boundary layer. The thermal boundary
layer thickness &7, is defined as the distance from the surface where the temperature
is 99% of the temperature from an inviscid solution or mathematically written as
(T —Tw) / (Teo — Tyy) = 0.99. As the distance x from the leading edge increases, the
thermal boundary layer thickens while the effect of heat transfer penetrates farther
into the free stream.

1.2.2 Stagnation Point Flow

Fluid stagnation is a phenomenon where the fluid is immovable at a region where the
local velocity is zero. The pressure, heat transfer and mass deposition have maximum
value at this region which known as the stagnation point (Wang, 2008). In 1752,
D’ Alembert pioneered the fluidic stagnation point notion and investigated the drag
flow on solid boundaries (Brimmo and Qasaimeh, 2017). During the time, fluid
stagnation was only limited to liquid-solid interfaces and refered as a disturbance.
After Prandtl proposed the boundary layer theory, he concluded that the frictional
force is the reason of the attached fluidic thin layer (stagnation point) to a rigid
boundary (see Figure 1.3). Since then, the concept of fluid stagnation towards a
static or moving body has captivated many researchers from various backgrounds
(mechanical, mathematics, physics) due to its numerous industrial and engineering
applications such as counterflow jet, acrodynamics and heat transfer.
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Figure 1.3: (a) Stagnation flow schematics, (b) Stagnation point flow on a verti-
cal plate (Brimmo and Qasaimeh, 2017)



1.2.3 Boundary Layer Separation

In general, there are three stages of boundary layer, namely laminar boundary layer,
transition phase and turbulent boundary layer. The transition from laminar bound-
ary layer flow to the turbulent boundary layer flow is known as the boundary layer
separation. The fluid velocity theoretically decreases when the fluid passes a surface
as a result of the skin friction between the fluid and the surface which simultane-
ously, forms a boundary layer. The laminar boundary layer flow is characterized by
a smooth flow while the turbulent flow contains swirls or vortices. In addition, the
laminar flow creates less skin friction forces than the turbulent flow. Separation oc-
curs in the flow with increasing pressure (adverse pressure gradient). As shown in
Figure 1.4, the fluid motion (illustrated by the arrow) starts to change from laminar
flow (left) to turbulent flow (right).The boundary layer separates when it has trav-
elled far enough in an adverse pressure gradient where the velocity boundary layer
relative to the surface has stopped and reversed the direction as illustrated in Figure
1.4.

<« laminar transition o turbulent/>

Separating Point

Counter Point Curve

Figure 1.4: Boundary layer separation

The flow becomes detached from the surface, and may take the forms of eddies and
vortices. Besides, the boundary layer solution only exist up to the boundary layer
separation point. From mathematical view, no solution can be generated for the flow
beyond this separation point because the boundary layer equation is invalid for a
turbulent flow. A full Navier-Stokes with energy equations are necessary to observe
the flow and heat transfer characteristics beyond this separation point. Therefore, it
is important to identify the possible factors which can decelerate the boundary layer
separation.



1.3 Regular and Hybrid Nanofluids

Fluid is a substance that can continuously flow and change its shape under applied
shear stress or external force. Fluid can be classified into two categories; Newtonian
and non-Newtonian fluids. Newtonian fluid refers to the fluid that obeys the
Newton’s law of viscosity (direct proportion between the shear stress of the fluids
viscosity and shear rate). Non-Newtonian fluid is represented either by shear
thickening (fluid viscosity enhances due to the reduction of shear rate) or by shear
thinning (fluid viscosity decreases due to the increment of shear rate).

Meanwhile, nanofluids are a special class of fluids with great thermophysical prop-
erties, are expected to improve the heat transfer performance of applications related
to nuclear cooling systems, lubrication, biomedical applications, solar water heating,
thermal storage, coolant in automobile radiator, refrigeration and many others. The
nanofluids are prepared by dispersing single nanoparticles into a base fluid. The fre-
quently used nanoparticles are classified into these groups, (i) metals (copper/Cu,
silver/Ag, Nickel/Ni), metal oxides (aluminum oxide/Al,O3, ferric oxide/Fe,0s,
cupric oxide/CuO, silicon dioxide/Si0,), carbon materials (carbon nanotubes/CNTs,
multi-walled carbon nanotubes/MWCNTSs, diamond, graphite), metal nitride (alu-
minium nitride/AIN) and metal carbide (silicon carbide/SiC). On the other hand,
water, ethylene glycol and oil are commonly used as the base fluid in the formation
of nanofluids.
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Figure 1.5: An illustration of nanofluid’s preparation (Babar and Ali, 2019)

The nanofluids are not simply made by adding the nanoparticles into the base fluid,
but involves specific physical and chemical procedures for extensive period stability



and large-scale applications. The process of stabilizing nanofluid is a difficult task
due to the presence of static electricity and Van der Waals force (Sun et al., 2015).
There are two general methods for the preparation of nanofluids; single- or two-step
method. The two-step method is a low cost method and widely used in laboratories.
This method involve preparing and dispersing of solid particles in the base fluid,
separately. First, the raw material (solid particles) are transformed into the powder
form using physical or chemical procedures and then, dispersed in the base fluid
with pH adjustment, ultrasonic agitation, surfactant addition, magnetic stirring
or homogenizing (Yu and Xie, 2012) until the stabilized nanofluid is obtained as
shown in Figure 1.5. Meanwhile, in the single-step method, the agglomeration of
nanoparticles is depreciated by combining the mixing and synthesizing process
of nanoparticles at one time. This method is comparatively expensive and only
convenient for small scale production.

The invention of a stable hybrid nanofluid as a promising heat transfer fluid with
better heat transfer performance can fulfil the industrial demand. There are two
ways to prepare hybrid nanofluids which are (i) by suspending different types
of nanoparticles in a base fluid (water/oil) or (ii) by suspending hybrid form of
nanoparticles in the base fluid. The hybrid nanofluids combine different composite
materials such as metal matrix nanocomposites (Al,O3/Cu, Al,O3/Ni, Mg/CNT,
MgO/Fe), ceramic matrix nanocomposites (Al,03/SiO,, Al,O3/TiO,, CNT/Fe3zOy4)
and polymer matrix nanocomposites (polymer/CNT, polyester/TiO,) with traditional
base fluid. According to Sajid and Ali (2018), Turcu et al. (2006) being the first to
report the synthesis of MWCNTSs/Fe, O3 hybrid nanoparticles. The aggregation of
nanoparticles will cause sedimentation or clogging, which simultaneously leads to
the reduction in nanofluids’ thermal conductivity. Hence, it is crucial and important
to have a stable hybrid nanofluids.

Not all the combination of the nanoparticles are suitable for the hybrid nanoflu-
ids. Jana et al. (2007) and Baghbanzadeh et al. (2012) reported that the thermal
conductivity of hybrid nanofluids is less than regular nanofluid due to the compat-
ibility issues of nanoparticles. Baghbanzadeh et al. (2012) synthesized and investi-
gated hybrid nanofluid with SiO,-MWCNTSs nanoparticles in two set of ratios (80:20
and 50:50). The hybrid nanofluid has lower thermal conductivity than MWCNTs
nanofluid because of poor thermal conductivity of SiO,. The ascending order of
thermal conductivity for nanofluids was SiO, <Hybrid nanofluid (80:20)<Hybrid
nanofluid (50:50)<MWCNTs nanofluids. Jana et al. (2007) compared the thermal
conductivity of regular nanofluids (Au-water, Cu-water, CNTs-water) and hybrid
nanofluids (CNTs-Cu/water, CNTs-Au/water). Hybrid nanofluids showed less en-
hancement in thermal conductivity compared to mono nanofluids. However, there
are many successful experimental works reported for the hybrid nanofluid with Cu
and Al,O3 nanoparticles which can be found in Suresh et al. (2011, 2012) and Par-



sian and Akbari (2018).

Due to the costly experimental works, many researchers preferred to further inves-
tigate the regular and hybrid nanofluids through numerical simulation (CFD) and
classical boundary layer analysis (Sheremet et al., 2020; Ghalambaz et al., 2019;
Sheikholeslami et al., 2019a; Izadi et al., 2018). The numerical investigations are
conducted using the established mathematical model of nanofluids, (i) single phase
model by Tiwari and Das (2007), and (ii) two phase model by Buongiorno (2006).
Moreover, for this theoretical analysis, the nanofluids are considered as a stable form
of the base fluid and nanoparticles including the exclusion of the aggregation ef-
fect. Further explanation including the thermophysical properties and the theoretical
model of nanofluid used in this research can be found in Chapter 3.

1.4 Heat Transfer

Heat transfer is the process of exchanging thermal energy between physical systems
through the dissipation of heat. The process of transferring heat is induced by pres-
sure and temperature difference that occurs within the physical systems. Generally
heat transfer can be divided into three types; convection, conduction and radiation
as illustrated in Figure 1.6. This research will focus on the convective heat trans-
fer as illustrated in Figure 1.6. Convection describes that the heat transfer from one
place to another through the mass motion of fluids. It occurs when the heated fluid
moves away from the source of heat and carries the energy acquired. The ideal gas
law describes that convection on a hot surface occurs when heated air (temperature
increases) is expanded (volume increases), becomes less dense and then rises. Con-
vection can further be subdivided into various forms that include natural convection,
forced convection and mixed convection. Natural convection occurs when the fluid
has density differences while forced convection describes fluid flow that is induced
by external forces caused by a suction device, pump or fan. Mixed convection occurs
when forced and natural convections simultaneously occur.
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Figure 1.6: Convective heat transfer (Levenspiel, 2014)



1.5 Permeable surface

A permeable (porous) surface is used to allow the wall fluid suction or injection
(fluid removal) in the boundary layer. Suction is one of the boundary layer control
method, which is traditionally used in drag reduction of bodies in an external flow or
energy losses in channels (Gad, 1990). An application of suitable wall mass suction
through the permeable surface can effectively be used to stabilize the vorticity within
the boundary layer and, subsequently, delay the boundary layer separation.

1.6 Dimensionless Numbers in Fluid Mechanics

In fluid mechanics, the dimensionless numbers are the ratio of involving quantities
and widely used to reduce the variables involved in the physical system. The ratio of
involving quantities which are used in this research are:

1.6.1 Prandtl number

Prandtl number (Pr) can be defined as the ratio of viscous diffusion rate (momentum
diffusivity) to thermal diffusion rate (thermal diffusivity) or mathematically written
as

ucC
P G il p)f, (1.6.1)
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where Vv is the kinematic viscosity (momentum diffusivity) and o is the thermal
diffusivity of the fluid. Meanwhile t 7, py, ky and (pC p) yare the dynamic viscosity,
density, thermal conductivity and heat capacitance of the respective fluid. Gener-
ally, for Pr > 1, the momentum diffusivity is higher (dominant) than the thermal
diffusivity, and consequently, augments the heat transfer process and diminishes the
thermal boundary layer thickness. The value of Prandtl number for few of fluids are
presented in Table 1.1.



Table 1.1: Prandtl number for different fluids.

Fluids Prandt]l number
Air 0.71
Water (depends on the temperature) 1-10
Gases 0.7-1
Oil 50-2000
Methanol 7.38
Kerosene 21

1.6.2 Reynolds number

The Reynolds number (Re) is used to predict the patterns of the flow in different
situation where a laminar flow is identified through the low Reynolds number while
at high Reynolds number, the flow is turbulent. The Reynolds number is defined as
the ratio of inertial forces to viscous forces within a fluid and mathematically written
as

Re =§— 1.6.2
e v, (1.6.2)

where u.. is the free stream velocity, L is the characteristic length of the surface and
vy is the fluid kinematic viscosity.

1.6.3 SKin friction coefficient

Skin friction coefficient (C f) can be defined as

2T,

Cr= ,

(1.6.3)

where uo is the free stream velocity, py is the fluid density and 7, is the wall shear
stress. The wall shear stress 7,, or also known as friction force per unit area is
important to drag the fluid motion along the surface and mathematically expressed
as

du
Ty = Uy <8y>y_07 (1.6.4)



du

dy

where is the velocity gradient and Ly is the dynamic viscosity of the fluid.

1.6.4 Nusselt number

The local Nusselt number (Nu) is important in the heat transfer field which indicates
the ratio of convective heat transfer to conductive heat transfer. It is mathematically
written as

hyL  hyLAT

Nu=-L=— 165
"MRANT (165

where hf is the heat transfer coefficient of the fluid, L is the characteristic length of
the surface, k is the fluid thermal conductivity and AT is the temperature difference.
The Nusselt number Nu = 1 represents a similar magnitude between convection and
conduction processes.

1.6.5 Grashof number

The Grashof number Gr refers to the ratio of the buoyancy force to the viscous force
which acting on the fluid. It is mathematically expressed as

% g (Br)p(Tw — Too) L3 1 g(Br) ;ATL?
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(1.6.6)

where g is the gravitational acceleration, (f7) 7 is the coefficient of volume expan-
sion, T,, and T. are the surface and ambient (far-field) temperatures, respectively,
and vy is the kinematic viscosity of the fluid.

1.6.6 Eckert number

In the field of convective heat transfer, the Eckert number (Ec) is used to characterize
the heat transfer dissipation. The Eckert number is the ratio of flow’s kinetic energy
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to the enthalpy difference in boundary layer and expressed as

u

where u is the fluid velocity, (Cp) 7 is the specific heat of the fluid at a constant
pressure, Ty, and T, are the surface and ambient temperatures, respectively. In this
study, the Eckert number is used to measure the effect of Joule (Ohmic) heating.
Joule heating is a process when an electric current flows through any conducting
material and simultaneously, produces heat. The joule heating effect is widely and
practically used in most of the electrical and electronic devices.

1.6.7 Biot number

The Biot number (Bi) is a dimensionless number used to measure the heat transfer
process. It describes the ratio of the heat transfer resistance inside and at the surface
of a solid object (body) and expressed as

hyL

Bi= : 1.6.8
LS (1.6.8)

The ratio determines if the temperature inside a body will vary significantly in space,
while the body heats or cools over time, from a thermal gradient applied to its sur-
face. From the mathematical expression of the Biot number and the Nusselt number,

heL
both have the same group of physical parameters % where L is the characteristic

length scale and 4 is the heat transfer coefficient. The Nusselt Number is used to
characterize the heat flux from a solid surface to a fluid, hence the thermal conduc-
tivity is measured from the fluid. Meanwhile, the Biot number is used to characterize
the heat transfer resistance inside a solid body, hence k; is the thermal conductivity
of the body and /¢ is the heat transfer coefficient that describes the heat transfer from
the surface of the solid body to the surrounding fluid.

1.6.8 Hartmann number

The Hartmann number (Ha) is the ratio of electromagnetic force to the viscous force
and frequently encountered in the fluid flow through magnetic field or magnetohy-
drodynamics (MHD). Magnetohydrodynamics (MHD) is a branch of physical stud-
ies that focus on the magnetic properties and characteristics of an electrically con-
ducting fluids such as plasmas, electrolytes, liquid metals and salt water. MHD are
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widely embedded in many devices such as heat exchangers, power pumps, genera-
tors and electrostatic filters. The Hartmann number is mathematically written as

of
Ha=ByL, | —, (1.6.9)
Ky

where By is the strength of the magnetic field, oy is the electrical conductivity of the
fluid and ¢ is the dynamic viscosity of the fluid.

1.7 Stability Analysis

The boundary layer problem are categorized as nonlinear differential equations
which is possible to generate non-unique solution (Schlichting and Gersten, 2017).
The solution of the boundary layer equations can be zero, unique or multiple solu-
tions with the application of suitable physical parameter such as suction (Miklavcic
and Wang, 2006). Generally, for non-unique solutions, the first (upper branch) so-
lution which satisfies the boundary conditions is denoted as the physical and stable
solution. Meanwhile, the lower branch solution refers to the second solution which
asymptotically fulfills the boundary conditions. Hence, it is important to identify
all the possible solutions in the boundary layer problem to avoid misinterpretation
of the fluid motion. In certain cases, the second solution may exhibit the same pat-
tern of the real flow characteristics based on the velocity and temperature profiles.
Therefore, it is necessary to validate the real solution through a proper analysis. The
execution of the stability analysis is mathematically performed to verify the physical
or real solution among all the solutions.

Wilks and Bramley (1981) being the first to perform stability analysis for the convec-
tion boundary layer flow problem past an impermeable vertical surface with variable
surface temperature. They found the existence of dual solutions in the opposing
buoyancy stream and perform the stability analysis to determine the stability of the
particular dual solutions. They found that the smallest eigenvalue of upper branch
solution was positive. However, the lower branch solution has both positive and
negative values for the smallest eigenvalues. With such results, Wilks and Bramley
(1981) concluded that the upper branch solution was a stable solution while the lower
branch solution was unstable.

The study by Merkin (1986) further became the main reference to the other re-
searchers regarding the stability analysis. Later, Merrill et al. (2006), Weidman et al.
(2006) and Harris et al. (2009) have used and improved the stability analysis method
introduced by Merkin (1986).
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1.8 Problem Statement

* The separation of boundary layer flow mostly occurs in the shrinking region
or opposing buoyancy region. Theoretically, the fluid motion past a shrinking
sheet is restricted due to the unconfined vorticity within the boundary layer.
However, dual/multiple solutions are usually detected in this region with the
imposition of wall mass suction parameter (Miklav¢i¢ and Wang, 2006) or the
use of stagnation point flow (Wang, 2008).

* The solutions usually exist up to a meeting point or also known as critical or
turning point. This turning point signifies the occurence of boundary layer sep-
aration from laminar to turbulent. Beyond this point, the usual boundary layer
and energy equations are invalid to analyze the fluid flow and heat transfer
characteristics. It is crucial to maintain the laminar flow from the separation
process.

* On the other hand, the application of hybrid nanofluids in the research of
boundary layer flow is still new. There are problems where the hybrid nanoflu-
ids are not useful in the heat transfer enhancement as reported by Jana et al.
(2007) and Baghbanzadeh et al. (2012). Hence, it is beneficial to examine if
the hybrid nanofluid including the governing parameters are capable to delay
the separation process and increase the heat transfer rate.

The research questions associated with the problem statement are

* Does the dual similarity solutions possible for all research problems (Chapters
4-8) if no suction is imposed?

* Does the dual similarity solutions exist for both assisting buoyancy flow and
opposing buoyancy flow (Chapter 4)?

* Does the power law velocity is better than the linear velocity in delaying the
separation and enhancing the heat transfer rate (Chapter 8)?

e Which parameters are potential to delay the boundary layer separation and
increase the heat transfer rate?

13



1.9 Objectives and Scope of Study

The objectives are

¢ construct and derive the mathematical model,

* solve the mathematical model numerically using bvp4c solver

* conduct the stability analysis for the dual solutions to determine which of the
solutions represent a stable flow

* analyze the influence of the considered parameters on the characteristics of the
fluid flow and heat transfer

for the following problems

1. Mixed convective stagnation point flow of Cu-Al,O3/water hybrid nanofluid
towards a permeable vertical Riga plate.

2. MHD flow and heat transfer of Cu-Al,O3/water hybrid nanofluid past a per-
meable stretching/shrinking disc with Joule heating.

3. MHD flow and heat transfer of Cu-Al,O3z/water hybrid nanofluid past a per-
meable stretching/shrinking cylinder with Joule heating.

4. Three-dimensional flow and heat transfer of Cu-Al,O3z/water hybrid nanofluid
past a permeable stretching/shrinking sheet with velocity slip and convective
boundary condition.

5. Three-dimensional flow and heat transfer of Cu-Al,O3/water hybrid nanofluid
past a permeable nonlinear stretching/shrinking sheet with orthogonal surface
shear.

Meanwhile, the scope of the study is only decisive to

1. Fluid : Hybrid Cu-Al,O3s/water nanofluid.
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2. Type of Flow : Boundary layer and stagnation point flow with heat transfer;
two-dimensional flow (Chapter 4-6) and three-dimensional flow (Chapter 7
and 8).

3. Surface : Riga plate (Chapter 4), disc (Chapter 5), circular cylinder (Chapter
6) and flat plate (Chapter 7 and 8).

4. Physical parameters : Suction, mixed convection, EMHD (Riga plate), MHD,
Joule heating, velocity slip and convective condition.

5. Model: Single phase nanofluid model by Tiwari and Das (2007) and thermo-
physical properties of hybrid nanofluid by Devi and Devi (2016a,b).

1.10 Thesis Framework

There are nine chapters in this thesis. Chapter 1 is the introduction and basic descrip-
tion of research background which are boundary layer theory, heat transfer, single
and hybrid nanofluids and the dimensionless numbers in fluid mechanics. Besides,
the research objectives, scopes and framework are also comprised in this chapter.

The review of the previous published literatures which are relevant to the research
objectives and scopes are discussed in Chapter 2. The pioneer works on the boundary
layer flow, stagnation point flow, mixed convective flow, nanofluids and stability
analysis are also highlighted in this chapter.

Chapter 3 is the methodology of the research work which are divided into 5 parts; in-
troduction, boundary layer and energy equations, similarity transformation and equa-
tions, numerical method (bvp4c) and stability analysis. In this chapter, the derivation
of the reduced ordinary differential equations with boundary condition using the sim-
ilarity transformation and linearized eigenvalue problem for the stability analysis are
shown for the first problem.

Chapters 4 to 8 present the five research problems as stated in the Section 1.9. Each
chapter is divided into 5 parts; introduction, problem formulation, temporal stability
analysis, results and discussion, and conclusion. In the results and discussion section,
the reduced skin friction coefficient, local Nusselt number, velocity and temperature
profiles are presented in the graphs and tables form. The comparison of numeri-
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cal values between present and previous studies in limiting case is also conducted
to validate the present model and method. The derivation of the reduced ordinary
(similarity) differential equations for each problem is presented in the Appendix A
(Chapter 4), Appendix B (Chapter 5), Appendix C (Chapter 6), Appendix D (Chapter
7) and Appendix E (Chapter 8).

The conclusion for all the problems are summarized in Chapter 9. Besides, the
recommendation for the future studies is also proposed in this chapter.

16



REFERENCES

Abro, K. A., Chandio, A. D., Abro, I. A., and Khan, I. (2019). Dual thermal analysis
of magnetohydrodynamic flow of nanofluids via modern approaches of caputo—
fabrizio and atangana—baleanu fractional derivatives embedded in porous medium.
Journal of Thermal Analysis and Calorimetry, 135(4):2197-2207.

Acheson, D. J. (1990). Elementary Fluid Dynamics. New York: Oxford University
Press Inc.

Ahmad, A., Asghar, S., and Afzal, S. (2016). Flow of nanofluid past a riga plate.
Journal of Magnetism and Magnetic materials, 402:44-48.

Ahmad, R., Mustafa, M., and Turkyilmazoglu, M. (2017). Buoyancy effects on
nanofluid flow past a convectively heated vertical riga-plate: A numerical study.
International Journal of Heat and Mass Transfer, 111:827-835.

Ahmad, S., Rohni, A. M., and Pop, . (2011). Blasius and sakiadis problems in
nanofluids. Acta Mechanica, 218(3-4):195-204.

Ahmadi, M. and Willing, G. (2018). Heat transfer measurment in water based
nanofluids. International Journal of Heat and Mass Transfer, 118:40-47.

Ahmadi, M. H., Mirlohi, A., Nazari, M. A., and Ghasempour, R. (2018). A re-
view of thermal conductivity of various nanofluids. Journal of Molecular Liquids,
265:181-188.

Akilu, S., Sharma, K., Baheta, A. T., and Mamat, R. (2016). A review of thermophys-
ical properties of water based composite nanofluids. Renewable and Sustainable
Energy Reviews, 66:654—678.

Al-Waeli, A. H., Sopian, K., Chaichan, M. T., Kazem, H. A., Hasan, H. A., and Al-
Shamani, A. N. (2017). An experimental investigation of sic nanofluid as a base-
fluid for a photovoltaic thermal pv/t system. Energy Conversion and Management,
142:547-558.

Ali, F. M., Naganthran, K., Nazar, R., and Pop, 1. (2019). Mhd mixed convection
boundary layer stagnation-point flow on a vertical surface with induced magnetic
field. International Journal of Numerical Methods for Heat & Fluid Flow.

Anderson, J. D. (2005). Ludwig prandtls boundary layer. Physics Today, 58(12):42—
48.

Anderson, J. D. and Wendt, J. (1995). Computational fluid dynamics, volume 206.
Springer.

Andersson, H. I. (2002). Slip flow past a stretching surface. Acta Mechanica, 158(1-
2):121-125.

Anuar, N., Bachok, N., Arifin, N., and Rosali, H. (2019a). Effect of suction/injection
on stagnation point flow of hybrid nanofluid over an exponentially shrinking sheet
with stability analysis. CFD Letters, 11.

171



Anuar, N., Bachok, N., Arifin, N., Rosali, H., and Pop, 1. (2019b). Stagnation-
point flow and heat transfer over an exponentially stretching/shrinking sheet in
hybrid nanofluid with slip velocity effect: Stability analysis. Journal of Physics:
Conference Series, 1366(1):012002.

Awaludin, I., Weidman, P., and Ishak, A. (2016). Stability analysis of stagnation-
point flow over a stretching/shrinking sheet. AIP Advances, 6(4):045308.

Awaludin, I. S., Ishak, A., and Pop, I. (2019). Stagnation point flow over a permeable
stretching/shrinking sheet with chemical reaction and heat source/sink. CMES-
Computer Modeling in Engineering and Sciences, 120(1):203-214.

Babar, H. and Ali, H. (2019). Airfoil shaped pin-fin heat sink: Potential evalua-
tion of ferric oxide and titania nanofluids. Energy Conversion and Management,
202:112194.

Babu, J. R., Kumar, K. K., and Rao, S. S. (2017). State-of-art review on hybrid
nanofluids. Renewable and Sustainable Energy Reviews, 77:551-565.

Bachok, N., Ishak, A., Nazar, R., and Senu, N. (2013). Stagnation-point flow over a
permeable stretching/shrinking sheet in a copper-water nanofluid. Boundary Value
Problems, 2013(1):39.

Bachok, N., Ishak, A., and Pop, I. (2011). Stagnation-point flow over a stretch-
ing/shrinking sheet in a nanofluid. Nanoscale research letters, 6(1):1-10.

Baghbanzadeh, M., Rashidi, A., Rashtchian, D., Lotfi, R., and Amrollahi, A. (2012).
Synthesis of spherical silica/multiwall carbon nanotubes hybrid nanostructures
and investigation of thermal conductivity of related nanofluids. Thermochimica
acta, 549:87-94.

Banks, W. (1983). Similarity solutions of the boundary-layer equations for a stretch-
ing wall. Journal de Mécanique théorique et appliquée.

Beavers, G. S. and Joseph, D. D. (1967). Boundary conditions at a naturally perme-
able wall. Journal of fluid mechanics, 30(1):197-207.

Bejan, A. (2013). Convection heat transfer. John wiley & sons.

Bhattacharyya, K., Mukhopadhyay, S., and Layek, G. (2011). Slip effects on bound-
ary layer stagnation-point flow and heat transfer towards a shrinking sheet. Inter-
national Journal of Heat and Mass Transfer, 54(1-3):308-313.

Brimmo, A. T. and Qasaimeh, M. A. (2017). Stagnation point flows in analytical
chemistry and life sciences. RSC advances, 7(81):51206-51232.

Brinkman, H. (1952). The viscosity of concentrated suspensions and solutions. The
Journal of Chemical Physics, 20(4):571-571.

Buongiorno, J. (2006). Convective transport in nanofluids. ASME Journal of Heat
Transfer, 128(3):240-250.

172



Chiam, T. (1994). Stagnation-point flow towards a stretching plate. Journal of the
physical society of Japan, 63(6):2443-2444.

Choi, S., Singer, D., Wang, H., et al. (1995). Developments and applications of
non-newtonian flows. Asme Fed, 66:99—-105.

Choi, S. U. and Eastman, J. A. (1995). Enhancing thermal conductivity of fluids
with nanoparticles. Technical report, Argonne National Lab., IL (United States).

Crane, L. J. (1970). Flow past a stretching plate. Zeitschrift fiir angewandte Mathe-
matik und Physik ZAMP, 21(4):645-647.

Das, P. K., Li, X., and Liu, Z.-S. (2010). Effective transport coefficients in pem fuel
cell catalyst and gas diffusion layers: Beyond bruggeman approximation. Applied
Energy, 87(9):2785-2796.

Das, S. and Jana, R. (2015). Natural convective magneto-nanofluid flow and radia-
tive heat transfer past a moving vertical plate. Alexandria Engineering Journal,
54(1):55-64.

Devi, C. S., Takhar, H., and Nath, G. (1991). Unsteady mixed convection flow in
stagnation region adjacent to a vertical surface. Wdirme-und Stoffiibertragung,
26(2):71-79.

Devi, S. A. and Devi, S. S. U. (2016a). Numerical investigation of hydromag-
netic hybrid cu—al203/water nanofluid flow over a permeable stretching sheet with
suction. International Journal of Nonlinear Sciences and Numerical Simulation,
17(5):249-257.

Devi, S. S. U. and Devi, S. A. (2016b). Numerical investigation of three-dimensional
hybrid cu—al203/water nanofluid flow over a stretching sheet with effecting lorentz
force subject to newtonian heating. Canadian Journal of Physics, 94(5):490-496.

Devi, S. S. U. and Devi, S. A. (2017). Heat transfer enhancement of cu-al,os/water
hybrid nanofluid flow over a stretching sheet. Journal of the Nigerian Mathemat-
ical Society.

Dogonchi, A., Sheremet, M. A., Ganji, D., and Pop, 1. (2019). Free convection of
copper—water nanofluid in a porous gap between hot rectangular cylinder and cold
circular cylinder under the effect of inclined magnetic field. Journal of Thermal
Analysis and Calorimetry, 135(2):1171-1184.

Eastman, J. A., Choi, S., Li, S., Yu, W., and Thompson, L. (2001). Anomalously in-
creased effective thermal conductivities of ethylene glycol-based nanofluids con-
taining copper nanoparticles. Applied physics letters, 78(6):718-720.

Ebaid, A., Al Mutairi, F., and Khaled, S. (2014). Effect of velocity slip boundary
condition on the flow and heat transfer of cu-water and tio2-water nanofluids in the
presence of a magnetic field. Advances in Mathematical Physics, 2014:538950.

Evans, H. (1968). Laminar boundary-layer theory, Addison-Wesley Series in
Aerospace Science. Addison-Wesley Publishing Company.

173



Fallah, B., Dinarvand, S., Eftekhari Yazdi, M., Rostami, M. N., and Pop, 1. (2019).
Mhd flow and heat transfer of sic-tio2/do hybrid nanofluid due to a permeable
spinning disk by a novel algorithm. Journal of Applied and Computational Me-
chanics, 5(5):976-988.

Fang, T. (2008). Boundary layer flow over a shrinking sheet with power-law velocity.
International Journal of Heat and Mass Transfer, 51(25-26):5838-5843.

Farhana, K., Kadirgama, K., Rahman, M., Noor, M., Ramasamy, D., Samykano,
M., Najafi, G., Sidik, N. A. C., and Tarlochan, F. (2019). Significance of alu-
mina in nanofluid technology. Journal of Thermal Analysis and Calorimetry,
138(2):1107-1126.

Farooq, U., Afridi, M. L., Qasim, M., and Lu, D. (2018). Transpiration and viscous
dissipation effects on entropy generation in hybrid nanofluid flow over a nonlinear
radially stretching disk. Entropy, 20(9):668.

Gad, M. (1990). Structure of Turbulence and Drag Reduction. Berlin: Springer.

Ghadikolaei, S., Yassari, M., Sadeghi, H., Hosseinzadeh, K., and Ganji, D. (2017).
Investigation on thermophysical properties of tio2—cu/h20 hybrid nanofluid trans-
port dependent on shape factor in mhd stagnation point flow. Powder technology,
322:428-438.

Ghalambaz, M., Sheremet, M. A., Mehryan, S., Kashkooli, F. M., and Pop, I. (2019).
Local thermal non-equilibrium analysis of conjugate free convection within a
porous enclosure occupied with ag—mgo hybrid nanofluid. Journal of Thermal
Analysis and Calorimetry, 135(2):1381-1398.

Ghiaasiaan, S. M. (2018). Convective heat and mass transfer. CRC Press.

Goldstein, S. (1965). On backward boundary layers and flow in converging passages.
Journal of Fluid Mechanics, 21(1):33-45.

Grinberg, E. (1961). On determination of properties of some potential fluids. Appl.
Magnetohydrodynamics Reports Phys. Inst., 12:147-154.

Gupta, M., Singh, V., Kumar, S., Kumar, S., Dilbaghi, N., and Said, Z. (2018). Up to
date review on the synthesis and thermophysical properties of hybrid nanofluids.
Journal of cleaner production, 190:169-192.

Harris, S., Ingham, D., and Pop, 1. (2009). Mixed convection boundary-layer flow
near the stagnation point on a vertical surface in a porous medium: Brinkman
model with slip. Transport in Porous Media, 77(2):267-285.

Hassan, M., Marin, M., Ellahi, R., and Alamri, S. Z. (2018). Exploration of con-
vective heat transfer and flow characteristics synthesis by cu—ag/water hybrid-
nanofluids. Heat Transfer Research, 49(18).

Hayat, T. and Nadeem, S. (2017). Heat transfer enhancement with ag—cuo/water
hybrid nanofluid. Results in physics, 7:2317-2324.

174



Hayat, T., Nadeem, S., and Khan, A. (2018). Rotating flow of ag-cuo/h 2 o hybrid
nanofluid with radiation and partial slip boundary effects. The European Physical
Journal E, 41(6):75.

Hayat, T., Shehzad, S. A., Qasim, M., and Asghar, S. (2014). Three-dimensional
stretched flow via convective boundary condition and heat generation/absorption.
International Journal of Numerical Methods for Heat & Fluid Flow, 24(2):342—
358.

Heiser, W. H. (1964). Influence of magnetic fields upon separation. AIAA Journal.

Hiemenz, K. (1911). Die grenzschicht an einem in den gleichformigen flus-
sigkeitsstrom eingetauchten geraden kreiszylinder. Dinglers Polytech. J.

Homann, F. (1936). Der einfluss grosser zihigkeit bei der stromung um den zylin-
der und um die kugel. ZAMM-Journal of Applied Mathematics and Mechanic-
s/Zeitschrift fiir Angewandte Mathematik und Mechanik, 16(3):153-164.

Howarth, L. (1951). Cxliv. the boundary layer in three dimensional flow.part ii. the
flow near a stagnation point. The London, Edinburgh, and Dublin Philosophical
Magazine and Journal of Science, 42(335):1433—-1440.

Huminic, G. and Huminic, A. (2019). The influence of hybrid nanofluids on the per-
formances of elliptical tube: Recent research and numerical study. International
Journal of Heat and Mass Transfer, 129:132—143.

Ingham, D. (1986). Singular and non-unique solutions of the boundary-layer equa-
tions for the flow due to free convection near a continuously moving vertical plate.
Zeitschrift fiir angewandte Mathematik und Physik ZAMP, 37(4):559-572.

Ishak, A., Nazar, R., Arifin, N. M., and Pop, 1. (2008). Dual solutions in mixed
convection flow near a stagnation point on a vertical porous plate. International
Journal of Thermal Sciences, 47(4):417-422.

Ishak, A., Nazar, R., Bachok, N., and Pop, 1. (2010). Mhd mixed convection flow
near the stagnation-point on a vertical permeable surface. Physica A: Statistical
Mechanics and its Applications, 389(1):40—46.

Ismail, N. S., Arifin, N. M., Nazar, R., and Bachok, N. (2019). Stability analysis of
unsteady mhd stagnation point flow and heat transfer over a shrinking sheet in the
presence of viscous dissipation. Chinese journal of physics, 57:116—126.

Izadi, M., Mohebbi, R., Karimi, D., and Sheremet, M. A. (2018). Numerical simu-
lation of natural convection heat transfer inside a shaped cavity filled by a mwcent-
fe3o4/water hybrid nanofluids using Ibm. Chemical Engineering and Processing-
Process Intensification, 125:56-66.

Jamaludin, A., Nazar, R., and Pop, 1. (2017). Three-dimensional mixed convection
stagnation-point flow over a permeable vertical stretching/shrinking surface with
a velocity slip. Chinese Journal of Physics, 55(5):1865-1882.

175



Jana, S., Salehi-Khojin, A., and Zhong, W.-H. (2007). Enhancement of fluid thermal
conductivity by the addition of single and hybrid nano-additives. Thermochimica
acta, 462(1-2):45-55.

Johnson, R. W. (2016). Handbook of fluid dynamics. Crc Press.

Junoh, M., Ali, F., Arifin, N., Bachok, N., and Pop, 1. (2019). Mhd stagnation-point
flow and heat transfer past a stretching/shrinking sheet in a hybrid nanofluid with
induced magnetic field. International Journal of Numerical Methods for Heat &
Fluid Flow, 30(3):1345-1364.

Jusoh, R., Nazar, R., and Pop, I. (2017). Flow and heat transfer of magnetohydrody-
namic three-dimensional maxwell nanofluid over a permeable stretching/shrinking
surface with convective boundary conditions. International Journal of Mechanical
Sciences, 124:166—-173.

Jusoh, R., Nazar, R., and Pop, I. (2018). Three-dimensional flow of a nanofluid
over a permeable stretching/shrinking surface with velocity slip: A revised model.
Physics of Fluids, 30(3):033604.

Kamal, F., Zaimi, K., Ishak, A., and Pop, I. (2018). Stability analysis on the
stagnation-point flow and heat transfer over a permeable stretching/shrinking sheet
with heat source effect. International Journal of Numerical Methods for Heat &
Fluid Flow, 28(11):2650-2663.

Khan, W. and Pop, I. (2010). Boundary-layer flow of a nanofluid past a stretching
sheet. International journal of heat and mass transfer, 53(11-12):2477-2483.

Khanafer, K. and Vafai, K. (2019). Applications of nanofluids in porous medium.
Journal of Thermal Analysis and Calorimetry, 135(2):1479-1492.

Khanafer, K., Vafai, K., and Lightstone, M. (2003). Buoyancy-driven heat transfer
enhancement in a two-dimensional enclosure utilizing nanofluids. International
Jjournal of heat and mass transfer, 46(19):3639-3653.

Kreyszig, E. (2009). Advanced Engineering Mathematics, 10th Eddition. Wiley.

Levenspiel, O. (2014). The three mechanisms of heat transfer: conduction, convec-
tion, and radiation. Springer.

Lielausis, O. et al. (1961). On a possibility to reduce the hydrodynamic resistance
of a plate in an electrolyte. Appl. Magnetohydrodynamics Reports Phys. Inst.,
12:143-146.

Lund, L., Omar, Z., Khan, 1., Seikh, A., Sherif, E., and Nisar, K. (2020a). Stability
analysis and multiple solution of cualy03/h,0 nanofluid contains hybrid nanoma-
terials over a shrinking surface in the presence of viscous dissipation. Journal of
Materials Research and Technology, 9(1):421-432.

Lund, L., Omar, Z., Khan, 1., and Sherif, E. (2020b). Dual solutions and stability
analysis of a hybrid nanofluid over a stretching/shrinking sheet executing mhd
flow. Symmetry, 12(2):276.

176



Ma, Y., Mohebbi, R., Rashidi, M., and Yang, Z. (2019a). Mhd forced convection
of mwent—fe 3 o 4/water hybrid nanofluid in a partially heated t-shaped channel
using lbm. Journal of Thermal Analysis and Calorimetry, 136(4):1723-1735.

Ma, Y., Mohebbi, R., Rashidi, M. M., Manca, O., and Yang, Z. (2019b). Numerical
investigation of mhd effects on nanofluid heat transfer in a baffled u-shaped enclo-
sure using lattice boltzmann method. Journal of Thermal Analysis and Calorime-
try, 135(6):3197-3213.

Magyari, E. and Pantokratoras, A. (2011). Aiding and opposing mixed convection
flows over the riga-plate. Communications in Nonlinear Science and Numerical
Simulation, 16(8):3158-3167.

Mahabaleshwar, U., Nagaraju, K., Sheremet, M., Baleanu, D., and Lorenzini, E.
(2020). Mass transpiration on newtonian flow over a porous stretching/shrinking
sheet with slip. Chinese Journal of Physics, 63:130-137.

Mahabaleshwar, U., Nagaraju, K., Sheremet, M., Kumar, P. V., and Lorenzini, G.
(2019). Effect of mass transfer and mhd induced naviers slip flow due to a non
linear stretching sheet. Journal of Engineering Thermophysics, 28(4):578-590.

Mahanthesh, B., Gireesha, B., and Gorla, R. S. R. (2016). Heat and mass transfer
effects on the mixed convective flow of chemically reacting nanofluid past a mov-
ing/stationary vertical plate. Alexandria Engineering Journal, 55(1):569-581.

Mahapatra, T. R. and Gupta, A. (2002). Heat transfer in stagnation-point flow to-
wards a stretching sheet. Heat and Mass transfer, 38(6):517-521.

Mabhapatra, T. R. and Gupta, A. S. (2003). Stagnation-point flow towards a stretching
surface. The Canadian Journal of Chemical Engineering, 81(2):258-263.

Maskeen, M. M., Zeeshan, A., Mehmood, O. U., and Hassan, M. (2019). Heat
transfer enhancement in hydromagnetic alumina—copper/water hybrid nanofluid
flow over a stretching cylinder. Journal of Thermal Analysis and Calorimetry,
138(2):1127-1136.

Maxwell, J. C. (1881). A treatise on electricity and magnetism. 1.

Maxwell-Garnett, J. C. (1904). Colours in metal glasses and in metallic films. Phil.
Trans. R. Soc. Lond, A.

Mehryan, S., Ghalambaz, M., Gargari, L. S., Hajjar, A., and Sheremet, M. (2020).
Natural convection flow of a suspension containing nano-encapsulated phase
change particles in an eccentric annulus. Journal of Energy Storage, 28:101236.

Merkin, J. (1980). Mixed convection boundary layer flow on a vertical surface in a
saturated porous medium. Journal of Engineering Mathematics, 14(4):301-313.

Merkin, J. (1986). On dual solutions occurring in mixed convection in a porous
medium. Journal of engineering Mathematics, 20(2):171-179.

177



Merrill, K., Beauchesne, M., Previte, J., Paullet, J., and Weidman, P. (2006). Final
steady flow near a stagnation point on a vertical surface in a porous medium.
International journal of heat and mass transfer, 49(23-24):4681-4686.

Miklavcic, M. and Wang, C. (2006). Viscous flow due to a shrinking sheet. Quarterly
of Applied Mathematics.

Moutsoglou, A. and Bhattacharya, A. (1982). Laminar and turbulent boundary layers
on moving, nonisothermal continuous flat surfaces. Journal of Heat Transfer.

Mustafa, M., Hayat, T., Pop, 1., Asghar, S., and Obaidat, S. (2011). Stagnation-point
flow of a nanofluid towards a stretching sheet. International Journal of Heat and
Mass Transfer, 54(25-26):5588-5594.

Nadeem, S., Abbas, N., and Khan, A. (2018). Characteristics of three dimensional
stagnation point flow of hybrid nanofluid past a circular cylinder. Results in
physics, 8:829-835.

Nasir, N. A. A. M., Ishak, A., and Pop, 1. (2017a). Stagnation-point flow and heat
transfer past a permeable quadratically stretching/shrinking sheet. Chinese Jour-
nal of Physics, 55(5):2081-2091.

Nasir, N. A. A. M., Ishak, A., and Pop, L. (2017b). Stagnation-point flow past a
permeable stretching/shrinking sheet. Advanced Science Letters, 23(11):11040-
11043.

Nasir, N. A. A. M., Ishak, A., and Pop, 1. (2019). Stagnation point flow and heat
transfer past a permeable stretching/shrinking riga plate with velocity slip and
radiation effects. Journal of Zhejiang University-SCIENCE A, 20(4):290-299.

Nazar, R., Amin, N., and Pop, 1. (2004). Unsteady mixed convection boundary
layer flow near the stagnation point on a vertical surface in a porous medium.
International journal of heat and mass transfer, 47(12-13):2681-2688.

Nazar, R., Jaradat, M., Arifin, N., and Pop, . (2011). Stagnation-point flow past a
shrinking sheet in a nanofluid. Open Physics, 9(5):1195-1202.

Oztop, H. F. and Abu-Nada, E. (2008). Numerical study of natural convection in par-
tially heated rectangular enclosures filled with nanofluids. International journal
of heat and fluid flow, 29(5):1326-1336.

Pantokratoras, A. (2011). The blasius and sakiadis flow along a riga-plate. Progress
in Computational Fluid Dynamics, An International Journal, 11(5):329-333.

Pantokratoras, A. and Fang, T. (2010). Flow of a weakly conducting fluid in a chan-
nel filled with a porous medium. Transport in porous media, 83(3):667-676.

Pantokratoras, A. and Magyari, E. (2009). Emhd free-convection boundary-layer
flow from a riga-plate. Journal of engineering mathematics, 64(3):303-315.

Parsian, A. and Akbari, M. (2018). New experimental correlation for the thermal
conductivity of ethylene glycol containing al 2 o 3—cu hybrid nanoparticles. Jour-
nal of Thermal Analysis and Calorimetry, 131(2):1605-1613.

178



Ramachandran, N., Chen, T., and Armaly, B. F. (1988). Mixed convection in stag-
nation flows adjacent to vertical surfaces. ASME Journal of Heat Transfer.

Ridha, A. and Curie, M. (1996). Aiding flows non-unique similarity solutions of
mixed-convection boundary-layer equations. Zeitschrift fiir angewandte Mathe-
matik und Physik ZAMP, 47(3):341-352.

Rosca, A. V. and Pop, 1. (2013a). Flow and heat transfer over a vertical permeable
stretching/shrinking sheet with a second order slip. International Journal of Heat
and Mass Transfer, 60:355-364.

Rosca, N. C. and Pop, I. (2013b). Mixed convection stagnation point flow past a
vertical flat plate with a second order slip: heat flux case. International Journal of
Heat and Mass Transfer, 65:102—109.

Rostami, M. N., Dinarvand, S., and Pop, I. (2018). Dual solutions for mixed convec-
tive stagnation-point flow of an aqueous silica—alumina hybrid nanofluid. Chinese
Jjournal of physics, 56(5):2465-2478.

Sajid, M. U. and Ali, H. M. (2018). Thermal conductivity of hybrid nanofluids: a
critical review. International Journal of Heat and Mass Transfer, 126:211-234.

Saqib, M., Khan, I., Shafie, S., and Qushairi, A. (2019). Recent advancement in
thermophysical properties of nanofluids and hybrid nanofluids: An overview. City
University International Journal of Computational Analysis.

Sarkar, J., Ghosh, P., and Adil, A. (2015). A review on hybrid nanofluids: recent
research, development and applications. Renewable and Sustainable Energy Re-
views, 43:164-177.

Schlichting, H. and Gersten, K. (2017). Boundary-layer theory (Edition 9). Berlin:
Springer-Verlag.

Shampine, L. E., Gladwell, 1., Shampine, L., and Thompson, S. (2003). Solving
ODEs with matlab. Cambridge university press.

Sheikholeslami, M., Mehryan, S., Shafee, A., and Sheremet, M. A. (2019a). Variable
magnetic forces impact on magnetizable hybrid nanofluid heat transfer through a
circular cavity. Journal of Molecular Liquids, 277:388-396.

Sheikholeslami, M., Sheremet, M. A., Shafee, A., and Li, Z. (2019b). Cvfem ap-
proach for ehd flow of nanofluid through porous medium within a wavy chamber
under the impacts of radiation and moving walls. Journal of Thermal Analysis
and Calorimetry, 138(1):573-581.

Sheremet, M. A., Cimpean, D. S., and Pop, 1. (2020). Thermogravitational convec-
tion of hybrid nanofluid in a porous chamber with a central heat-conducting body.
Symmetry, 12(4):593.

Sidik, N. A. C., Adamu, 1. M., Jamil, M. M., Kefayati, G., Mamat, R., and Najafi,
G. (2016). Recent progress on hybrid nanofluids in heat transfer applications: a
comprehensive review. International Communications in Heat and Mass Transfer,
78:68-79.

179



Singh, S. K. and Sarkar, J. (2018). Energy, exergy and economic assessments of
shell and tube condenser using hybrid nanofluid as coolant. International Com-
munications in Heat and Mass Transfer, 98:41-48.

Soid, S. K., Ishak, A., and Pop, I. (2017). Unsteady mhd flow and heat transfer over a
shrinking sheet with ohmic heating. Chinese journal of physics, 55(4):1626-1636.

Soid, S. K., Ishak, A., and Pop, 1. (2018). Mhd flow and heat transfer over a radially
stretching/shrinking disk. Chinese journal of physics, 56(1):58-66.

Soltani, O. and Akbari, M. (2016). Effects of temperature and particles concentra-
tion on the dynamic viscosity of mgo-mwcnt/ethylene glycol hybrid nanofluid:
experimental study. Physica E: Low-dimensional Systems and Nanostructures,
84:564-570.

Sun, B., Lei, W., and Yang, D. (2015). Flow and convective heat transfer characteris-
tics of fe2o3—water nanofluids inside copper tubes. International Communications
in Heat and Mass Transfer, 64:21-28.

Sundar, L. S., Sharma, K., Singh, M. K., and Sousa, A. (2017). Hybrid nanofluids
preparation, thermal properties, heat transfer and friction factor—a review. Renew-
able and Sustainable Energy Reviews, 68:185—198.

Suresh, S., Venkitaraj, K., Selvakumar, P., and Chandrasekar, M. (2011). Synthe-
sis of al203—cu/water hybrid nanofluids using two step method and its thermo
physical properties. Colloids and Surfaces A: Physicochemical and Engineering
Aspects, 388(1-3):41-48.

Suresh, S., Venkitaraj, K., Selvakumar, P., and Chandrasekar, M. (2012). Effect of
al203—cu/water hybrid nanofluid in heat transfer. Experimental Thermal and Fluid
Science, 38:54-60.

Tiwari, R. K. and Das, M. K. (2007). Heat transfer augmentation in a two-sided
lid-driven differentially heated square cavity utilizing nanofluids. International
Journal of Heat and Mass transfer, 50(9-10):2002-2018.

Tsinober, A., Shtern, A., et al. (1967). Possibility of increasing the flow stability in a
boundary layer by means of crossed electric and magnetic fields. Magnetohydro-
dynamics, 3:103-105.

Turcu, R., Darabont, A., Nan, A., Aldea, N., Macovei, D., Bica, D., Vekas, L.,
Pana, O., Soran, M., Koos, A., et al. (2006). New polypyrrole-multiwall carbon
nanotubes hybrid materials. Journal of Optoelectronics and Advanced Materials,
8(2):643-647.

Turkyilmazoglu, M. (2015). A note on the correspondence between certain nanofluid
flows and standard fluid flows. Journal of Heat Transfer, 137(2).

Vafaei, M., Afrand, M., Sina, N., Kalbasi, R., Sourani, F., and Teimouri, H. (2017).
Evaluation of thermal conductivity of mgo-mwecnts/eg hybrid nanofluids based
on experimental data by selecting optimal artificial neural networks. Physica E:
Low-dimensional Systems and Nanostructures, 85:90-96.

180



Waini, 1., Ishak, A., and Pop, I. (2019a). Hybrid nanofluid flow and heat transfer
over a nonlinear permeable stretching/shrinking surface. International Journal of
Numerical Methods for Heat & Fluid Flow, 29(9):3110-3127.

Waini, L., Ishak, A., and Pop, L. (2019b). Hybrid nanofluid flow and heat transfer over
a permeable biaxial stretching/shrinking sheet. International Journal of Numerical
Methods for Heat & Fluid Flow, 30(7):3497-3513.

Waini, L., Ishak, A., and Pop, 1. (2019¢). Hybrid nanofluid flow and heat transfer past
a permeable stretching/shrinking surface with a convective boundary condition.
Journal of Physics: Conference Series, 1366(1):012022.

Waini, 1., Ishak, A., and Pop, I. (2019d). Unsteady flow and heat transfer past a
stretching/shrinking sheet in a hybrid nanofluid. International Journal of Heat
and Mass Transfer, 136:288-297.

Waini, L., Ishak, A., and Pop, 1. (2020a). Hiemenz flow over a shrinking sheet in a
hybrid nanofluid. Results in Physics, 19:103351.

Waini, 1., Ishak, A., and Pop, I. (2020b). Hybrid nanofluid flow induced by an
exponentially shrinking sheet. Chinese Journal of Physics.

Waini, I., Ishak, A., and Pop, 1. (2020c). Transpiration effects on hybrid nanofluid
flow and heat transfer over a stretching/shrinking sheet with uniform shear flow.
Alexandria Engineering Journal, 59(1):91-99.

Wang, C. (2002). Flow due to a stretching boundary with partial slipan exact solu-
tion of the navier—stokes equations. Chemical Engineering Science, 57(17):3745—
3747.

Wang, C. (2008). Stagnation flow towards a shrinking sheet. International Journal
of Non-Linear Mechanics, 43(5):377-382.

Weidman, P. (2013). Flows induced by flat surfaces sheared in their own plane. Fluid
Dynamics Research, 45(1):015506.

Weidman, P. (2017). Flows induced by power-law stretching surface motion mod-
ulated by transverse or orthogonal surface shear. Comptes Rendus Mécanique,
345(2):169-176.

Weidman, P., Davis, A., and Kubitschek, D. (2008). Crocco variable formulation for
uniform shear flow over a stretching surface with transpiration: multiple solutions
and stability. Zeitschrift fiir angewandte Mathematik und Physik, 59(2):313-332.

Weidman, P., Kubitschek, D., and Davis, A. (2006). The effect of transpiration on
self-similar boundary layer flow over moving surfaces. International journal of
engineering science, 44(11-12):730-737.

Weidman, P. D. (2015). The motion induced by the orthogonal stretching and shear-
ing of a membrane beneath a quiescent fluid. Acta Mechanica, 226(10):3307-
3316.

181



Weidman, P. D., Mansur, S., and Ishak, A. (2017). Biorthogonal stretching and shear-
ing of an impermeable surface in a uniformly rotating fluid system. Meccanica,
52(7):1515-1525.

White, F. (1974). Viscous Fluid Flow 3e. McGraw-Hill series in Mechanical Engi-
neering. New York: McGraw-Hill Education.

Wilks, G. and Bramley, J. (1981). Dual solutions in mixed convection. Proceedings
of the Royal Society of Edinburgh Section A: Mathematics, 87(3-4):349-358.

Xuan, Y. and Li, Q. (2003). Investigation on convective heat transfer and flow fea-
tures of nanofluids. J. Heat transfer.

Yahaya, R., Arifin, N., Nazar, R., and Pop, 1. (2019). Flow and heat transfer past a
permeable stretching/shrinking sheet in cualyos/water hybrid nanofluid. Inferna-
tional Journal of Numerical Methods for Heat & Fluid Flow, 30(3):1197-1222.

Yousefi, M., Dinarvand, S., Yazdi, M. E., and Pop, 1. (2018). Stagnation-point flow of
an aqueous titania-copper hybrid nanofluid toward a wavy cylinder. Infernational
Journal of Numerical Methods for Heat & Fluid Flow, 28(7):1716—1735.

Yu, W. and Xie, H. (2012). A review on nanofluids: preparation, stability mecha-
nisms, and applications. Journal of nanomaterials, 2012.

Zaib, A., Haq, R. U., Chamkha, A. J., and Rashidi, M. M. (2019). Impact of partial
slip on mixed convective flow towards a riga plate comprising micropolar tio2-
kerosene/water nanoparticles. International Journal of Numerical Methods for
Heat & Fluid Flow, 29(5):1647-1662.

182





