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Abstract of thesis presented to the Senate of Universiti Putra Malaysia in fulfilment
of the requirement for the degree of Doctor of Philosophy

DEFORMED HEISENBERG GROUP FOR A PARTICLE ON
NONCOMMUTATIVE SPACES VIA CANONICAL GROUP

QUANTIZATION AND EXTENSION

By

MOHD FAUDZI BIN UMAR

November 2020

Chairman : Hishamuddin bin Zainuddin, PhD
Faculty : Institute For Mathematical Research

The first part of this work focuses on the canonical group quantization approach ap-
plied to non-commutative spaces, namely plane R2 and two-torus T 2. Canonical
group quantization is a quantization approach that adopts the group structure that
respects the global symmetries of the phase space as a main ingredient. This is fol-
lowed by finding its unitary irreducible representations. The use of noncommutative
space is motivated by the idea of quantum substructure of space leading to nontrivial
modification of the quantization. Extending to noncommuting phase space includes
noncommuting momenta that arises naturally in magnetic background as in Landau
problem. The approach taken is to modify the symplectic structures corresponding
to the noncommutative plane, noncommutative phase space and noncommutative
torus and obtain their canonical groups. In all cases, the canonical group is found
to be central extensions of the Heisenberg group. Next to consider is to generalize
the approach to twisted phase spaces where it employs the technique of Drinfeld
twist on the Hopf algebra of the system. The result illustrates that a tool from the
deformation quantization can be used in canonical group quantization where the de-
formed Heisenberg group H2

θ
is obtained and its representation stays consistent with

the discussion in the literature. In the second part, the two-parameter deformations of
quantum group for Heisenberg group and Euclidean group are studied. Both can be
achieved through the contraction procedure on SU(2)q,p quantum group. The study
also continues to develop (q, p)-extended Heisenberg quantum group from the pre-
vious result. As conclusion, it is shown that the extensions of Heisenberg group arise
from quantizing noncommutative plane, noncommutative phase space, noncommu-
tative two-torus, and twisted phase space. The work on two-parameter deformation
of quantum group also further shows generalizations of the extension of Heisenberg
group.
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Abstrak tesis yang dikemukakan kepada Senat Universiti Putra Malaysia sebagai
memenuhi keperluan untuk ijazah Doktor Falsafah

KUMPULAN HEISENBERG TERCANGGA BAGI SATU ZARAH KE
ATAS RUANG TAK KALIS TUKAR TERTIB MELALUI

PENGUANTUMAN KUMPULAN BERKANUN DAN LANJUTAN

Oleh

MOHD FAUDZI BIN UMAR

November 2020

Pengerusi : Hishamuddin bin Zainuddin, PhD
Fakulti : Institut Penyelidikan Matematik

Bahagian pertama kajian ini memfokuskan kepada kaedah penguantuman kumpu-
lan berkanun yang digunakan untuk ruang tak kalis tukar tertib, iaitu satah R2 dan
dua-torus T 2. Penguantuman kumpulan berkanun ialah satu kaedah penguantu-
man yang mengambil struktur kumpulan berkaitan simetri global ruang fasa seba-
gai satu elemen utama. Seterusnya diikuti dengan mendapatkan perwakilan tertu-
run unitari. Penggunaan ruang tak kalis tukar tertib dimotivasikan dengan idea sub
struktur kuantum ruang yang memacu kepada pengubahsuaian remeh penguantu-
man. Melanjutkan ruang fasa tak kalis tukar tertib merangkumi momentum tak kalis
tukar tertib yang muncul secara semula jadi dalam latar belakang magnet seperti
dalam masalah Landau. Pendekatan yang diambil adalah bagi mengubahsuai struk-
tur simpletik yang sepadan dengan satah tak kalis tukar tertib, ruang fasa tak kalis
tukar tertib dan torus tak kalis tukar tertib, dan mendapatkan kumpulan berkanunnya.
Dalam semua kes, kumpulan berkanun ditemui adalah perluasan berpusat daripada
kumpulan Heisenberg. Seterusnya mempertimbangkan bagi mengitlak kaedah pada
ruang fasa terpulas, di mana ia menggunakan teknik pulasan Drinfeld ke atas alge-
bra Hopf sesuatu sistem. Keputusan menunjukkan bahawa satu alat daripada pen-
guantuman canggaan boleh digunakan dalam penguantuman kumpulan berkanun
di mana kumpulan Heisenberg tercangga H2

θ
adalah diperolehi dan perwakilannya

tetap konsisten dengan perbincangan dalam literatur. Di bahagian kedua, canggaan
dua parameter kumpulan kuantum bagi kumpulan Heisenberg dan Euclidean adalah
dikaji. Kedua-duanya boleh dicapai melalui prosedur pengecutan ke atas kumpulan
kuantum SU(2)q,p. Kajian ini juga diteruskan bagi membangunkan kumpulan kuan-
tum (q, p)-Heisenberg terlanjut daripada keputusan sebelum. Sebagai kesimpulan,
ia telah menunjukkan bahawa lanjutan kumpulan Heisenberg muncul daripada men-
guantumkan satah tak kalis tukar tertib, ruang fasa tak kalis tukar tertib, dua-torus
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tak kalis tukar tertib, dan ruang fasa terpulas. Kajian ke atas canggaan dua parameter
kumpulan kuantum selanjutnya juga menunjukkan pengitlakkan lanjutan kumpulan
Heisenberg.
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CHAPTER 1

INTRODUCTION

In the 1900s, there are two major theories in the development of physics namely rel-
ativity and quantum theory. Physics of relativity, especially general relativity histor-
ically developed a new perspective about gravitation through the geometry of space-
time, and the theory was first introduced by Albert Einstein. Meanwhile, quantum
mechanics was pioneered by Werner Heisenberg, Max Born, and Pascual Jordan,
in which the theory gave us an understanding of the nature of the atomic scale. In
addition, quantum mechanical system can be obtained via a procedure known as
“quantization”, and this idea fundamentally given by Heisenberg (1925) is about
noncommutative algebra of quantum operators, instead of commutative of classical
observables in his paper “Uber quantentheoretische Umdeutung kinematischer und
mechaniseher Beziehungen” (see Van Der Waerden, 2007). In the same year, with
Born and Jordan, they developed the matrix mechanics formulation of quantum me-
chanics based on Heisenberg’s quantum operators (Born et al. (1926); the paper was
received in November 1925).

Quantization is mathematically a transition of commutative algebra of classical ob-
servables into noncommutative algebra of quantum operators. The classical observ-
ables are functions on phase space, while the quantum operators are self-adjoint op-
erators acting on a Hilbert space. We can describe the classical mechanics via phase
space which is given by the cotangent bundle of the configuration space Rn, and it
provides the set of canonical observables, (qi, pi). Quantization programs, in liter-
ature, have often been developed from classical mechanics which is formulated on
symplectic manifold given by cotangent bundle. Symplectic manifold is a manifold
M which is equipped with a closed nondegenerate two-form ω (known as symplec-
tic structure) and is denoted as a pair, (M ,ω). The symplectic structure of the phase
space provides the following set of Poisson bracket{

qi,q j
}
= 0 =

{
pi, p j

}
,
{

qi, p j

}
= δ

i
j, (1.1)

where i = 1,2,3...,n, while qi and pi are respectively positions and momenta as
classical observables, and δ i

j is the Kronecker delta.

The quantization rules, in brief, are based on the following conditions; linearity,
identity, irreducibility of the self-adjoint quantum operators and commutator via
quantization map; ·̂ (e.g. Dirac, 1925). Thus corresponding brackets (1.1) respec-
tively transform to the following canonical commutation relations (CCR):

[q̂i, q̂ j] = 0 = [p̂i, p̂ j], [q̂i, p̂ j] = ih̄δ
i
j1, (1.2)

where h̄ is the reduced Planck constant and δ i
j is the Kronecker delta. The relation
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(1.2) is also known as Heisenberg algebra which leads to Heisenberg uncertainty
principle. Moreover, some quantized systems also can be reduced to corresponding
classical systems via an appropriate classical limit, h̄→ 0, and is called dequantiza-
tion.

Note that CCR (1.2) has been obtained through a canonical quantization framework
but some quantization approaches are used by mathematicians and physicists to de-
velop CCR only as outcomes of their approaches for linear spaces (Ali and Englis,
2005). Nevertheless, there are three issues we shall highlight here. First and fore-
most, quantization via CCR faces a problem with classical systems arising from
nonlinear configuration spaces such as circle S1, n-sphere Sn and n-torus T n. In
addition, the second issue of quantization is when it comes to polynomials of clas-
sical observables; q and p with degree n ≥ 3. The commutator algebra and irre-
ducibility of quantization rule are not consistent with such polynomials and this is
known as “Groenewold-van Hove No-Go Theorem”, that revolves around operator
ordering issues; see Groenewold (1946); Zainuddin et al. (2007). Third issue is on
how we generalize the noncommutativity on positions or/and momenta. Therefore,
in the present thesis, we use canonical group quantization (CGQ) as proposed by
Isham (1984); Isham and Kakas (1984a,b) to investigate noncommutative algebra in
the standard quantum mechanics (1.2). Literally, CGQ is a quantization program is
based on the unitary irreducible representations of the Lie group that describes the
symmetries of the phase space. The approach considers the action of a Lie group on
the phase space by relating classical observables and vector fields with Lie algebra
without assuming CCR. CGQ uses symmetry of the system as a basis for quanti-
zation of systems on nonlinear and nontrivial configuration space; see Isham and
Linden (1988); Zainuddin (1989); Sumadi and Zainuddin (2014); Bouketir (2000);
Bojowald and Strobl (2000); Benavides and Reyes-Lega (2010); Jung (2012). There-
fore, in this work, we will also apply the quantization program for noncommutative
configuration spaces.

Mathematically, there is a correspondence between spaces and algebras, where the
commutative algebras will be replaced by noncommutative algebra implying non-
commutative generalization of geometries (also known as noncommutative geome-
try). This issue has been often discussed by means of spectral triples (e.g Connes,
1994; Connes and Marcolli, 2008). Noncommutative geometry (NCG) is a plausible
model that has influenced in many disciplines in physics especially quantum me-
chanics. Quantum mechanics in noncommutative space or noncommutative quantum
mechanics (NCQM) can be studied via several formulations (Gouba, 2016). Most
often discussed and used in literature is by modification of the CCR from the stan-
dard quantum mechanics (1.2). The idea of NCQM was first introduced by Snyder
(1947), when he studied the quantized space-time to formalize Heisenberg’s idea.
Noncommutativity of the positions implies non-standard structure of space at very
tiny scale, where below Planck scale, localization of space-time has no operational
meaning (Doplicher et al., 1995). The noncommutativity of the momenta implies the
adoption of a gauge field in the momentum operator in Landau problem. However, a
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phenomenon occurs at the lowest-Landau level requires Haldane (2018) to introduce
Heisenberg description of the noncommutative torus of guiding centers.

NCQM can be achieved by introducing new coordinates, Moyal ?-products, Bopp
shift, and Seiberg-Witten map (Seiberg and Witten, 1999). In addition, operator the-
oretic formulation has also attracted the attention of many authors such as Scholtz
et al. (2009). They proposed the set of Hilbert-Schmidt operators acting on the non-
commutative configuration space, which is isomorphic to boson Fock space. When
one also considers noncommutativity of momenta, one finds the representation of
noncommutative phase spaces such as the one studied by Li et al. (2005). The rep-
resentations used by Balogh et al. (2015) for instance, to study deformed Hermite
polynomials leads to the family of biorthogonal polynomials. Another aspect of
NCQM which is closely related to this thesis is by studying via its group-theoretic
structure. Such studies using the group-theoretic approach can be seen in two well-
known methods i.e. Souriau’s and Kirillov’s orbit method where they both use coad-
joint orbit in their formulation. Those formulations in NCQM have been summarized
in Table 1.1. In this work, we propose an alternative approach using Isham’s canon-
ical group quantization, which identifies directly the symmetries of the underlying
phase space as key feature of the quantization.

Table 1.1 Formulations of NCQM

Formulation Methods Studied by

Canonical formulation New coordinates Chaichian et al. (2001)
Moyal ?-product Gamboa et al. (2001a,b)

Bopp shift Li and Sayipjamal (2010)
Seiberg-Witten map Seiberg and Witten (1999)

Operator-theoretic Systematic approach Scholtz et al. (2009)
Representation theory Li et al. (2005)

Polynomial Balogh et al. (2015)

Group-theoretic Coadjoint orbit method Ngendakumana et al. (2011)
Duval and Horvathy (2000)

Vanhecke et al. (2006)
Chowdhury and Ali (2014)

1.1 Motivation

Canonical group quantization is a quantization approach that is geometrical in na-
ture with the group structure as a main ingredient in the scheme and it has been used
for quantization of nonlinear systems such as gravity (Isham and Kakas, 1984a,b;
Isham, 1984), string on tori (Isham and Linden, 1988) and particle on torus in a con-
stant magnetic field background (Zainuddin, 1989). The group of symmetries of the
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phase space identified is called the canonical group, which reminds us of the use of
the canonical commutation relation based on a Lie algebra. It is of interest to con-
sider whether the procedure can be extended to non-commuting position coordinates,
and thus producing a new set of commutation relations reflecting noncommutativity
of the position. It is to be noted that another group-theoretic approach for noncom-
mutative systems have been considered via the coadjoint orbit method i.e. the group’s
action on the dual space of its Lie algebra (known as Kirillov-Kostant-Souriau’s
method; Kirillov (2004); Kostant (1970); Souriau (1997)), and this is illustrated in
Table 1.1. Noncommutative phase space, where both positions and momenta are no
longer commute, suggests the existence of the non-standard structure of space at very
short distances, with the associated Landau problem. There is a strong motivation to
examine closely the symmetries of the phase space of the system and along with its
representations.

In literature, the noncommutative torus is often discussed using spectral triples and
deformation theory, and the attempt made is to approach this matter through the
group-theoretic approach e.g. CGQ. The quantization on torus has first been consid-
ered through the canonical group approach in Isham (1984), and more application
can be seen in Isham and Linden (1988) where they considered string quantization
on the torus. In Zainuddin (1989), he considered the quantization on the torus with
and without the magnetic field background. The system with the magnetic field
background showed the noncommutativity of momenta with a Landau gauge choice.
The canonical group obtained is Ẽ2 o (Ẽ2×U(1)), where Ẽ2 is the universal cover
of the two-dimensional Euclidean group whose subgroup SO(2) is being replaced
by R. This standpoint suggests that we can continue to study the quantization on
torus with noncommutativity of positions qi, q j, and this is considered in Chapter
5. It would be interesting to quantize the nonlinear configuration space of T 2 whose
angular coordinates do not commute, so that we can comprehend the nature of the
symmetries of the noncommutative two-torus.

In this thesis we propose two approaches namely extended and deformed methods to
make generalization of Isham’s method for the case of a noncommutative system as
underlying phase space. For the first approach, we modify the symplectic structure
of the phase space and investigate the symmetries that preserve this new symplectic
structure. As a result, we have the noncommutative algebra with extended observ-
ables and operators. For the deformed method, we will utilize the Drinfeld twist on
Hopf algebra of the system to obtain the deformed system i.e. deformed observables
and operators, symplectic structure and canonical group. Here, we seek to recon-
cile the canonical group quantization with some basic ingredients of deformation
quantization namely Moyal ?-product, and we also pursue possible ramifications.

The canonical groups for plane and torus with the natural symplectic form are re-
spectively Heisenberg group and Euclidean group. Another possible related topic is
to consider the quantum group of such groups. Both groups were studied by Celegh-

4
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ini et al. (1990, 1991) using contraction procedure on SUq(2) group. In a similar
piece of the work, the group SU(2) will be deformed with another deformation pa-
rameter and this is known as a two-parameter quantum group. Closely imitating the
similar procedure of Celeghini et al. (1990, 1991) the contraction method can be ap-
plied to the group SU(2)q,p to obtain (q, p)-Heisenberg and (q, p)-Euclidean groups.
Due to the fact that the extended Heisenberg group arises from the non-commutative
plane, it will be of interest how the extended Heisenberg group can be deformed or
generalized further to its quantum group counterparts.

1.2 Problem Statements and Objectives

This thesis comprises two parts, the first part mainly discusses the quantization pro-
gram. Recent studies show that the quantization program can be used to explore
the noncommutative system. Among all the formulations introduced in the Table
1.1, this work is inspired by the efforts of Ngendakumana et al. (2011, 2014); Duval
and Horvathy (2000); Chowdhury and Ali (2013, 2014); Vanhecke et al. (2006) who
studies NCQM via coadjoint orbit method of geometric quantization. Alternatively,
in this thesis we use CGQ which was proposed by Isham (1984); Isham and Kakas
(1984a,b) to study such noncommutative systems. The canonical group for the con-
ventional case Rn with noncommutative space requires us to extend the Heisenberg
group. We proceed with the case by including the magnetic field background to the
system when momenta no longer commute, and this case has been often discussed in
Landau effect literature. Nonetheless, in this case, our main research questions here
are, “What is the canonical group to describing the symmetries of the phase space
with the noncommutative plane with and without magnetic field?” and of course
“How to apply them to classical and quantum mechanics?”

In the next part we consider quantization on one nonlinear configuration space since
CGQ was very successful for nonlinear configuration spaces such Zainuddin (1989);
Bouketir (2000); Sumadi and Zainuddin (2014). Hence it is of interest, how can the
quantization be adapted to a nonlinear configuration space whose coordinates do not
commute and in this case, the torus. Noncommutative torus has been studied often
in literature, based on the spectral triples theory (Connes, 1987; Connes and Landi,
2001) but they tend to be obscure. However, it is not easy to overcome this difficulty
i.e. nonlinear configuration space with noncommutativity system.

In literature, some authors generalized ?-product originally comes from Moyal
(1949) to develop noncommutativity of the positions in a two-dimensional plane
(Gouba, 2016). Therefore, we also attempt to generalize the scheme (CGQ) to ac-
commodate the noncommutative quantum mechanics with ?-product. The idea of
this part is to deform Hopf algebra structures with the Drinfeld twist in the sense of
deformation quantization. A deformed Hopf algebra leads to the noncommutative
algebra of the phase space, and this agrees with what is in the literature.

5
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The second part of the thesis is about the quantum group (or Hopf algebra). In
Celeghini et al. (1990, 1991), Heisenberg and Euclidean quantum group have been
contracted from the SU(2)q quantum group. However, our contribution is to explore
the contraction method from the two-parameter quantum group namely SU(2)q,p
to obtain the two-parameter deformation of Heisenberg H1

q,p, deformed Heisenberg
H2

θq,p and Euclidean E2
q,p quantum group.

The problems which are highlighted here will be elaborated in detail from Chapters
4 until 7 respectively. Finally, one summarizes the work in the Chapter 8. The
objectives of this thesis are:

1. To quantize the system of a particle moving on noncommutative plane R2
θ

with, and without the effect of an external magnetic field.

2. To extend the quantization on nonlinear configuration space namely noncom-
mutative two-torus.

3. To develop the quantization program for twisted phase space, particulaly R2
θ
×

R2.

4. To explore the Heisenberg and Euclidean quantum group with two-parameter
deformation.

1.3 Organization

The organization of the thesis will be as follows:

Chapter 2: We will review some literature that are related to our work, namely canon-
ical group quantization (CGQ) and noncommutative systems. We discuss the foun-
dations of quantum theory and general quantization prescription as well as outlines
of some quantization approaches. This is followed by various approaches to non-
commutative quantum mechanics. (NCQM).

Chapter 3: In this chapter, we present the mathematical tools and theoretical back-
ground that will be used throughout the thesis related to CGQ as our main method.
We first discuss the symplectic manifold as classical phase space. Since CGQ ap-
proach is based on two steps; canonical group, and its unitary irreducible represen-
tations, we will review Lie group and algebra, as well as group representation and
their irreducibility and unitary conditions. We also will cover Hopf algebra, and
twist elements that are used to study the deformed system in Chapter 6 and quantum
group in Chapter 7. This is followed by our methodology is our main methodology
namely CGQ. The method will be reviewed in detail, and some related examples of
quantization on R2, T 2, S2, and R2

+ will be given.
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Chapter 4: This chapter is the backbone of the thesis, whose purpose is to quantize
the noncommutative plane by using canonical group quantization. This quantization
work is applied to a particle that propagates through a noncommutative plane where
the positions no longer commute. The canonical group for the phase space with
modified symplectic structure is obtained, followed by its unitary irreducible rep-
resentation. We then extend this work, to study the quantum system using Landau
and symmetric gauges of the magnetic field, and three-dimensional noncommutative
system. The chapter studies the noncommutativity of momenta which also enlarges
the algebra, and modifies some symplectic structures that finally we have some of
the groups and their representations. We apply noncommutative phase space to study
classical and quantum mechanics, with the examples of such systems are also given,
respectively. We also apply the representations in supersymmetric quantum mechan-
ics.

Chapter 5: In this chapter, we study the quantization on nonlinear configuration
space namely two-torus T 2. Following Chapter 4, we also modify symplectic form
with an additional term in order to obtain noncommutativity of φ i coordinates. The
nonclosure of the algebra becomes a problem there, and therefore, will be resolved
using Inönü-Wigner contraction procedure. As a result, we have found the extended
Heisenberg group from Chapter 4 as the canonical group for the noncommutative
torus. This also agrees with the Heisenberg algebra of the NCG of guiding centers
(Haldane, 2018).

Chapter 6: Quantization on twisted phase space will be done using Hopf algebra
with Drinfeld twist to obtain noncommutative classical mechanics based on Aschieri
et al. (2008); Aschieri (2009). Thereafter, the work continues with its group repre-
sentations.

Chapter 7: The second part of our work is to study the two-parameter deformation of
quantum group where it can be associated with Hopf algebra. The chapter basically
uses the Celeghini et al. (1991, 1990)’s contraction method on SU(2)q,p to obtain
Heisenberg and Euclidean quantum group with two-parameter deformation, respec-
tively are Hi

q,p and E2
q,p. The discussion starts with SU(2)q,p quantum group which

is the generalization of the work of Biedenharn (1989) to develop the representation
of SU(2)q,p quantum group that is based on deformed boson operators ((q, p)-boson
operator in our case). We then extend the work to develop (q, p)-extended Heisen-
berg quantum group from the extended group in Chapter 4.

Chapter 8: The chapter ends with some concluding remarks, and further outlook.

7

© C
OPYRIG

HT U
PM



BIBLIOGRAPHY

Abraham, R., Marsden, J. E., and Marsden, J. E. (1978). Foundations of mechanics,
volume 36. Benjamin/Cummings Publishing Company Reading, Massachusetts.

Ali, S. T. and Englis, M. (2005). Quantization methods: a guide for physicists and
analysts. Reviews in Mathematical Physics, 17(04):391–490.

Aschieri, P. (2006a). Lectures on Hopf algebras, quantum groups and twists. In
Second Modave Summer School in Mathematical Physics, volume 2, pages 207–
221.

Aschieri, P. (2006b). Noncommutative symmetries and gravity. In Journal of
Physics: Conference Series, volume 53, page 799. IOP Publishing.

Aschieri, P. (2009). Star product geometries. Russian Journal of Mathematical
Physics, 16(3):371–383.

Aschieri, P., Dimitrijevic, M., Meyer, F., and Wess, J. (2006). Noncommutative
geometry and gravity. Classical and Quantum Gravity, 23(6):1883.

Aschieri, P., Lizzi, F., and Vitale, P. (2008). Twisting all the way: from classical
mechanics to quantum fields. Physical Review D, 77(2):025037.

Balachandran, A., Pinzul, A., and Qureshi, B. (2006). UV–IR mixing in non-
commutative plane. Physics Letters B, 634(4):434–436.

Balogh, F., Shah, N. M., and Ali, S. T. (2015). On some families of complex Her-
mite polynomials and their applications to physics. In Operator Algebras and
Mathematical Physics, pages 157–171. Springer.

Benavides, C. and Reyes-Lega, A. F. (2010). Canonical group quantization, rota-
tion generators and quantum indistinguishability. In Geometric and topological
methods for quantum field theory.

Biedenharn, L. (1989). The quantum group SUq(2) and a q-analogue of the boson
operators. Journal of Physics A: Mathematical and General, 22(18):L873–L878.

Bojowald, M. and Strobl, T. (2000). Group theoretical quantization and the example
of a phase space S1×R+. Journal of Mathematical Physics, 41(5):2537–2567.

Bopp, F. (1956). La méchanique quantique est-elle une méchanique statistique clas-
sique particuliere? Ann. Inst. Henri Poincaré, 15:81–112.

Born, M., Heisenberg, W., and Jordan, P. (1926). Zur Quantenmechanik. II.
Zeitschrift für Physik, 35(8-9):557–615.

Bouketir, A. (2000). Group theoretic quantisation on spheres and quantum hall
effect. PhD thesis, Universiti Putra Malaysia.

Calmet, X. and Kobakhidze, A. (2005). Noncommutative general relativity. Physical
Review D, 72(4):045010.

117

© C
OPYRIG

HT U
PM



Celeghini, E., Giachetti, R., Sorace, E., and Tarlini, M. (1990). Three-dimensional
quantum groups from contractions of SU(2)q. Journal of Mathematical physics,
31(11):2548–2551.

Celeghini, E., Giachetti, R., Sorace, E., and Tarlini, M. (1991). The quantum Heisen-
berg group H(1)q. Journal of Mathematical Physics, 32(5):1155–1158.

Chaichian, M., Sheikh-Jabbari, M., and Tureanu, A. (2001). Hydrogen atom spec-
trum and the Lamb shift in noncommutative QED. Physical Review Letters,
86(13):2716.

Chowdhury, S. H. H. (2017). On the plethora of representations arising in non-
commutative quantum mechanics and an explicit construction of noncommutative
4-tori. Journal of Mathematical Physics, 58(6):061702.

Chowdhury, S. H. H. and Ali, S. T. (2013). The symmetry groups of noncommutative
quantum mechanics and coherent state quantization. Journal of Mathematical
Physics, 54(3):032101.

Chowdhury, S. H. H. and Ali, S. T. (2014). Triply extended group of translations
of as defining group of NCQM: relation to various gauges. Journal of Physics A:
Mathematical and Theoretical, 47(8):085301.

Chowdhury, S. H. H. and Ali, S. T. (2015). Wigner functions for noncommutative
quantum mechanics: A group representation based construction. Journal of Math-
ematical Physics, 56(12):122102.

Chowdhury, S. H. H. and Zainuddin, H. (2017). Wigner functions for gauge equiv-
alence classes of unitary irreducible representations of noncommutative quantum
mechanics. The European Physical Journal Special Topics, pages 1–16.

Connes, A. (1987). Yang-Mills for non-commutative two-tori. Contemporary Math-
ematics - American Mathematical Society, 62:237–266.

Connes, A. (1994). Noncommutative Geometry. Academic Press, San Diego.

Connes, A. (1996). Gravity coupled with matter and the foundation of non-
commutative geometry. Communications in Mathematical Physics, 182(1):155–
176.

Connes, A. and Landi, G. (2001). Noncommutative manifolds, the instanton al-
gebra and isospectral Deformations. Communications in Mathematical Physics,
221(1):141–159.

Connes, A. and Lott, J. (1991). Particle models and noncommutative geometry.
Nuclear Physics B-Proceedings Supplements, 18(2):29–47.

Connes, A. and Marcolli, M. (2008). Noncommutative geometry, quantum fields and
motives, volume 55. American Mathematical Soc.

Dekker, H. (1977). Quantization of the linearly damped harmonic oscillator. Physi-
cal Review A, 16(5):2126.

118

© C
OPYRIG

HT U
PM



Delduc, F., Duret, Q., Gieres, F., and Lefrançois, M. (2008). Magnetic fields in
noncommutative quantum mechanics. In Journal of Physics: Conference Series,
volume 103, page 012020. IOP Publishing.

Demetrian, M. and Kochan, D. (2002). Quantum mechanics on non-commutative
plane. Acta Physica Slovaca, 52(1):1–9.

DeWitt, B. S. (1967). Quantum theory of gravity. I. The canonical theory. Physical
Review, 160(5):1113–1148.

Dirac, P. A. (1925). The fundamental equations of quantum mechanics. In Proceed-
ings of the Royal Society of London A: Mathematical, Physical and Engineering
Sciences, volume 109, pages 642–653. The Royal Society.

Doplicher, S., Fredenhagen, K., and Roberts, J. E. (1995). The quantum structure of
spacetime at the Planck scale and quantum fields. Communications in Mathemat-
ical Physics, 172(1):187–220.

Drinfeld, V. (1983). On constant quasiclassical solutions of the Yang-Baxter equa-
tions. Soviet Mathematics Doklady, 28:667–671.

Dulat, S. and Li, K. (2008). Landau problem in noncommutative quantum mechan-
ics. Chinese Physics C, 32(2):92.

Dulat, S. and Li, K. (2009). Quantum Hall effect in noncommutative quantum me-
chanics. The European Physical Journal C, 60(1):163–168.

Duval, C. and Horvathy, P. (2000). The exotic Galilei group and the “Peierls substi-
tution”. Physics Letters B, 479(1):284–290.

Feshbach, H. and Tikochinsky, Y. (1977). Quantization of the damped harmonic
oscillator. Transactions of the New York Academy of Sciences, 38.

Gamboa, J., Loewe, M., and Rojas, J. (2001a). Noncommutative quantum mechan-
ics. Physical Review D, 64(6):067901.

Gamboa, J., Mendez, F., Loewe, M., and Rojas, J. (2001b). The Landau problem and
noncommutative quantum mechanics. Modern Physics Letters A, 16(32):2075–
2078.

Gangopadhyay, S., Saha, A., and Halder, A. (2015). On the Landau system in non-
commutative phase-space. Physics Letters A, 379(45):2956–2961.

Gao-Feng, W., Chao-Yun, L., Zheng-Wen, L., Shui-Jie, Q., and Qiang, F. (2008).
Classical mechanics in non-commutative phase space. Chinese Physics C,
32(5):338.

Gelfand, I. and Neumark, M. (1943). On the imbedding of normed rings into the
ring of operators in Hilbert space. Matematiceskij Sbornik, 12(2):197–217.

Gilmore, R. (2008). Lie groups, physics, and geometry: an introduction for physi-
cists, engineers and chemists. Cambridge University Press.

119

© C
OPYRIG

HT U
PM



Girotti, H. (2004). Noncommutative quantum mechanics. American Journal of
Physics, 72(5):608–612.

Gouba, L. (2016). A comparative review of four formulations of noncommutative
quantum mechanics. International Journal of Modern Physics A, 31(19):1630025.

Groenewold, H. J. (1946). On the principles of elementary quantum mechanics.
Physica, 12(7):405–460.

Guo, G., Long, C., and Qin, S. (2010). On uncertainty relations in noncommutative
phase space. Open Physics, 8(1):126–130.

Hajivcek, P. (1998). Group-theoretical quantization of 2+ 1 gravity in the metric-
torus sector. Journal of Mathematical Physics, 39(9):4824–4848.

Haldane, F. (2018). The origin of holomorphic states in Landau levels from non-
commutative geometry and a new formula for their overlaps on the torus. Journal
of Mathematical Physics, 59(8):081901.

Heisenberg, W. (1925). Über quantentheoretishe Umdeutung kinematisher und
mechanischer Beziehungen (Quantum-theoretical re-interpretation of kinematic
and mechanical relations). Z. Phys, 33:879.

Horváthy, P. (2006). Anomalous Hall effect in noncommutative mechanics. Physics
Letters A, 359(6):705–706.

Hou, B.-Y. and Hou, B.-Y. (1997). Differential geometry for physicists, volume 6.
World Scientific Publishing Co Inc.

Inönü, E. and Wigner, E. P. (1953). On the contraction of groups and their represen-
tations. Proceedings of the National Academy of Sciences, 39(6):510–524.

Isham, C. J. (1984). Topological and global aspects of quantum theory. In Relativity,
groups and topology. 2.

Isham, C. J. and Kakas, A. (1984a). A group theoretical approach to the canonical
quantisation of gravity. I. Construction of the canonical group. Classical and
Quantum Gravity, 1(6):621–632.

Isham, C. J. and Kakas, A. (1984b). A group theoretical approach to the canonical
quantisation of gravity. II. Unitary representations of the canonical group. Classi-
cal and Quantum Gravity, 1(6):633–650.

Isham, C. J. and Linden, N. (1988). Group theoretic quantisation of strings on tori.
Classical and Quantum Gravity, 5(1):71–93.

Jiang, J.-J. and Chowdhury, S. H. H. (2016). Deformation of noncommutative quan-
tum mechanics. Journal of Mathematical Physics, 57(9):091703.

Jung, F. (2012). Canonical group quantization and boundary conditions. PhD thesis,
Universitätsbibliothek Mainz.

120

© C
OPYRIG

HT U
PM



Kaneko, Y., Muraki, H., and Watamura, S. (2018). Contravariant geometry and
emergent gravity from noncommutative gauge theories. Classical and Quantum
Gravity, 35(5):055009.

Kassel, C. (1995). Quantum groups, volume 155 of Graduate Texts in Mathematics.

Kastrup, H. A. (2004). Quantization of the optical phase space S 2 = {φmod2π, I >
0} in terms of the group SO↑(1,2). Fortschritte der Physik, 52(4):388–388.

Kibler, M. R. (1993). Introduction to quantum algebras. Symmetry and Structural
Properties of Condensed Matter, page 445.

Kirillov, A. A. (2004). Lectures on the orbit method, volume 64. American Mathe-
matical Society Providence, RI.

Klauder, J. R. (2002). The affine quantum gravity programme. Classical and Quan-
tum Gravity, 19(4):817.

Klauder, J. R. (2003). Affine quantum gravity. International Journal of Modern
Physics D, 12(09):1769–1773.

Klauder, J. R. (2006). Overview of affine quantum gravity. International Journal of
Geometric Methods in Modern Physics, 3(01):81–94.

Klauder, J. R. and Aslaksen, E. W. (1970). Elementary model for quantum gravity.
Physical Review D, 2(2):272–276.

Kostant, B. (1970). Quantization and unitary representations. In Lectures in modern
analysis and applications III, pages 87–208. Springer.

Li, K., Cao, X.-H., and Wang, D.-Y. (2006). Heisenberg algebra for noncommutative
Landau problem. Chinese Physics Society, 15(10):2236–2239.

Li, K. and Chamoun, N. (2006). Hydrogen atom spectrum in noncommutative phase
space. Chinese Physics Letters, 23(5):1122.

Li, K. and Dulat, S. (2006). The Aharonov–Bohm effect in noncommutative
quantum mechanics. The European Physical Journal C-Particles and Fields,
46(3):825–828.

Li, K. and Sayipjamal, D. (2010). Non-commutative phase space and its space-time
symmetry. Chinese Physics C, 34(7):944–947.

Li, K., Wang, J., and Chen, C. (2005). Representation of noncommutative phase
space. Modern Physics Letters A, 20(28):2165–2174.

Mackey, G. W. (1976). The theory of unitary group representations.

Mackey, G. W. (1978). Unitary group representations in physics, probability and
number theory.

Madore, J. (1992). The fuzzy sphere. Classical and Quantum Gravity, 9(1):69–87.

Majid, S. (2000). Foundations of quantum group theory. Cambridge university press.

121

© C
OPYRIG

HT U
PM



Marsden, J. and Ratiu, T. (1999). Introduction to Mechanics and Symmetry, volume
17 of Texts in Applied Mathematics, vol. 17; 1994, 1999.

Morariu, B. and Polychronakos, A. P. (2001). Quantum mechanics on the noncom-
mutative torus. Nuclear Physics B, 610:531–544.

Moyal, J. E. (1949). Quantum mechanics as a statistical theory. In Mathematical
Proceedings of the Cambridge Philosophical Society, volume 45, pages 99–124.
Cambridge University Press.

Nair, V. (2001). Quantum mechanics on a noncommutative brane in M(atrix) theory.
Physics Letters B, 505(1-4):249–254.

Nair, V. and Polychronakos, A. P. (2001). Quantum mechanics on the noncommuta-
tive plane and sphere. Physics Letters B, 505(1-4):267–274.

Nakahara, M. (2003). Geometry, topology and physics. CRC Press.

Ngendakumana, A., Nzotungicimpaye, J., and Todjihoundé, L. (2014). Group the-
oretical construction of planar noncommutative phase spaces. Journal of Mathe-
matical Physics, 55(1):013508.

Ngendakumana, A., Nzotungicimpaye, J., Todjihounde, L., et al. (2011). Noncom-
mutative Phase Spaces by Coadjoint Orbits Method. SIGMA, 7:116.

Peierls, R. (1997). On the theory of the diamagnetism of conduction electrons. In
Selected Scientific Papers Of Sir Rudolf Peierls: (With Commentary), pages 97–
120. World Scientific.

Quesne, C. (1993). Two-parameter versus one-parameter quantum deformation of
su(2). Physics Letters A, 174(1,2):19–24.

Reshetikhin, N. (1990). Multiparameter quantum groups and twisted quasitriangular
Hopf algebras. Letters in Mathematical Physics, 20:331–335.

Reyes-Lega, A. (2006). On the geometry of the spin-statistics connection in quantum
mechanics. PhD thesis.

Reyes-Lega, A. F. (2011). On the geometry of quantum indistinguishability. Journal
of Physics A: Mathematical and Theoretical, 44(32):325308.

Reyes-Lega, A. F. and Benavides, C. (2010). Remarks on the configuration space
approach to spin-statistics. Foundations of Physics, 40(7):1004–1029.

Romero, J. M., Santiago, J., and Vergara, J. D. (2003). Newton’s second law in a
non-commutative space. Physics Letters A, 310(1):9–12.

Scholtz, F., Gouba, L., Hafver, A., and Rohwer, C. (2009). Formulation, interpreta-
tion and application of non-commutative quantum mechanics. Journal of Physics
A: Mathematical and Theoretical, 42(17):175303.

Seiberg, N. and Witten, E. (1999). String theory and noncommutative geometry.
Journal of High Energy Physics, 1999(09):032.

122

© C
OPYRIG

HT U
PM



Smirnov, Y. F. and Wehrhahn, R. (1992). The Clebsch-Gordan coefficients for the
two-parameter quantum algebra SU(2)p,q in the Lowdin-Shapiro approach. Jour-
nal of Physics A: Mathematical and General, 25(21):5563–5576.

Snyder, H. S. (1947). Quantized space-time. Physical Review, 71(1):38–41.

Souriau, J. (1997). Structure of dynamical systems. A symplectic viewpoint.
Progress in Mathematics, 149.

Sumadi, A. and Zainuddin, H. (2014). Canonical Groups for Quantization on the
Two-Dimensional Sphere and One-Dimensional Complex Projective Space. In
Journal of Physics: Conference Series, volume 553, page 012005. IOP Publishing.

Umar, M. F., Nurisya, M. S., and Zainuddin, H. (2015). Noncommutativity of 2-
dimensional plane: A Moyal Approach. Institute for Mathematical Research Uni-
versiti Putra Malaysia.

Umar, M. F., Nurisya, M. S., and Zainuddin, H. (2018). Two-dimensional
plane, modified symplectic structure and quantization. Jurnal Fizik Malaysia,
39(2):30022–30026.

Van Der Waerden, B. L. (2007). Sources of quantum mechanics. Courier Corpora-
tion.

Vanhecke, F., Sigaud, C., and Da Silva, A. (2006). Noncommutative configuration
space: classical and quantum mechanical aspects. Brazilian Journal of Physics,
36(1B):194–207.

von Neumann, J. (1940). On rings of operators III. Annals of Mathematics, 41(1):94–
161.

Wess, J. (2005). Deformed coordinate spaces derivatives. In Mathematical, The-
oretical and Phenomenological Challenges Beyond the Standard Model, pages
122–128. World Scientific.

Wess, J. and Zumino, B. (1991). Covariant differential calculus on the quantum
hyperplane. Nuclear Physics B-Proceedings Supplements, 18(2):302–312.

Woodhouse, N. M. J. (1997). Geometric quantization. Oxford University Press.

Zainuddin, H. (1989). Group-theoretic quantization of a particle on a torus in a
constant magnetic field. Physical Review D, 40(2):636–641.

Zainuddin, H. (1990). Group-theoretic quantisation and central extensions. PhD
thesis, Durham University.

Zainuddin, H., Poh, T. S., Nurisya, M. S., Zainy, M., Zulkarnain, Z., Hassana, J.,
and Abidin Hassan, Z. (2007). No-Go theorems and quantization. Journal of
Fundamental Sciences, 3(1):127–136.

123

© C
OPYRIG

HT U
PM



BIODATA OF STUDENT

The student, Mohd Faudzi bin Umar, was born in 15th April 1984. Obtained his 
bachelor degree in Nuclear Science from Universiti Kebangsaan Malaysia in 2006. 
He then continued a Master of Science in Applied Physics in 2007 from the same 
university. He further his study in noncommutative quantum mechanics at Institute 
for Mathematical Research (INSPEM), Universiti Putra Malaysia under supervision 
by Assoc. Prof. Dr Hishamuddin Zainuddin, Dr Nurisya Md Shah and Dr Athirah 
Nawawi. His research interest is related to quantization and noncommutative theory. 
There is nothing special about this student, but he can be contacted via email address; 
******@fsmt.upsi.edu.my.



LIST OF PUBLICATIONS

Umar, M. F. , Nurisya, M. S. and Zainuddin, H. (2018) Two-dimensional plane,
modified symplectic structure and quantization. Jurnal Fizik Malaysia, 39(2):
30022–30026.

Umar, M. F. , Nurisya, M. S. and Zainuddin, H. (2021) Two-parameter quantum
groups for Heisenberg and extended Heisenberg group. (In submission)

128



UNIVERSITI PUTRA MALAYSIA
STATUS CONFIRMATION FOR THESIS/PROJECT REPORT AND COPYRIGHT

ACADEMIC SESSION: Second Semester 2020/2021

TITLE OF THE THESIS/PROJECT REPORT:
DEFORMED HEISENBERG GROUP FOR A PARTICLE ON NONCOMMUTATIVE
SPACES VIA CANONICAL GROUP QUANTIZATION AND EXTENSION

NAME OF STUDENT: MOHD FAUDZI BIN UMAR

I acknowledge that the copyright and other intellectual property in the thesis/project report
belonged to Universiti Putra Malaysia and I agree to allow this thesis/project report to be
placed at the library under the following terms:

1. This thesis/project report is the property of Universiti Putra Malaysia.
2. The library of Universiti Putra Malaysia has the right to make copies for educational

purposes only.
3. The library of Universiti Putra Malaysia is allowed to make copies of this thesis for

academic exchange.

I declare that this thesis is classified as:

*Please tick(X)�
 �	 CONFIDENTIAL (Contain confidential information under Official

Secret Act 1972).�
 �	 RESTRICTED (Contains restricted information as specified by the

organization/institution where research was done).�
 �	 OPEN ACCESS I agree that my thesis/project report to be published

as hard copy or online open acces.
This thesis is submitted for:�
 �	 PATENT Embargo from until .

(date) (date)
Approved by:

(Signature of Student) (Signature of Chairman of Supervisory Committee)
New IC No/Passport No.: Name: Hishamuddin bin Zainuddin, PhD

Date: Date:

[Note: If the thesis is CONFIDENTIAL or RESTRICTED, please attach with the let-
ter from the organization/institution with period and reasons for confidentially or re-
stricted.]




