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June 2020

Chair: Norihan Md Arifin, PhD
Faculty: Science

In this thesis, the boundary layer flow and heat transfer of non-Newtonian flu-
ids and nanofluid are studied. The involved non-Newtonian fluids are viscoelastic
fluid, Jeffrey fluid and Casson fluid. Meanwhile, for the nanofluid, we consider the
hybrid nanofluid, as it is a recent interesting topic among researchers nowadays.
The models are studied over a stretching surface. New additional parameters are
being added to the model as to modify, improve, and extend the previous stud-
ies. The velocity slip parameter is the main parameter that is being added to
all of the fluid models instead of the porosity and thermal radiation parameters.
The governing partial differential equations are being reduced to the ordinary
differential equations by applying the appropriate similarity transformation. The
ordinary differential equations are then being solved by using analytical method
with the aid of Maple program. The velocity and temperature profiles are then
being plotted. The skin friction and heat transfer coefficients are being tabulated.
We found out that the present results show a good agreement as to be compared
with the previous studies, which then verify the method we used.

From the results obtained, it can be concluded that the effect of the main pa-
rameter of the study which is the velocity slip parameter towards both of these
fluids are the same for the profiles and the main physical quantities of interest.
In which, the increment of the velocity slip parameter has decreased the veloc-
ity profile and the local Nusselt number which is the heat transfer coefficient,
however, it also has enhanced the temperature profile and the skin friction coeffi-
cient for both of the considered fluids that are the non-Newtonian fluids and also
hybrid nanofluid.
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Dalam tesis ini, aliran lapisan sempadan dan pemindahan haba bendalir bukan
Newtonian dan bendalir nano telah dikaji. Bendalir bukan Newtonian yang ter-
libat adalah bendalir viskoelastik, bendalir Jeffrey dan bendalir Casson. Semen-
tara itu, untuk bendalir nano, kami mengambil kira bendalir nano hibrid, kerana
hal ini merupakan topik terbaru yang menarik dalam kalangan para penyelidik
pada masa kini. Model-model ini dikaji ke atas permukaan regangan. Parameter
tambahan yang baharu telah ditambah kepada model untuk mengubah, mem-
perbaiki dan melanjutkan pengajian terdahulu. Parameter gelincir halaju adalah
parameter utama yang ditambah pada semua model bendalir selain daripada pa-
rameter keliangan dan parameter sinaran terma. Persamaan pembezaan separa
menakluk diturunkan kepada persamaan pembezaan biasa dengan menggunakan
penjelmaan keserupaan yang sesuai. Persamaan pembezaan biasa kemudiannya
diselesaikan dengan menggunakan kaedah analitikal dengan bantuan program
Maple. Profil halaju dan suhu kemudiannya diplotkan. Pekali geseran kulit dan
pemindahan haba ditabulasi. Kami mendapati bahawa keputusan menunjukkan
persetujuan yang baik apabila dibandingkan dengan kajian terdahulu, yang ke-
mudian mengesahkan kaedah yang telah kami gunakan.

Dari hasil yang diperoleh, dapat disimpulkan bahawa pengaruh parameter utama
bagi kajian ini iaitu parameter gelincir halaju terhadap kedua-dua bendalir ini
adalah sama untuk profil dan kuantiti tumpuan fizikal utama. Iaitu, kenaikan pa-
rameter gelincir halaju telah menurunkan profil halaju dan nombor Nusselt tem-
patan yang merupakan pekali pemindahan haba, namun ia juga telah meningkatkan
profil suhu dan pekali geseran kulit untuk kedua-dua bendalir iaitu bendalir bukan
Newtonian dan juga bendalir nano.
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CHAPTER 1

INTRODUCTION

1.1 Introduction

In general, fluid is either liquid or gas or any substances that cannot resist shear
stress or any external forces. Meanwhile, dynamic is related to the motion when
a force is being applied. Therefore, the combination of these two words which is
fluid dynamic is the study about the movement of fluids and their behaviour when
dealing with forces. This branch of studies in applied science has helped many
researchers and scientists to have a better understanding about the behaviour of
fluids which in consequence giving them the idea to solve real life problems that

deal with fluids.

In order to solve the real life problems that relate to fluid dynamics, mathe-
matical modeling is one of the ways for us to translate, abstract, and simplify
the real phenomenon problems into a mathematical description and solved them
mathematically. Mathematical modeling helps us to simulate, manipulate and
predict the real life events that have occurred or may occur. For example, in
the context of fluid dynamics, we may construct the mathematical model of the
problem and manipulating the model by adding some effects or parameters to
predict the impacts of those effects towards the problem before handling them in
real life.

Boundary layer is one of the prominent concepts that involves in the science of
fluid dynamics which was first discovered by a physicist named Ludwig Prandtl
in 1904. In the absence of slip condition, he theorized that the frictional effects
towards the fluid flow occurred only in a thin layer of a flowing fluid that is very
close to the surface (Anderson, 2005). His discovery on this boundary layer con-
cept has made an enormous contribution to the area of physical and engineering
sciences. By using some systematic calculations, the boundary layer flow vari-
ables can be obtained.

Besides, heat transfer is also a phenomenon that is so near to us in real life. The
concept of boundary layer theory is also applicable to explain the heat transfer
phenomena. In the boundary layer theory, we concern about the flow velocity,
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meanwhile, in heat transfer, we concern about the temperature difference. There
are three mechanisms that involved in heat transfer. The first one is conduction,
which is the transfer of heat through a solid or fluid at rest. Second is convection,
which the heat is transferred between a surface and a moving fluid either gas or
liquid. And the third is radiation, which the heat is transferred by electromag-
netic waves through a vacuum or transmitting medium (Stolting, 1980).

Thus, in this thesis, we will discuss the science of fluid dynamics which em-
phasizes on boundary layer flow and also the heat transfer of the fluid.

1.2 Research Background

Fluid can be categorized into two which are Newtonian and non-Newtonian. Non-
Newtonian fluid is one kind of characteristic of fluid that unobey the Newton’s
law of viscosity, meaning that this type of fluid viscosity depends on the applied
force acting on it that is the deformation history or the shear rate. In addition,
this type of fluid is viscoelastic, which they have the combined properties of elas-
tic and viscous. Meanwhile, Newtonian fluid is vice versa to that non-Newtonian

fluid.

1.2.1 Non-Newtonian Fluid

In this research work, we will focus and emphasize more on non-Newtonian fluid.
The study of this fluid is important as it involves in many applications in real life,
especially in the engineering field. For example, in the manufacturing of plastic
sheets, paper, and glass. All of these industrial processes requiring us to have a
better knowledge about the non-Newtonian fluid flow phenomena. Since a few
decades, many scientists have been researching about the boundary layer flow of
this fluid, even to this day. There have been many developments, including the
invention of new models and advanced methods for solving the problem (Bush,
1989).

We will study three different types of non-Newtonian fluids in this thesis, which
are the viscoelastic fluid (the common form of non-Newtonian fluid), Jeffrey fluid,
and also Casson fluid. Several relevant effects or parameters will be considered to
investigate the impacts towards the non-Newtonian fluids and nanofluid bound-
ary layer flow and heat transfer past a stretching sheet.



1.2.2 Nanofluid

Nanofluid is a new kind of heat transfer fluid that includes a small amount of
nanosized particles, typically smaller than 100 nanometers, that are stored in a
liquid evenly and stably (Sheikholeslami and Ganji, 2015). Recently, many inves-
tigations also have been done towards the hybrid nanofluid, which engineered by
suspending different nanoparticles either in a mixture or composite form (Sarkar
et al., 2015).

1.2.3 Types of Effects

These effects or parameters can help us understand a particular phenomenon’s
physical significance. In this section, we will present several related parameters
that we used in the problem as a brief introduction.

1.2.3.1 Slip condition

There are two types of slip condition which are the velocity slip condition and
thermal slip condition. So, in order to define the slip condition for viscous fluids,
we first need to know about the no slip condition. A condition that requires no
tangential motion is known as the no slip condition (Day, 1990). In other words,
the relative velocity between the solid boundary and the adjacent fluid is zero.
Thus, the definition for the slip condition is vice versa.

1.2.3.2 Magnetohydrodynamic (MHD)

As the name implies, magnetohydrodynamic comprised of three words which are
magneto, hydro and dynamic in which also can be defined as magnetic, water or
liquid, and movement of an object by forces, respectively. Magnetohydrodynamic
is the mathematical framework that is concerned with the movement of an elec-
trically conducting fluid in a magnetic field. There are also another alternative
names that give the same meaning as MHD which are magnetofluiddynamics,
hydromagnetics, and magnetogasdynamics. MHD has been used to describe a
variety of configurations, for instance, incompressible and compressible flows, lig-
uid or gaseous state, dynamic or static configurations, particle atomic-physics
analyses or continuum fluid analyses (Streeter, 1961). The first to explore the
magnetohydrodynamic non-Newtonian fluid flow was Sarpkaya (1961), and then
preceded by many others.



1.2.3.3 Porous medium

A porous medium can be simply described as a solid that has holes in it. Darcy’s
law is the fundamental law that describes the fluid flow through the porous ma-
trix. The investigation towards the fluid flow through the porous matrix is much
interested by the reservoir engineer, hydrologist, and soil scientist in order to help
them in dealing with real life phenomena.

1.2.3.4 Thermal radiation

Thermal radiation can be described as the electromagnetic radiation emitted from
a substance induced by the material’s heat (Enderle and Bronzino, 2012). It is a
very common energy transport phenomenon in our daily life and also very impor-
tant in many engineering applications. For instance, it significantly contributes to
the transfer of energy in furnaces, combustion chambers, fires, and heat exchang-
ers at high temperatures. The calculations regarding radiative transfer need to
be precise with the use of accurate radiative properties in order for us to improve
the design and operation of those mentioned devices.

1.2.3.5 Suction and Injection

Suction is used in chemical processes to eliminate reactants while injection is
used to add reactants. Suction and injection are important in real life operations,
especially in the engineering field, such as in the recovery of thermal oil, and in
the development of a thrust bearing and a radial diffuser (Ishak et al., 2009).

1.2.3.6 Prandtl number

The Prandtl number is a dimensionless quantity, which correlates the viscosity
of a fluid with the thermal conductivity. It is invented by Ludwig Prandtl and
named after him. Moreover, it is used to calculate the ratio of diffusiveness of
momentum to the diffusiveness of thermal. The small value of Prandtl num-
ber indicates that the heat dissipates faster than the velocity. Therefore, in the
context of fluid dynamics, fluids with small Prandtl number are high thermal
conductivity free-flowing fluids (Rapp, 2016).

1.2.3.7 Eckert number

In the early 1950s, Ernst R. G. Eckert has discovered Eckert number, which named
after himself. The Eckert number is a dimensionless number used to character-
ize the influence of self-heating of a fluid as a consequence of viscous dissipation
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effects which is the transformation of kinetic energy to internal energy due to
viscosity (Rapp, 2016).

1.2.3.8 Deborah number

In 1964, Marcus Reiner has introduced the Deborah number. It is a dimension-
less quantity to describe the viscoelastic behaviour of any material and also can
be described as the proportion of material’s relaxation time to experimental time
(Reiner, 1964). The material is supposed to be more solid when the Deborah
number increased.

1.3 Problem Statement

In this study, three types of non-Newtonian fluids named viscoelastic fluid, Jeffrey
fluid and Casson fluid, and nanofluid will be focused on and covered. So, the issues
regarding these non-Newtonian fluids and nanofluid are as follow:

1. How to formulate the mathematical model of boundary layer flow and heat
transfer for non-Newtonian fluids and nanofluid?

2. Does the technique of the analytical method can be used to solve non-
Newtonian fluids and nanofluid?

3. How the parameters applied in those three different non-Newtonian fluids
and nanofluid affect the velocity and temperature fields as well as the skin
friction coefficient and the local Nusselt number?

1.4 Objective and Scope

The aim of the thesis is to analyze and extend the mathematical model of bound-
ary layer flow and heat transfer analytically for four problems:

1. MHD Darcy flow of viscoelastic fluids over a stretching sheet and heat
transfer in the presence of velocity slip as the new additional parameter.

2. MHD flow and heat transfer of Jeffrey fluid over a stretching sheet in the
presence of velocity slip and thermal radiation as the new additional pa-
rameters.

3. Casson fluid flow and heat transfer past a stretching surface in the presence
of velocity slip, magnetohydrodynamic, and porosity as the new additional
parameters.



4. MHD hybrid Cu-AlsO3/water nanofluid flow over a permeable stretching
sheet in the presence of velocity slip and thermal radiation as the new
additional parameters.

The scope for this research is emphasizing on the non-Newtonian fluids and
nanofluid boundary layer flow past a stretchable surface with velocity slip as
the main new additional parameter with several other pertinent effects and fo-
cusing on the analytical method instead of numerical method in order to obtain
better results.

1.5 Significant of Study

The arises in the industry recently require us to understand well on the behaviour
of the complex non-Newtonian fluids and nanofluid. Thus, this is a big challenge
for the scientist to model, simulate, and simplify this real life phenomena. It is
important to know the effects and behaviours of the fluid when engaging with
the surrounding environment, and the first step should be taken by simulating
the phenomena mathematically before dealing and handling them in real life.

In addition, for the context of hybrid nanofluid, the idea on the hybridization
of nanofluid gives an improvement towards the heat transfer by balancing be-
tween the pros and cons of individual suspension of nanoparticle, better thermal
network, assigned to good nanomaterial aspect ratio and synergistic effect (Minea
and Moldoveanu, 2018).

Generally, problem solving involving mathematical modeling somehow providing
the solutions towards the problem involved in the industry activities nowadays.
The advancement in the technology like the computer aided analysis has made
the problem solving becomes more easier, where we can solve the problem nu-
merically by using certain coded program. However, providing the solutions in
the form of exact analytical value should lessen the error that might occur in
solving the problem, although the analytical method is restricted to certain kind
of limitations. Therefore, in this thesis, the solutions presented are in the form
of exact solution as the problems are possible to be solved by using the exact
analytical method, instead of numerical method.



1.6 Thesis Outline

This thesis contains eight chapters that are structured as follows. The introduc-
tion of the thesis and a short brief necessary research background that are involved
in this project as well as the objectives and scopes are discussed in Chapter 1.
Some literature reviews that related to this research project on the specific scopes
are discussed and taken into consideration in Chapter 2. The details of mathe-
matical formulation and the exact analytical method used to solve the different
problems which displayed in Chapter 4-7, are shown in Chapter 3.

The study about the magnetohydrodynamic slip Darcy flow of viscoelastic fluids
over a stretching sheet and heat transfer with thermal radiation and viscous dissi-
pation is presented in Chapter 4. Chapter 5 discusses magnetohydrodynamic flow
and heat transfer of a Jeffrey fluid over a stretching sheet with velocity slip and
thermal radiation. Then, Chapter 6 presents the magnetohydrodynamic Casson
fluid flow and heat transfer past a stretching surface in porous medium with slip
condition. And, in Chapter 7, we investigate about the magnetohydrodynamic
hybrid Cu-AlsO3/water nanofluid flow over a permeable stretching sheet with
velocity slip and thermal radiation.

Finally, Chapter 8 provides the conclusion including the summary for the whole
thesis.
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