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April 2014

Chair: Professor Isamiddin S. Rakhimov, PhD
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This thesis is concerned on studying the classification problem of a subclass of
(n + 1)-dimensional complex filiform Leibniz algebras. Leibniz algebras that are
non-commutative generalizations of Lie algebras are considered. Leibniz identity
and Jacobi identity are equivalent when the multiplication is skew-symmetric.
When studying a certain class of algebras, it is important to describe at least the
algebras of lower dimensions up to an isomorphism. For Leibniz algebras, diffi-
culties arise even when considering nilpotent algebras of dimension greater than
four. Thus, a special class of nilpotent Leibniz algebras is introduced namely
filiform Leibniz algebras. Filiform Leibniz algebras arise from two sources. The
first source is a naturally graded non-Lie filiform Leibniz algebras and another
one is a naturally graded filiform Lie algebras.

Naturally graded non-Lie filiform Leibniz algebras contains subclasses F'Lb,
and SLb, . While there is only one subclass obtained from naturally graded fil-
iform Lie algebras which is T'Lby, 4 1. These three subclasses F'Lb, , SLb,  , and
TLb, ., are over a field of complex number, C where n+ 1 denotes the dimension
of these subclasses starting with n > 4.

In particular, a method of simplification of the basis transformations of the arbi-
trary filiform Leibniz algebras which were obtained from naturally graded non-Lie
filiform Leibniz algebras, that allows for the problem of classification of algebras
is reduced to the problem of a description of the structural constants. The inves-
tigation of filiform Leibniz algebras which were obtained from naturally graded
non-Lie filiform Leibniz algebras only for subclass SLb, ,, is the subject of this
thesis.



This research is the continuation of the works on SLb, ; which have been treated
for the cases of n < 9. The main purpose of this thesis is to apply the Rakhimov-
Bekbaev approach to classify SLb,,. These approach will give a complete classi-
fication of SLb,, in terms of algebraic invariants. Isomorphism criterion of SLb,
is used to split the set of algebras SLb,, into several disjoint subsets. For each of
these subsets, the classification problem is solved separately. As a result, some of
them are represented as a union of infinitely many orbit (parametric families) and
others as single orbits (isolated orbits). Finally, the list of isomorphism classes of
complex filiform Leibniz algebras with the table of multiplications are given.
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Tesis ini adalah berkenaan kajian terhadap masalah pengkelasan daripada subke-
las (n + 1)-dimensional aljabar Leibniz filiform kompleks. Aljabar Leibniz yang
umum bukan kalis tukar tertib aljabar Lie akan dipertimbangkan. Identiti Leib-
niz dan identiti Jacobi adalah setara apabila pendaraban adalah condong-simetri.
Ketika mengkaji kelas tertentu aljabar, adalah penting untuk menerangkan al-
jabar yang sekurang-kurangnya dimensi yang lebih rendah terhadap satu isomor-
fisma. Bagi aljabar Leibniz, timbul kesukaran apabila mempertimbangkan aljabar
nilpotent dimensi yang lebih besar daripada empat. Oleh itu, kelas khas aljabar
Leibniz nilpotent diperkenalkan iaitu aljabar Leibniz filiform. Aljabar Leibniz
filiform diterbitkan daripada dua sumber. Sumber pertama adalah aljabar Leib-
niz bukan-Lie filiform tergred secara semula jadi dan satu lagi adalah aljabar Lie
filiform tergred secara semula jadi.

Aljabar Leibniz bukan-Lie filiform tergred secara semula jadi mengandungi subkelas-
subkelas F'Lb,  , dan SLb, ,. Namun hanya ada satu subkelas yang diperoleh
daripada aljabar Lie filiform tergred secara semula jadi iaitu 7'Lb, 1. Ketiga-
tiga subkelas F'Lb, ,, SLb, , dan T'Lb, , berada dalam nombor kompleks , C
di mana n 4+ 1 menandakan dimensi subkelas ini bermula dengan n > 4.

Khususnya, kaedah memudahkan perubahan-perubahan dasar terhadap aljabar
Leibniz filiform yang diperolehi daripada aljabar Leibniz bukan-Lie filiform ter-
gred secara semula jadi membolehkan masalah pengkelasan aljabar dikurangkan
kepada masalah penerangan mengenai struktur pemalar. Penyiasatan aljabar
Leibniz filiform yang diperolehi daripada aljabar Leibniz bukan-Lie filiform ter-
gred secara semula jadi adalah subjek tesis ini bagi subkelas SLb, | sahaja.
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Kajian ini adalah kesinambungan kerja-kerja pada SLb,,, yang dikaji bagi kes-
kes n < 9. Tujuan utama tesis ini adalah untuk mengaplikasi pendekatan
Rakhimov-Bekbaev untuk mengkelaskan SLb,,. Pendekatan ini akan memberikan
pengkelasan lengkap SLb,, dalam sebutan aljabar tak varian. Kriteria isomor-
fisma SLb,, digunakan untuk memisahkan set aljabar SLb,, kepada beberapa
subset terpisah. Bagi setiap subset ini, masalah pengkelasan ini diselesaikan se-
cara berasingan. Hasilnya, sebahagian daripada subset diwakili sebagai kesatuan
orbit tak terhingga banyaknya (keluarga parametrik) dan selebihnya sebagai orbit
tunggal (orbit diasingkan). Akhirnya, senarai kelas isomorfisma aljabar Leibniz
filiform kompleks dengan jadual pendaraban diberikan.
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CHAPTER 1
INTRODUCTION

The aim of this thesis is to classify a subclass of complex filiform Leibniz alge-
bras. The complex filiform Leibniz algebras are arising from two sources, natu-
rally graded non-Lie filiform Leibniz algebras and naturally graded filiform Lie
algebras. The class of filiform Leibniz algebras derived from naturally graded
non-Lie filiform Leibniz algebras is separated into two subclasses. There are first
class filiform Leibniz algebras, F'Lb,  , and second class filiform Leibniz algebras,
SLb,_, in dimension (n + 1), respectively.

An algebraic approach is focused to solve isomorphism problem in terms of al-
gebraic invariants (invariant functions) in the classification of second class 10-
dimensional complex filiform Leibniz algebras, SLb,,. By using this approach,
a complete classification of SLb,, is obtained and the isomorphism criterion are
given.

This chapter is organized by reviewing basic concepts of algebras and Leibniz
algebras briefly and next some literature reviews are described and followed by a
few research objectives, scope of research and research methodology. Outline of
contents of the thesis is also provided.

1.0 Basic Concepts

Let V be a vector space of dimension n over an algebraically closed field K
(char K = 0). The set of bilinear maps V' x V' — V form a vector space

Hom (V ® V, V) of dimension n3, which can be considered together with its nat-
ural structure of an affine algebraic variety over K and be denoted by Alg,, (K) =

K™ . An n-dimensional algebra L over K can be considered as an element L of
Algy, (K) via bilinear mapping L ® L — L defining a binary algebraic operation
on L: let {ey, e, e,,...,e, } be abasis of the algebra L. The table of multiplication

of L is represented by point (75) as follows:

n
[ei,e(j} = Zvikjek, 1,j=1,2,...,n.
k=1

Here ’yfj are called structural constants of L. The linear reductive group GL, (K)
acts on Alg, (K) is said to be "transport of structure" with

(95N @) =9 (A (o7 @).97 W)

Two algebras L, and L, on V' are isomorphic if and only if they belong to the
same orbit under action of transport of structure.



Recall that an algebra L over a field K is called a Leibniz algebra if it satisfies
the following Leibniz identity:

[z, [y, 2] = [l=, 9], 2] = [l 2], w], (1.1)

where [, -] denotes the multiplication in L.
If a Leibniz algebra has the property of antisymmetricity

[xay] = —[y,I],

then the Leibniz identity is simplified into the Jacobi identity:

[z, 9], 2] + [y, 2], 2] + [[2,2] ,y] = 0.

Therefore Leibniz algebras are generalization of Lie algebras.

Let LB, (K) be a subvariety of Alg, (K) consisting of all n-dimensional Leibniz
algebras over K. It is stable under the above mentioned action of GL, (K). As
a subset of Alg, (K), the set LB, (K) is specified by the following polynomial

equalities with respect to the structural constants 75.:

m I .m lom @ N _
2T o e T 0, R, [ =], 2 4. . n. (1.2)

l
s i

The solution by this system of equations in the set LB, (K) with respect to
Vs has been done for low-dimensional cases of some classes of algebra (n < 3).
The complexity of the computations increases much with increasing of dimension

to classify LB, (K) for any fixed n. Hence, one considers some subclasses of
LB, (K) to be classified.

1.1 Literature Review

Many papers concern with the study of Lie algebras case. According to the
structural theory of Lie algebras a finite-dimensional Lie algebra is written as
a semidirect sum of its semisimple subalgebra and the solvable radical (Levi’s
theorem). The semisimple part is a direct sum of simple Lie algebras which
are completely classified in fifties of the last century. At the same period, the
essential progress has been made in the solvable part by Malcev [20]. Malcev [20]
reduced the problem of classification of solvable Lie algebras to the classification
of nilpotent Lie algebras. Later all the classification results have been related to
the nilpotent part.

The theory of Lie algebras is one of the most developed branches of modern
algebra. It has been deeply investigated for many years. The investigation of the
properties of Lie algebras leads to the generalization of Leibniz algebras.



Leibniz algebra was introduced by Loday [17] as a non-commutative generaliza-
tion of Lie algebra. It is well-known that the Leibniz identity and the classical
Jacobi identity are equivalent, when the multiplication is skew-symmetric. Leib-
niz algebras inherit on important property of Lie algebras which is the right
multiplication operator of a Leibniz algebra is a derivation. Many results on Lie
algebras have been extended to Leibniz algebras.

1.1.1 Relations on Leibniz Algebras

1. (Co)homological problems

The (co)homology theory, representations and related problems of Leibniz
algebras were studied by Loday and Pirashvili [19] and Frabetti [13]. Prob-
lems which related to the group theoretical realizations of Leibniz algebras
were studied by Kinyon et al. [16]. A good survey about classification is
given by Loday et al. [18]. In 1998, Mikhalev et al. [21]| discussed the
solution of the noncommutative analogue of the Jacobian conjecture in the
affirmative for free Leibniz algebras, in the spirit of the corresponding re-
sults of Reutenauer [28], Shpilrain [29] and Umirbaev [31].

2. Deformations and contractions

Deformation theory of Leibniz algebras and its related physical applica-
tions, was initiated by Fialowski et al. [12|. The algebraic variety of four-
dimensional complex nilpotent Leibniz algebras was suggested by Albeverio
et al. [2].

3. Structural problems

In Leibniz algebras, the analogue of Levi’s theorem was proved by Barnes
[5]. He showed that any finite-dimensional complex Leibniz algebra is de-
composed into a semidirect sum of the solvable radical and a semisimple
Lie algebra. The semisimple part is composed by simple Lie algebras and
the main issue in the classification problem of finite-dimensional complex
Leibniz algebras is to study the solvable part. Thus solvable Leibniz alge-
bras still play a central role and have been recently studied by Canete et al.
[6] and Casas et al. [7] which shows the importance of the consideration of
their nilradicals in Leibniz algebras in dimensions less than 5. Casas et al.
[8, 9] also devoted to the study of solvable Leibniz algebras by considering
their nilradicals. The notion of simple Leibniz algebra was suggested by
Dzhumadil’daev et al. [11], which obtained some results concerning special
cases of simple Leibniz algebras.The problems investigating Cartan subal-
gebras were studied by Omirov [22]. Albeverio et al. [1] studied on Cartan
subalgebras and solvability of Leibniz algebras.

The classification, up to isomorphism, of any class of algebras is a funda-
mental and very difficult problem. It is one of the first problem that one
encounters when trying to understand the structure of a member of this
class of algebras. Due to result by Ayupov et al. [4], there are some struc-
tural results concerning nilpotency of Leibniz algebras and its multiplication
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in the year 2001. Ayupov et al. [4] described the so called complex non
Lie filiform Leibniz algebras. In particular case, some equivalent conditions
for Leibniz algebra to be filiform and classification of the set of nilpotent
Leibniz algebras containing an algebra of maximal nilindex are given as
well. Naturally graded complex Leibniz algebras also is characterized. In
the year 2006, the classification of 4-dimensional nilpotent complex Leibniz
algebras was studied by Albeverio et al. [3].

Gomez et al. [15] devised a method of simplication of the basis transfor-
mation of the arbitrary filiform Leibniz algebras obtained from naturally
graded non Lie filiform Leibniz algebras. It was considered those trans-
formations that change the structural constants in the description of such
filiform Leibniz algebras. In 2011, an approach classifying a class of filiform
Leibniz algebras in terms of algebraic invariants was developed by Rakhi-
mov et al. [24]. The method is applicable to any fixed dimensional cases of
filiform Leibniz algebras.

The results of algebraic invariants method can be performed in low dimen-
sional cases of complex filiform Leibniz algebras were devoted by Rakhimov
et al. [26, 27]. Subclasses of filiform Leibniz algebras appearing from natu-
rally graded non Lie filiform Leibniz algebras in dimensions five until eight
are classified named as first class and second class. Classification problem
for dimension nine is presented by Sozan et al. [30] for first class case while,
Deraman et al. [10] treated second class case.

Especially useful for this thesis is the work by Rakhimov et al. [24] which
classified filiform Leibniz algebras in more invariant method. This approach
is extended for the classification of second class 10-dimensional filiform Leib-
niz algebra over field K = C.

1.2 Research Objectives

In this thesis, the classification problem of a class of complex filiform Leibniz alge-
bras arising from naturally graded non-Lie filiform Leibniz algebras is considered.
It is known that this class of filiform Leibniz algebras are split into two subclasses.
Each of them are denoted as F'Lb, 1 and SLb, 1, in dimension (n + 1), respec-
tively. The investigation of classification problem of SLb,, for dimension 10 is
followed by some research objectives:

(1) To study the algebraic and geometric properties of second class complex
filiform Leibniz algebras.

(2) To create isomorphism criterion for second class 10-dimensional complex
filiform Leibniz algebras in terms of invariant functions.

3) To find the list of isomorphism classes of second class 10-dimensional com-
(
plex filiform Leibniz algebras.



1.3 Scope of Research

The classification of a class of algebras corresponds to a fiber of this class, that
being the isomorphism classes. Classification or algebraic classification means the
determination of the types of isomorphic algebras.

This research can be beneficially applied in quantum mechanics and geomet-
rical constructions as well as may triggers in fundamental physic and applied
engineering.

1.4 Research Methodology

There are two sources to get classification of complex filiform Leibniz algebras.
The first of them is naturally graded non-Lie complex filiform Leibniz algebras
and the second one is naturally graded filiform Lie algebras. (n + 1)-dimensional
complex filiform Leibniz algebras appearing from naturally graded non Lie filiform
Leibniz algebras is split into two subclasses denoted by F'Lb,,, and SLb,
respectively. Classification of SLb,,,, is only considered in this thesis particularly
for n = 9. Here some methods on classifying SLb,, are presented.

(1) Isomorphism criteria for SLb,,

An isomorphism criterion for subclass SLb,, is provided where it is ex-
pressed by system of equalities. The polynomial equalities are simplified
into the simplest form.

(2) Specification of a union of disjoint subsets

The isomorphism criterion of SLb,, is split into several disjoint subsets.
For each subset, the classification problem is considered separately. Some
of these subsets will represented as union parametric families of orbits and
others are stated as single orbits.

(3) Algebraic invariant functions and basis change

System of algebraic invariant functions are presented in parametric fam-
ilies of orbits. While in single orbits case, the basis change are leading to
the representatives of these orbits.

(4) Adapted linear transformations and elementary basis changing

According to the table of multiplication of SLb,,, the action of the reductive
linear group, GL,, on SLb,, is reduced to the action of a subgroup, consist
of only transformations sending adapted basis to adapted basis. Then, one
defines the so called elementary basis changing and it is proved that an
adapted transformation can be represented as a product of the elementary
basis changing.



(5) List of non-isomorphic classes

The list of non-isomorphic classes of SLb,, are given according to the table
of multiplications.

1.5 Outline of Contents

The thesis consists of five chapters. Now, we briefly mention the layout of the
thesis.

Chapter 1 introduces the basic concepts of Leibniz algebras.

Chapter 2 describes a method of classification of filiform Leibniz algebras. Here
we introduce definition of nilpotent and filiform Leibniz algebras and followed by
naturally graded non-Lie filiform Leibniz algebras. Basic concepts about adapted
base change, adapted transformations and isomorphism criteria for filiform Leib-
niz algebras arising from naturally graded non-Lie filiform Leibniz algebras are
discussed.

Chapter 3 gives a complete classification of SLb,, which is including all pos-
sible list of isomorphism classes and invariants of SLb,, containing parametric
families of orbits and single orbits.

Chapter 4 presents the main result of the classification. All of the represen-
tatives in SLb,, joined with the table of multiplication of each algebra are given
in this chapter.

Chapter 5 contains some summaries on results of the thesis and suggests a few
problem for future work in these areas.
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Procedure

F := proc(n)local g, t,s,T;
ifn < 3then return(; end if;
fortfrom3tondo

ift = 3thenq:=0; elseq :=1; end if;

BDy 1 L s
Bri=—r + =1 Dby = > | [[] (k=) A" *Bbo | +
k=3 =1
HZ lé )Ak 332 Z bt+3 11b11—|—1 k‘ (HZ lé )Ak 4B3
i[1]=k+2

t i2
I1; 1( k=5 pd
> > brrs—igbigas—ibi—k | | + | 5 A B Z
io=k+3 \i1=k+3 i3=k+4
3 12
> D bry3-izbis+3—igbin+3—inbii—1—k Br |
io=k+4 \i1=k+4
end do;
for sfrom3tondo
print (simplify (8s)) ;
end do;

1 /e
:WZ%

print (simplify (I')) ;
end proc;
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APPENDIX B
Classification Procedures

This part contains some procedures of classification of subclass SLb,,. It is
known that SLb,, is divided into two cases: (i) SLbY, and (ii) SLbll’O. Section B.1
presents classification procedures in SLb{, while Section B.2 gives a few methods

of classification of subclass S Lb?o.

B.1 Classification of SLb‘fO

The isomorphism criteria for SLb{, can be expressed as follows:

K=t (2)as A =5 (2) rw. oy
Ay =0, s (8) == (%)5 fs(A).
Ay = % (%)2/\5, fo(A') = ﬁ (%)6@ (A),

i

(&) =5 (2) .

&)

Under condition Ag # 0, the system (B.1) is isomorphic to the following system:

/ fr(N) 1 f7(A)
A3 = 1, 7 = 14 4 (B2)
A34 A A3
r fs(A) 1 fg(A)
Ay =0, B A5 AD
A35 A AS
Ay 145 fo(A) 1 fo(A)
! - 2 27 / o )
A32 A A3 A36 A6 Ag
fo(A) 1 fe(A) ' 17T
3= A3 A3 R CE
A33 A3 A3 A32 A% A2

It shows that SLb{, = Fy | Fo, where F; = {L(A) € SLbj, : A3 #0,A5 # 0}

and fr = {L(A) S SLb(llO : Ag #0,A5 = 0}.

(i) = {L(A) S SLbcllO A3 #0, A5 #0}

(a) 1 =UUF3:

e Uy = {L(A) € SLb,: Ag#0,A5#0, fo (A) #0}.
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By reducin A =1 and A, = 0, then we obtain A = fo(A) through
g A3 4 A3A5

conditions Ay # 0 and fg(A) # 0 in (B.2). Automatically, the values of
B A

2A3As5
system of equations:

and D = 7\1—2 are obtained. Subset Uj brings the following

Ay =1, (B.3)
Ay =0,
A _ (Aado )2y
Ag \fe(A)) A3
fo (A) _ (/\3/\5 )3 fo (A)
A \fe@)) AT
il ) | (A3A5 )4 f1(A)
Ad fe(A)) A3 7
fs (N) _ (A3A5)5f8<A>
AF \fe@)) A7
fo (A) _ ( Ashs )6 fo (A)
AS fe(A)) A§
L [ )5 r
A2 \Ts(A)) A3
New parameters are represented as A1, A2, A3, Ay and A5 to imply that
A= el (A = B — ) = EW
Y (VNS T Ry T T T
n _ fs(A)AS | 1| HGESE r_ A3AZT
fg (A) = fg(A) = )\3, f9 (A) = fg(A) )\4 and I f{?(A) )\5.

Thus all algebras from Uy are isomorphic to L (1,0, A1, A1, A2, A3, Mg, A5) for
Al € C* and A2, A3, Ag, A5 € C.

o F3 = {L(A)e SLV, : A3#0,A5 #0, fs(A) =0}.
Through the conditions in F3, the system of equations in (B.2) becomes as
follows:
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/ fr(A) 1 fr(A)

Ay =1, TAT T AT AL (B.4)
N, =0, M: 1 fs(A)
AS A5 A3
A 1A fo(A) 1 fo(A)
NPT AN N§ T A AT
fo(N) _ r_air
A3 ’ ANZ ASAS

We can rewrite F3 as F3 = Us | Fy, where
Uy = }L(A) € SLbfy : A3 #0,A5 #0, fo (A) =0, fg (A) # 0% and
Fy=qL(A) € SLbfy : A3 #0,A5 #0, f6 (A) =0, fg (A) =0j}.

(b) F3=UsU Fy:

o Uy = {L(A) e SLbjy : A3 #0,A5 #0, fo(A) =0, fg (A) #0}.
/ /
By reducing A—;z = L4 and f(A) 1 Js(A) in (B.4), then we obtain
A

7 AN rad Y]
A= %}fﬁ; The values of B and D appear as B = 2%\%%5 and D = ﬁ%
2
Then by using value 71I _ AsAg O < et of equallities for U is as follows:
fs(A)
Ay=1, (B.5)
Ay =0,
/ 2 2
A (A5 As
A7 \fs(A)) A3
fo(A) _,
/ m W’
AJ
4
f7 (A/) 3 AgAg f7 (A)
Ay fs(A) ) AL
5
fs(A) A2\ fg(A)
g\ R@)) A
6
fo(A) _ A3AZ 7 fo (A)
A fs(A) ) A
5
(A T
A7 fs(A) ] A3
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New parameters are represented as Aj, Ao, A3 and A4 to imply that

‘/ A A8 fr(A ‘ ALO
5 = fg(i) = A1, f7 (A,) = ;Slzl(x)) = A, f8( ,) - fSZ(BA) - )‘%7
/ fo(A)AL2 , AZALT
fo (A) = 750A) = A3 and IV = o) = M4. Thus all algebras

from Up are isomorphic to L (1,0, A1,0, /\2,/\%,/\3,)\4) for A\ € C* and
Ao, A3, A4 € C.

o [y = {L(A) GSLbcllO : A3750,A57é0,f6(A) :O,fS(A) :0}.

The system of equalities in Fj is as below:

Ay =0,
!
As 1 Ag
/ - 2 2)
Ag  AZAS
fo (A)
A/3 _07
3
fr(A) 1 f(A)
! 4 4 9
Ag A A3
fs(A)
A/5 _07
3
fo(A) 1 fo(A)
! S 6 6 )
Ag AP A3
j’ 1 B
BT ABAZ
Ag A2 A3

The subset of Fy can be written as Fy = Us|J Uy where
Us = {L(A) € SLbCfO : A3 #£0, A5 750,]%(/\) ZO,fg(A) :O,F#O} and
Ug={L(A) € SLby : A3 #0,A5 #0, fe (A) =0, fg (A) =0,I =0}.

(c) For Fy =UsJUy :

e Us = {L(A eSLb t A3 #£0,A5 #0, fg (A) =0, fs (A) =0,T # 0}

By reducmg = 22 ﬁg and F32 = 55 AFZ in (B.6), then we obtain
_ AD _ MA _ A%
A= A2 . The Values of B and D appear as B = 2AA; and D = A5
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2
Then by using value 71[ = %, the system of equalities for Us is as follows:
3

8 _ (A_ayg

A2 \AD ) A%

f6 (A)
A

fr(A) (A% >4f7 (A)

A A3T AS

fs (A)
AZ

fo(A) [ AZ " fo (M)
AS viw), Vg

)
| ( A2 ) r
20 \ 2r N
A\ AGE AL

New parameters are represented as A1, Ao and A3 to imply that

:07

=0,

/ A3 A8 f7(A fo(A)AL2
A5 = goi = M S (M) = RER = e fo (W) = B =
10
and T0 = % = Ai. Thus all algebras from Ujs are isomorphic to
3

L (1,0,A1,0,X2,0,A3,A?) for \; € C* and g, A3 € C.

o Uy = {L(A) € SLb, :
A3 #0,A5 70, f (A) =0, fs (A) = 0,T" = 0}

By reducing %% = ﬁ%;gl in (B.6), then we obtain A% = %’g The values of

_ AA _ A2
B and D appear as B = 2AIAS and D = A5
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2
Then by using value % = ﬁ—g, the system of equalities for Uy is as follows:

Ay =0,
/
As _ (A_g) As
Ay As ) A3
fo(A) _,
A ’
2
f7 (A (A_%) f7(A)
A34 As A3
fs(A)
AP ’
3
fo (A') (A_§> fo (A)
/ 6 )
A36 Ag A3
1‘\/
A3

New parameters are represented as A1 and Ao to imply that A; = 1,
fr(A) = %é&) = A1, fo(A) = %éx) = Xg. Thus all algebras from
Uy are isomorphic to L (1,0,1,0, 1,0, A2,0) for A, Ay € C.

(i) F» = {L(A) € SLbj, : A3 #0,A5 =0}
The subset F5 brings the following system of equations:

: fr(A) 1 f(A)
Yy, — 1 £ _ B.9
3 ) A/34 A4 Aél ) ( )
r R (N) 1 fg(A)
Mg 5OW A
A3 3
A fo(A) 1 fo(A)
/2 9 /6 6 6 9
fo (A) 1 f(A) r 1T
/ — A9 3 79 — __2
AP A3 A3 A2 ADAZ
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(a) Fo =F5UFs -

o F5 = {L(A)€ SLV, : A3#0,A5 =0, fg(A) #0}
The subset Fy brings the following system of equations:
/ fr(A) 1 (A
3 ) A/34 A4 A% > ( )
A —o fR(A) 1 fg(A)
4= AP T OAS A
!/
As fo(A) 1 fo(A)
Az AD A AT
fo (A) _ 1 fe(A) r_1r
'3 A3 SE 19 7 AB A2°
Ag =1 A3 Ag A° A3
o Fg = {L(A)€ SLvY, : A3#0,A5 =0, fg (A) =0}
The system of equations of subset Fg is as following:
/ fi(A) _ 1 fr(A)
Az =1 Sl AN (B.11)
P 4 A4 A4
Ag A A3
Py, fs(A) _ 1 f(A)
) ! 5 5 )
A35 A A3
/
A; g fo(A) 1 fo(A)
/2 ) /6 6 6 9
Ag Ag A® A3
fo(A) _ R
/3 ) /2 — 5 2"
Ag A4 A° Ag
(b) Fy=UsU#7:
e Us = {L(A)€SLKy : Ay #0,A5 =0, fis(A) #0, f7 (A) # 0}
’
By reducing % — 23 f6A3 nd f7(1:) = A% 3) in (B.10), then we
3
obtain A = fr(A) The values of B and D appear as B = AA - ond
Az fe(A)” 2A3A5
D= {g Then by using value 71[ = A?%f?( )) the system of equalities for Us

is as follows:

106



Ay =1, (B.12)
Ay =0,
As
D) _07
A2
fo (A) _ <A3f6 (A))3 f6 (A)
A fr(A) Af
fr(A) <A3f6 (A)>4f7 (A)
A fr(A) Ay
fs(A) _ <A3f6 (A))5 fs (A)
AP fr(A) A}
mW)(mm>fmw
i3 fr(A) Ag
'Y | <A3f6 (A))5 Bigs
A fr(A) ) A3
New parameters are represented as A1, A9, A3 and A4 to imply that fg (A') =
fe(A) fe(A) foM) fe(A)
fw = () = F5 =l (A) = Cpwy M
fo (AY) = % d) % % — Ay Thus all algebras

from Uy are isomorphic to L (1,0,0, A1, A1, A2, A3, Aq) for \; € C* and
Ao, A3, A4 € C.

o Fr = {L(A) € SLb, : A3 #0,A5 =0, fg (A) £0, f7 (A) =0}
Under the conditions of subset F%7, the system of equations appear as below:
/ f7 (A
A 1
Ny =0, fs(/ ) _ 1 /(A )7
A35 A5 A5
/
As fo(A) 1 fo(A)
/2 ) /6 6 6 bl
Ag Ag ASAS
Jo(A) 1 fs(A) r_air
/ 3 3 7 19 7 AD A2
A33 A A3 A32 A A3
(c) Fr=UsUF3:
o Us = {L(A) € SLb],

Mg # 0, A5 =0, fg (A) # 0, fz (A) = 0, fs (A) # 0},
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By reducing Jo(A) _ 3 Ss(A) g fg(g,) = Zlng(A) in (B.13), then we

AT ARAS Af A3
R (.Y _ AgA
obtain A = Rafs(A)" The values of B and D appear as B = 2AA; and
D = % Then by using value 71[ = %X;), the system of equalities for Ug
is as the following page:
/
Ay =
/
A_I5 =0
2
A3
3
fo (A) _ [Asfs(A)) fo(A)
W5l T RW )
fr(A) _,
4 B
A3
5
fs (A) _ [Asfs(A)) fs(A)
A f2(A) A3
6
fo(N)  [Asfs(A)\ fo(A)
AS 2 (A) A8
)
W <A3f8 (M) Ir
N2 2 N2
3 f&(A) A2

New parameters are represented as A1, A9 and A3 to imply that
3(A O(A S(A) fo(A
f6 (Al) - fg( ) . )\17 f8 (A/) a fs( ) — )\2, f9 (Al) _ fg( )f9( ) — )\2

N ') fo*(A)
r ASFR(A)T : .
and IV = oA A3. Thus all algebras from Ug are isomorphic to
6

L (1,0,0,A1,0,A%, Xg, \3) for \; € C* and g, \3 € C.

° Fg = {L(A) GSLbcllO :
A3 #0,A5 =0, fs (A) #0, f7(A) =0, fg (A) = 0}

Subset Fg shows the following system of equations:
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Ay =1, v =0, (B.15)
, A
A4 = 07 f8 </5 ) = O’
A3
A g fo(A) _ 1 fo(A)
PR ’ 6 A6
Ag A AP Ay
fo (A) 1 f(A) I 11
3T A3 A3 5 T A A2
A33 A A3 A32 A A3

(d) Fg=U7UVUs:
e Uy = {L(A) € SL¥, :
A37&07/\5:Oaf6(A)7£07f7(A):O7f8(A):O7F7é0}

g J6(A) 1 fe(A) - (€T .
By reducing TN T A and A7 T AR in (B.15), then we obtain

2
A= M The values of B and D appear as B = A nd D = ﬂ%

AT 2A3A5
4
Then by using value % = f%i’%, the system of equalities for U7 is as the
following page: i
/
As =@, (B.16)
Ay =0,
!/
ﬁ 0
A/2 &
3
3
fo(A) _ [ AT \" fe(A)
/ m )
3y T\BW) 8
fr(A) _,
A/4 W
3
fs(A)
A/5 _07
3
fo (A) _ (AT " fo(A)
/ - )
A f2 (A) AS
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New parameters are represented as A1 and A9 to imply that
A9F3 A18F6f (A) A181-\6
AN) =2 =) A) =3 500 = N and IV = = = A2,
fo (M) = Joay = A Jo (A7) = Zyaa= = Ao and 7= gy =
Thus all algebras from Uy are isomorphic to L (1,0, 0,A1,0,0, )\2,)\%) for
A € C*and \g € C.

o Uy = {L(A) € SLbf, :
A3 # 0,45 =0, fo (A) # 0, f7 (A) =0, fs (A) = 0,I' = 0}.
By reducing &g) = %&?) in (B.15), then we obtain A3 = &?). The
A3 A A3 A3
values of B and D appear as B = %Aé%s and D = {g Then by using value

3
Zlg — %ﬁ)&)’ the system of equalities for Ug is as the following page:

Ay =T,
ﬁ -0
/2 o)
A3
fo (A) [ A3\ fo(A)
¥ fo(A)) A3
f1(A)
AR ’
fs(A)
N:5 ’
2
fo (A') A3\ fo(A)
AS C\fea)) AT
F,
—= =0.
2
A3
New parameter is represented as A\ to imply that fg (A’) = ;%((ﬁ)) = A
6

Thus all algebras from Ug are isomorphic to L (1,0,0,1,0,0, X, 0) for A € C.

The subsets in SLb{, are represented by the following graph tree.
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B.2 Classification of SLbll’O

The isomorphism criteria for SLbll’O can be expressed as follows:

' ! 1 D 4
/ 1 D / 1 D 5
Ay = 2 (Z) A4, tg <A> = <Z) ts (A),
/ 1 D / 1 D 6
A5:F(Z>A5’ t9<A>:ﬁ<Z) tg (A),
2

Under condition A3 = 0 and Ay # 0, the system (B.18) is isomorphic to the
following system of equations:

t7 (A) 1 t7(A)

!/
/ tg(A) 1 tg(A)
A4 = 1, /5 = ﬂ A5 5
A4 4
As _ 1A to (A) 1 tg(A)
N, AAy A T AD A8
/ I’ 1 T
A42 A A4:

Tt shows that SLbY, = Ty (J Ty, where Ty = {L (A) € SLBY, : Ag =0, Ay # o}
and Ty — {L(A) € SLib, : Bz =0,B4 = o}.

Q) Ty = {L(A) € SLKby : Ag=0,Ay # 0}
(a) Ty = U5 UT5:

o U5 = {L(A)eSme Ag=0,Ay 0, A57é0}

/

By reducing A—,5 %%—g in (B.19), then we obtain A = %—i. The values of

Ay
1 _ A
B and D appear as B = 3A2 and D = Ve Then by using value 3 = A—g,

the system of equalities for U15 is as follows:
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=
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New parameters are represented as A, A9, A3 and A4 to imply that
n _ tr(A) _ n _ ta(A) _ N A
t?(A) —m—)\l,tg(A) —m—)\g, tg(A) = A4Ag —)\3 and

I'Es AAL?)F = A\4. Thus all algebras from Uy are isomorphic to
L (0, 1,1,0, A1, Ao, /\3, )\4) for Ay, A9, )\3, M € C.

« Ty = {L(A) € SLtb, : Ag =0, Ay %0, A8 = o}
The system of equations in subset 75 becomes:

t7 (A) _ 1 t7(A)

Az =0, & A (B.21)
wd ts (/A/) _ 11 (A)’
AN
A_:,) 0 tg (A') 1 t9(A)
AN AS AP AS
p /
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(b) T3 =T, UT5

o T, = {L(A) € SLiby : Ay =0,Ay #0,A5 = 0,t7 (A) £ o}
The system of equations in subset T becomes:

/ t7 (Al) 1 t7(A)
Aa=0 = — B.22
3 ) Aif VE Ai ’ ( )
Ny =1 ts(A) 1 ts(A)
- / - 4 5
A45 A A4
!/
As to (A)) 1 t9(A)
] 6 - 5 6
A, A A5 AS
/ I’ 1 T
A42 A A4
o Tx — {L(A) € SLBY, : Ag=0,A4 # 0,A5 = 0,t7 (A) = 0}
The system of equations in subset 7% becomes:
t7 (A
Ay =0, 7/5,4 S 0, (B.23)
4
b, tg (A') _ 1 t5(A)
4 ) AZP A4 Ai ;
As o to (A) _ 1 tg(A)
4 O 6 — 5 6
Ay Af o LAY
/ I’ £
A42 A A4

(c) Ty =Uis UTs :

o Ui = {L(A) € SLYy : Ag =0, A4 #0,A5 = 0,17 (A) £ 0,15 (A) # 0}

. (N tr(A ts(A’ ts(A) .
By reducing %44) = A% 7&%) and 8/525) = A—llf%i) in (B.22), then we
. _ tg(A) _ AgA
obtain A = Aals (A" The values of B and D appear as B = LSA?L and

A3 . 1 Agtr(A) L.
D = A Then by using value 7 = “Is(A) the system of equalities for

Ujg is as follows:
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A3:O,
!/
A4:1,
/
A
4
/
/XGIO7

t7 (A) Atz (A)\° 17 (A)
IV (i) AL (20
ts (A) _ <A4t7 (A))4 tg (A)
AP tg (A) A
tg (A') <A4t7 (A))5 tg (A)
AS\ ts(A) Af
o <A4t7(A))3£
A7 ts(A) ) A

New parameters are represented as A1, A9 and A3 to imply that

t7(A)

17(A)

o { 3 ! _ B(A)(A) _
tr () = gy = ts (M) = giaaay = At (M) = 0y = X

Agt3(A)T
t3(A)

and TV =

= A3. Thus all algebras from Ujg are isomorphic to

L(O, 1,0,0, /\1,/\1,/\2,)\3) for A\ € C* and Ao, A3 € C.

o Tp — {L(A) € SLib, : Ag = 0,A5# 0,A5 = 0,87 (A) #£ 0, 5 (A) = o}
The system of equations in subset T becomes:

A3 = O,
/
A4 = ]_,
A/
=0,
A4
/
A6 — O,

(d) Ts =UrUUss :

o Uy = {L(A) e SLbb, -

/ 4 9 .
- B8 A
ts A/
(a4
Ay
tg (A') 1 tg(A)
6 Ab A6
A46 A Ay
I’ 1 T
N2 T A3A2e
A A°Af

As :07A47é0aA5 :0>t7(A) 7&07t8(A) :Oat9(A) 7&0}

tr(A)
Af
t2

By reducing

Aitg(A)’

1 tr(A) g te(A)

= L) 5 (B.25), then we

A3 AR

Then by using value 71[ =

AS T AR AS
obtain A = 7)) The values of B and D appear as B = % and
1
2
A4;9(A), the system of equalities for
t7(A)

_A3
D*M'
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Uy7 is as follows:

3
/ tz (A)  [Afto(A)\ " tr(A)
A3 =0, = A AT (B.26)
Ay t7( ) 1
tg (A
Ail =1, Lﬁ =0,
A4
! 5
A () (M) 1)
3
! I’ Aitg (A) r
fo =0 v\ ey ) e
4 7 4
New parameters are represented as A\; and Ao to imply that
A2t3(A) A4t6(A) 9 A4s3 (A)F
tr (&) = SEATS = A to (M) = ThTS" = A and T = S5EEE =2,

Thus all algebras from Uj; are isomorphic to L (O, 1,0,0, )\1,0,/\%, /\2) for

A € C*and \g € C.

o Uig =

{L(A) € SLWy : A3 =0,Aq # 0, A5 =0, t7 (A) # 0,15 (A) = 0, 9 (A) :o}

/
By reducing w - %M/EA) ;
Ag ;

values of B and D appear as B =
4

n (B.25), then we obtain A3 =

tr(A)

AT The

3A2 and D = £&=. Then by using value

_ Ay the system of equalities for Ujg is as follows:

1
A3 T t7(A)’
/
A3 =0,
/
A4 == 1,
Al
= =0,
4
/
A6 - 0,

New parameters are represented as A to imply that [V =

A t7(A) ) A} '
ts (A’
3 (/5 ) > 07
Ay
tg (A
d (/6 ) - 07
Ay
I (A} \T
A \tr(A) ) AT
A2T
; (4A) = \. Thus

all algebras from Uyg are isomorphic to L (0,1,0,0,1,0,0,\) for A € C.
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(e) T5s =Ty UTy :

o Ty — {L(A) € SLWy + Ag=0,Ag#0,A5 = 0,17 (A) = 0,5 (A) # o}
The system of equations in subset Ty becomes:

/ t7 A
Ay =0, 15214 ) _ 0, (B.28)
Ny =1 ts (A') 1 tg(A)
- ) / - 4 5 9
A45 A A4
A5, to () _ 1 tg(A)
- — Y, 7 =~ 45 6
Ay A AN
/ I 1 T
A42 A A4

o Ty = {L(A) € SLtb, : Ag=0,Aq # 0,A5 = 0,t7 (A) = 0,15 (A) = 0}
The system of equations in subset Ty becomes:

Ay =0, t715§1) — 0 (B.29)
Ag=1, BA)
AT
As o to (A) _ 1 tg(A)
AN Wp CE A
; IRE T
Ag =0, Vi

(f) Tg = Ui UT1o :

e Uy =
{L(A) € SLW, : Az =0,Aq #0,A5 = 0,t7 (A) = 0,15 (A) # 0, tg (A) # 0}

/ !/
By reducing fs(A) 1 ts(A) g (A 1 ta(A) g (B.28), then we ob-

AP AT NS T A5 TAS
. _ tg(A) _ AgA _ A3
tain A = Auls(A)" The values of B and D appear as B = 3A2 and D = Ve

Then by using value % = Afg(gj(xl)x), the system of equalities for Ujg is as

follows:
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Ay =0, SV 0, (B.30)
M=t ts (/A/) _ (A4t8 (A))4 fg(A)
A to (A) A
% fo (A) _ (Am <A>)5 to (A)
A A8 tg (A) Ag
' I’ Agtg (A r
fo =t A_’f:( ) A2

New parameters are represented as A\ and A9 to imply that

5 5 3
n _ _ty(A) n o gA) 1 Atg(A)T
tg (A) = ) A, t (A) = N A and IV = B A9.
Thus all algebras from Ujg are isomorphic to L (0,1,0,0,0, A1, A1, Ag) for

A € C*and \g € C.

o Thp =
{L(A) € SLbb, : Az =0,Aq #0, A5 = 0,¢7 (A) = 0,15 (A) # 0, (A) = o}
The system of equations in subset 77 becomes:

’ tr (A/)

Ay =0, " 3 0, (B.31)
A/ _3 tg (A/) B 1 tg (A)
4 ) AZE A4 Ai )
As _ tg (A) _
A_Zl — 0, A—ZP — 0,
/ I’ 1T
A42 A A4

(g) Tho=UxUJUs7:

o Uy = {L(A) € SLWb, : Az =0,Aq #0,A5 = 0,t7 (A) = 0,15 (A) £ 0,
t (A) = 0,T # 0}
/
By reducing M = 24 t8{§5) nd 1: = %A% in (B.31), then we obtain

A= ti(gr) The values of B and D appear as B = g?é and D = A_i' Then

3
by using value 71{ = 15:3\(%’ the system of equalities for Uy is as follows:
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!/
A3 — O,
!/
A4 — 1,
A/
=0,
A4
/
A6 — O,

New parameter is represented as A to imply that tg (A')

AT

I
U=2n

L(0,1,0,0,0,\,0,\) for A € C*.

°U37={ (A) € SLb
tg(A) 0,
tg(A)

By reducing A5
Ay

values of B and D appear as B

1 _ A

AT T tg(A)’
/
A3:0,
/
A4:1,
/
A
4
/
AGZO,

AR S/ (B.32)
/4 b
Ay
ts (A') [ AT\ t5(A)
AP ts(A)) A
tg (A/
) (/6 ) - Oa
Ay

ATT?
t3(A)

= )\ and

= A. Thus all algebras from Uy are isomorphic to

A3 =0,A4 #0,A5 =0,t7 (A) =0,tg (A) # 0,

in (B.31), then we obtain A% = fs(A) he

A5
AgA

yF o
3A2 and D = Ve Then by using value

the system of equalities for Us7 is as follows:

tz (A
%4) =0, (B.33)
4
s (A) (AT ) ts(A)
AP ts(A)) A}
tg (A’)
A/6 - 07
4
F/
4

Thus all algebras from Usy are isomorphic to L (0,1,0,0,0,1,0,0).
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(h) To =T11UT12:

o Ty — {L(A) € SLW, + Ag=0,Ag #0,A5 = 0,t7 (A) = 0,5 (A) = 0,

tg (A) # 0}
The system of equations in subset 771 becomes:

/ t7 (A/)

A3 =0, A:fl = 0, (B.34)

tg (A
A4 - 1, 8 (, ) - 0,
A45

As ty(A) 1 ty(A)

- — Y, 6 = 415 6
/ I’ 1 I

Ag=0 — = ——.
T A2 - ABAZ

o Ty = {L(A) € SLK, + Ag=0,Aq #0,A5 = 0,7 (A) = 0,5 (A) = 0,

tg (A) = 0}
The system of equations in subset 779 becomes:
’ t7 (A/)
tg (A
Ap=1, s (A)
v
Af;') tg (A/)
4 4
/ I’
A6 fry O’ A—ZE ==

(i) T11 = U JUss

0, (B.35)

1T
A3 A2

o Uy — {L(A) € SLib, : Az =0,Aq #0,A5 = 0,t7 (A) = 0,t5 (A) =0,

tg (A) # 0,1 # 0}

o to(A) 1 tg(A) I _ 17T
By reducmg A—ZP = FA—E and A_;Z = FA—Z
AZT?
A= tg%—A)' The values of B and D appear as B =

to(A)

in

(B.34), then we obtain

AgA _A3
m and D = M Then

by using value 711 = \or2 the system of equalities for Usq is as follows:
1
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/ t7 (A/)

A3 =0, Aifl = 0, (B.36)
/ ts (A/)
A4 - 1, T - 0,
4
/ 5
As to (A')  [tg(A)) tg(A)
TV A6 A2 ) A
4 4 4 4
3
A/ B I’ - tg (A) T
5 =" A2 A2 ) A%
4 4 4

New parameter is represented as A to imply that

A
(A/) — Alél“l)o -1 >‘2 and F, AégFB)

isomorphic to L (0,1,0,0,0,0, 2, )\) for X

= A. Thus all algebras from Us; are

Usg = {L(A) € SLbYy : A3 =0,Aq# 0,A5 =0,t7 (A) = 0,3 (A) =0,
tg (A) #0,T = 0}
/
By reducing M = L 5(A) G, (B.34), then we obtain A% = to(A) e
Af

e LG A§

values of B and D appear as B = 3A2 and D = &. Then by using value
6
% = ﬁ, the system of equalities for Usg is as follows:
t7 (A
igym\O), i (,4) — 0, (B.37)
A4
tg (A’
Ay =1, 2 4) _,
A4
/
As N to (A) _ [ Af ) to(A)
A A to(A) ) A§
/ r’
A6 == 0 5 — O
’ 2
A4

Thus all algebras from Usg are isomorphic to L (0,1,0,0,0,0,1,0).

Thg = Usg U U :
Usg = {L(A) € SLbll)O A3 =0,A4 #0,A5 =0,t7 (A) =0,tg (A) =0,
<1 0,1 £ 0}
By reducmg F = fb /{2 in (B.35), then we obtain A3 = /{2 The values of
B and D appear as B = ?ﬂé and D = 4°.
1
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2
Then by using value A3 = %, the system of equalities for Usg is as follows:

t- (A
Ay =0, % =0, (B.38)
4
’ ts (A/)
A4 - 1, A:f) - 07
Al to (A
_/5 - 07 ) (/6 ) - 07
A4 A4
I’/ A2\ T
A A3

Thus all algebras from Usg are isomorphic to L (0,1,0,0,0,0,0,1).

o Uy = {L(A) ESLbI{O 2 A3=0,A4750,A5:0,t7(A)=0,t8(A):0,

tg(A) =0,T =0}
All algebras from Uygy are isomorphic to L (0, 1,0,0,0,0,0,0).

(i) Ty = {L(8) € STy : B3 = 0,81 =0}
The subset of T brings the following system of equations:

B=0, ﬁ;— 3 ( )ﬁ7, (B.39)

«(ir) [=4(3) 4]
;Q[ﬂw( 1) 0 (1) ]

SNEw RN R oS

/ 1 D 1
By = VE <Z) Bs, 59 B (
/ 1 /D / 1
Bﬁzﬂ(z)ﬁ& WIF(
(a) Ty =T13UT4:

o Tiy = {L(B) € SLWy : B3 = 0,01 = 0,05 £ 0}
The system of equations of subset 773 is as following:
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6 = 07 -
3 65
: Bg
6 - 07 -
4 d
: By
6 - ]-7 -
5 A
B _ 18 7
G5 Abs 53

o Tiy = {L(B) €SIty : B3 = 0,81 =0, = 0}
The subset of T4 brings the following system of equations:

ﬁ3:07
/

54207
i}

55207

/ 1 /D
Be = e (Z) B,

(b) T3 = U UT5

1
- ﬁg_;’ (B.40)
1 [Bs B
P [65 _4<Z) ﬁ5} |
1 [ By B\ ~ B
i ln (3) 30 (3)m]
1y
AR
' D
o -3 ) e (B.41)
/ 1 /D
By = 16 (Z) s,
' 1 /D B
59:ﬁ (Z) Bg + (Z) ’Y} ,
/ 1 /D 3
A

o Uy = {L(ﬁ) € SLBS, : B3 =0,81=0,85 #0, s # 0}
By reducing g—é = %% in (B.40), then we obtain A = %. The values of B
and D appear as B = % and D = ‘g—:. Then by using value 71{ = % and
% = ﬂfT%’s‘, the system of equalities for Ugy is as follows:
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By =0, (B.42)
/
54 - Oa
/
65 = ]-7
/
b (5)
By B6) Bs’
/
Br _ (@) Br
By \Bs) B5
/
4,
Bs
/
B i 41 8o BsB6 \ Bs56
2= (2] |24 (R ) L9 2R sl
B \Ps/. B> 42 | Bs 40z
!/
Tl (@) e
B2 \PBs/) B2
New parameters are represented as A1, A9 and A3 to imply that
/ /
B = *32—?7 — A @ (48389 + oy — 98505 9s) = Az and
v = ﬁ = A3. Thus all algebras from Uso are isomorphic to
L(0,0,1,1,A1,0, Ao, A3) for Ay, A9, A3 € C.
o Tis = {L(B) € SLthy : B3 = 0,81 = 0,85 #0, 66 = 0}
The system of equations of subset 175 is as following:
/
' b 1 7
Ba =0, Y B.43
/
' B
64 = 07 _/8 07
Bs
/
' b 1 1By (BY v
R CE
g g A LB \A) B
By Yy _ 1y
By pe Aps

(¢c) Tys =TieUTi7:

o Tig = {L(B) € S}y : B3 = 0,81 = 0,65 # 0, 8 = 0,57 # 0}
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The system of equations of subset 17 is as following:

/ ﬁ/7 1 57
Pz =0, =
3 By T AZgy
By =0, By,
4
Bs
Ao 2al ()3
o 55 B Bs]’
B _ v _ 1y
8 g2 ApE
o Tiz = {L(B) €SI} : B3 = 0,81 =0, 5 # 0, 65 = 0,57 = 0}
The system of equations of subset 7177 is as following:
By =0, ﬁ—? — ¢ B.45
3
Bs
: B.
64 = 07 _/8 = 07
Bs
' By 1 59 gl
6 - ]-7 =F R
° Pe . Bs Bs
Bs _ ¢ &
By BE Aps

(d) The = U2z UThs :
o Uss = {L(B) € SLYy : 5= 0,84 = 0,85 #0, s = 0,87 # 0,7 # 0}
By reducing % %gf‘ in (B.44), then we obtain A = M. The values of

B and D appear as B = ﬂSA and D =

482 6
and £ 1= % the system of equalities for Usg is as follows:
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B3 =0, (B.46)

/64: )

B/5_17

o

55

Br _ (4)2&
B Bsb7) Bs
h_o

55

@:<L)4[@+(@> 1]
B \BsBr) LB \4B57/) B5]’
L:(l»l
B2 BsBr) B2

72

New parameters are represented as A1 and A9 to imply that 6’7 = 55 = A,
57
/ 4 2
By = ﬁ%é{ (48589 + B7B83) = A9 and v = @ = M. Thus all algebras

from Usg are isomorphic to L (0,0, 1,0, A1, 0, Ao, A1) for A\; € C* and A9 € C.

o Tig = {L(B) € SLtky & B3 = 0,81 = 0,5 # 0,86 = 0,87 # 0,7 = 0}
The system of equations of subset 773 is as following:

ﬁ;_ 1 By

54 ol 07 ﬁ_/S = 07
Bs
/ ﬁé} 1 59
=1, By LD
55 55 A4 55
/ /
bs _ SR
Bs 85"

(e) Tig = U UUys :

o Ui = {L(B) € SLYy + B3 = 0,81 = 0,85 0, s = 0,87 # 0,7 = 0,y £ 0}
ing %7 — 181 apq By _ 1 B i A2 = B
By reducing A and 5~ AT in (B.47), then we obtain A° = By
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_ BgA A4

The values of B and D appear as B = 12 and D = B Then by using
value ﬁ = g7 the system of equalities for Ugy is as follows:
By =0, b _ (ﬁ7) b1 (B.48)
65 Bo) Bs’
' 5,
/64 = 07 _/8 = 07
Bs
/
' By (B Bo
/65 - ]-7 - — T h
Bs  \Bo/) D5
/ /
b _, 1 =0
Bs Bs

2
New parameter is represented as A to imply that B; = % = X and

ﬁé = % = A. Thus all algebras from Usy4 are isomorphic to
L(0,0,1,0,X,0,,0) for A € C*.

o Uy = { (B) € LK}, : 5320,@1:0,55750,56:0,57750,720,5920}

By reducing % L 51 4n (B.47), then we obtain A% = §7 The values of

L AZ s
B and D appear as B = 287 and D = ﬁ Then by using value 1 g—
5
the system of equalities for Uy is as follows:
/
' B Bs\ Br
B3= 0, _/7 = (—) —, (B.49)
By Br) Bs
/
B
54 s Oa _/8 == Oa
Bs
/
5
65 = 1a _? = Oa
Ps
/ /
b gl
-0 =0, —5 = 0.
Bs Bs

Thus all algebras from Uy; are isomorphic to L (0,0, 1,0,1,0,0,0).

The subsets in S Lbll)0 are illustrated by the following graph trees.
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APPENDIX C

This part includes two examples of computer program to represent the list of
algebras of SLb,, into table of multiplications. Here orbits U3y and Usg are used
to ilustrate the examples.

Calling Sequence:
SC represents the list of algebras of SLb,, either in structural constants

Bas Bys s By v or Ay, Ay, f (A) o, fg (A) T or Ay, Ay, Ag tg (A), ..ty (A), T

Parameters:

isom; —  ¢y€
isom, — e
isom; —  eye
isom, — ege
isom, — [ eje
isom; — ez
isom, — eqe
isomg — ee

Example of Uss:
Program

SC:=[8, = 0,8, = 0,8, =0,8; = 0,8, = 0,8, = 0,8, =1,7 = 0:
isom, :=eval(fse; + B e, + Bses + Bses + Bre, + Beeg + Boeqy,SC);
isom, :=eval(yey, SC);
isom, :=eval(fse, + B e + Bses + Bser + Preg + Bgeq,SC);
isom, :=eval(fses + B,es + Bser + Bgeg + Bre9,5C);
isom, :=eval(fseq + B, e, + Bseg + Bgeqy,SC);
isomy:=eval(fse; + B,e5 + Bseq, SC);
isom, :=eval(feq + fB,€4,5C);

(By

isomg :=eval(f;eq,SC);
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Result

ts0m, = €g

1somy =0
isomg =0
isom, =0
1somy =0
isomg =0
isom, =0
isomg := 0

Example of Usg:
Program

SC:=[f; =0,5,=0,5; =0a0s= 0, 5. 4L, 5; =&y = 2,7 =0:
isom, :=eval(fse; + B e, + Bses + Bees + Bre, + Peeg + Boeqy,SC);
isom, :=eval(yey, SC);
isom, :=eval(fse, + B,e5 + Bses + Bser + Preq + Bgeq,SC);
isom, :=eval(fBses + B, e + Bse; + Bses + Br€9,5C);
isom, :=eval(fseq + B e, + Bseg + Bgeqy,SC);
isomy:=eval(fse; + B,e5 + Bseq, SC);
isom, :=eval(fseq + (,€4,5C);

(

3
isomg :=eval(f;eq,SC);

Result
isom, = e, + e + Aey
1som, =0

1S0M4 '= €g + €4

1somy =0
is0my 1=
isomg =0
1som. := 0
i50mg 1=
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