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Elliptic curve cryptosystem (ECC) is being used nowadays more than
ever to fulfill the need for public key cryptosystem because of its abil-
ity to use shorter keys lengths and computationally more efficient al-
gorithms than anther public key cryptosystems such as Rivest-Shamir-
Adleman (RSA), Digital Signature Algorithm (DSA) and ElGamal. The
most time consuming operation in ECC is elliptic curve scalar multipli-
cation (ECSM ). Many research have been carried out to accelerate
this operation. The structure of the ECSM involves three mathematical
levels: finite field arithmetic, point arithmetic and scalar arithmetic. The
purpose of this work is to study different issues that arise in the effi-
cient implementation of ECSM over prime field, specifically targeting
the point and scalar arithmetic levels over elliptic curve.

At the point arithmetic level, we introduce the 4− dimensional Jacobian
coordinates system (4 − DJC), where a point (X,Y, Z, T ) with Z 6= 0
and T = Z2, corresponds to affine point (X/T, Y/Z3) and satisfying the
elliptic curve equation over prime field. This is due to the expensive
cost of the field multiplication inversion involves in both point doubling
and point addition operation with the arithmetic of the a affine coordi-
nates (x, y). This system has proven their efficiency in many contexts
that is to reduce the number field operation for point doubling opera-
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tion in comparison with point doubling operation using projective coordi-
nates system and Jacobian coordinates system respectively, to reduce
the number field operation for point addition operation in comparison
with point addition operation using Jacobian coordinates system and
to reduce the cost of computing point addition using mixed coordinates
technique, also in comparison with using Jacobian coordinates in mixed
coordinates technique.

At the scalar arithmetic level, we develop three new algorithms to ac-
celerate the ECSM using the non adjacent form (NAF ), window ω−
non adjacent form (ω − NAF ) and direct recoding method (DRM ), by
rewriting the scalar involved in ECSM . The proposed algorithm using
NAF to represent the scalar in ECSM reduced the cost of computation
of the ECSM by comparing with using the binary and NAF algorithm
respectively. The second proposed algorithm which is using ω − NAF
reduced the cost of computation of the ECSM by comparing with using
the binary, NAF and ω − NAF algorithm with ω = 3 respectively. Fi-
nally, the proposed two algorithms using DRM to represent the scalar
in ECSM involve binary form and NAF . The computational complexity
of this proposed methods have high performance when computing the
ECSM compared to the other methods. This is due to the number of
operations required for execution is less comparing with using the mu-
tual opposite form (MOF ).

This thesis shows how we can serve the public key cryptosystems by
speeding up the ECSM operation by reducing operations in point and
scalar arithmetic levels.
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Pengerusi: Mohamad Rushdan Md Said, Ph.D.
Fakulti: Institut Penyelidikan Matematik

Sistem kripto Lengkungan eliptik (ECC) digunakan pada masa kini lebih
daripada biasa untuk memenuhi keperluan untuk sistem kunci umum
kerana keupayaannya untuk menggunakan kepanjangan kekunci lebih
pendek dan algoritma pengiraannya lebih cekap daripada sistem kripto
kunci awam seperti Rivest - Shamir - Adleman (RSA), Digital Algoritma
Tandatangan (DSA) dan ElGamal. Yang paling memakan masa dalam
operasi ECC adalah gandaan lengkungan eliptik skalar (ECSM ).
Banyak kajian telah dijalankan untuk mempercepatkan operasi ini.
Struktur ini melibatkan tiga tahap matematik: aritmetik medan terbatas,
titik aritmetik dan arimetik skalar. Tujuan kajian ini ialah untuk mengkaji
isu-isu yang berbeza yang timbul dalam pelaksanaan kecekapan keatas
medan- medan perdana, khususnya mensasarkan titik dan peringkat
aritmetik skalar sepanjang lengkungan eliptik.

Di peringkat aritmetik titik, kami memperkenalkan sistem dimensi Koor-
dinat Jakobian (4−DJC), di mana satu mata (X,Y, Z, T ) dengan Z 6= 0
dan T = Z2, sepadan dengan titik afin (X/T, Y/Z3) dan memuaskan
persamaan lengkungan eliptik berbanding medan perdana. Ini adalah
kerana kos yang mahal daripada penyongsangan medan melibatkan
pengandaan dalam kedua-dua mata dua kali ganda dan titik operasi
tambahan dengan satu aritmetik Koordinat afin (x, y). Sistem ini telah
membuktikan kecekapan mereka dalam banyak konteks iaitu untuk men-
gurangkan operasi medan nombor untuk operasi mata dua kali ganda
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berbanding dengan operasi mata dua kali ganda menggunakan masing-
masing sistem Koordinat projektif dan Sistem Koordinat Jacoban, untuk
mengurangkan operasi medan nombor untuk operasi tambahan mata
berbanding dengan titik operasi Selain menggunakan sistem Koordi-
nat Jacoban dan mengurangkan kos tambahan mata pengkomputeran
menggunakan teknik campuran koordinat, turut membandingkan den-
gan menggunakan Koordinat Jacoban dalam teknik campuran koordi-
nat.

Di peringkat aritmetik skalar, kami membangunkan tiga algoritma baru
untuk mempercepatkan ECSM menggunakan bentuk yang bukan
bersebelahan (NAF ), tingkap ω−bentuk bukan bersebelahan
(ω−NAF ) dan kaedah rekod secara langsung (DRM ), dengan menulis
kembali skalar yang terlibat dalam proses tersebut ECSM . Algoritma
yang dicadangkan, NAF digunakan untuk mewakili skalar dalam
ECSM mengurangkan kos pengiraanESCM dengan membandingkan
dengan menggunakan binari dan algoritma NAF masing-masing.
Cadangan Algoritma kedua yang ω − NAF digunakan mengurangkan
kos pengiraan dengan membandingkan penggunaan binari, NAF , al-
goritma ω −NAF dan ω = 3 masing-masing. Akhir sekali, mencadan-
gkan dua algoritma DRM yang digunakan untuk mewakili skalar
ESCM dalam melibatkan bentuk binari dan NAF . Kerumitan pen-
giraan bagi kaedah yang dicadangkan ini mempunyai prestasi yang
tinggi apabila pengiraan ECSM berbanding dengan kaedah lain. Ini
disebabkan oleh bilangan operasi yang diperlukan untuk pelaksanaan
adalah kurang berbanding dengan menggunakan bentuk bertentangan
bersama (MOF ).

Tesis ini menunjukkan bagaimana kita boleh memberi khidmat kepada
cryptosystems umum utama dengan mempercepatkan ECSM operasi
dengan mengurangkan operasi di tempat dan tahap aritmetik skalar.
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INTRODUCTION

1.1 Cryptography

Cryptography is the art and science of using mathematics to exchange
massages parties authorized in a secret way to make it either impossi-
ble or computationally infeasible for unauthorized parties to do so (Yan,
2002; Mollin, 2010). The word cryptography is derived from Greek
words: "kryptós", meaning hidden, and "graphein", meaning to write.
The science of discovering weaknesses in methods used to exchange
messages in secret is named cryptanalysis. This word also came from
the Greek words also: "kryptós" and "analýein", meaning to loosen.
Cryptography and cryptanalysis are subordinate to a more general term
which is cryptology. That is, cryptology is the mathematical science
of studying cryptography and cryptanalysis (Spillman, 2004; Oppliger,
2011). Cryptology also comes from the Greek words: "kryptós" and
"lógos", meaning word, which is considered as the original intent on
cryptology, in other words, it implies protecting the confidentiality of the
data.

Figure 1.1: The Relationship Between Cryptology, Cryptography
and Cryptanalysis

1
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According to the literatures (Raphael and Sundaram, 2011; Poonia et al.,
2013; Challita and Farhat, 2011), cryptography comprises steganogra-
phy, which is a technique of hiding a file within another one, in way it
cannot be seen. As an example would be invisible ink. The hidden
file could be recovered by the attacker if he detect that steganography
has been used (invisible ink) to be able to read the hidden file. While
the objective of the cryptography is to make the message unreadable to
anyone who does not have the key and know the correct algorithm.

The oldest evidence of using cryptography was found in a tomb of the
nobleman Khnumhotep II in Egypt around 1900 B.C. (Damico, 2009;
Gebbie, 2003). At that time the purpose was not to make the messages
unreadable, but could also be to change its form in a way which would
make it appear dignified. Modern cryptography is involved in ensuring
secrecy of messages between military leaders, spies, and diplomat, so
as to guarantee secure of exchange of confidential communication. In
recent decades, people have employed cryptography for phone, fax,
email communication, bank transactions, and credit card transactions
on the web. It is also employed for a variety of information security is-
sues including electronic signatures, which are used to prove who sent
a message. In brief, cryptography has become a very common practice
in internet based communications.

Cryptography plays an important role in providing security, by offering a
high degree of security and flexibility. In addition to the fact that cryp-
tography is a tool to protect the confidentiality of data, data integrity,
authentication and non repudiation are other important goals of cryp-
tography.

- In terms of confidentiality, the goal is to keep the content of infor-
mation from all but those who are authorized to have it.

- In terms of data integrity, the goal is to be able to detect alteration
of data.

- In terms of authentication, the goal is to be able to identify entities
in communication.

- Finally, in terms of non repudiation, the goal is to prevent an entity
from denying previous commitments or actions.

Three important issues are involved when dealing with the cryptogra-
phy: encryption, decryption (usually defined by cryptographic systems

2
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or cryptosystems) and the key. Encryption is the process of encod-
ing messages or information in such a way that only authorized par-
ties can read it. Decryption is the process of decoding data that have
been encrypted using encryption process. These two processes (en-
cryption and decryption) would produce no useful result without a key.
So, in encryption process, a key specifies the particular transformation
of plaintext (that needs to be encrypted) into ciphertext (that has been
encrypted), or vice versa during decryption process. The processes of
encryption and decryption are shown in Figure 1.2 below.

Figure 1.2: The Encryption and Decryption Process

There are two main different types of cryptosystems: private key cryp-
tosystem and public key cryptosystem. In the private key system, the
same key is used in the process of both encryption and decryption. This
key must be kept as a secret by all parties involved in the communica-
tion. However, the disadvantage of this system is the risk of interception
of the key by an attacker in the key exchange process. This problem
has been dealt with by public key cryptosystem. The next two subsec-
tion cover these cryptographic systems in detail.

1.1.1 Private Key Cryptosystem

Conventional private key cryptosystem (also commonly known as a sym-
metric or secret key cryptosystem) is the type in which the same key is
involved in the processing of encryption and decryption. That is, this
key should be agreed to by the one who needs to encrypt and the one
who needs to decrypt. The process of the encryption of the plain text to
the cipher text is as follows:

The sender will define an invertible function f as

f :M k−→ C, (1.1)

3
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whereM is the set of plain texts, and C is the set of cipher texts.

In order to produce the cipher text, compute

C = fk(M), for M ∈M and C ∈ C, (1.2)

The C will be transmitted over the public channel to the receiver, to-
gether with the key k but over a secure channel. When the receiver
gets the cipher text C, he would be able to decrypt it as follows:

The receiver will use f−1 which is defined by

f−1 : C k−→M, (1.3)

to compute

f−1k (C) = f−1k (fk(M)

= M for M ∈M and C ∈ C, (1.4)

Although the performance of the private key cryptosystem is very fast
and it has been well tested, the key should be stored securely and ex-
changed within a secure channel. A stream cipher is one of the exam-
ples of a private key cryptosystem.

1.1.2 Public Key Cryptosystem

The idea and concept of a public key cryptosystem (also known as an
asymmetric key cryptosystem) was introduced by Diffie and Hellman
(1976), when they proposed the Diffie Hellman key exchange (DHKE)
to exchange keys. In a public key cryptosystem, two different keys are
involved for the processing of encryption and decryption. One key is
considered as a public key and the second key will be kept secure.

Definition 1.1 : A one way function is a function f such that for each
x in the domain of f , it is easy to compute f(x); but for essentially all y
in the range of f , it is computationally infeasible to find any x such that
y = f(x)

Definition 1.2 : A one way function f : X → Y is said to be a trapdoor
one way function if there exist some information with which f can be
efficiently inverted. This additional information is known as a trapdoor.
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Example 1.1 The function fk,n : x → xk(modn) is a trapdoor one way
function, where n = pq with p and q being two primes. As it is easy to
compute since the modular exponentiation xk(modn), then the compu-
tation of f is easy. But f−1 is difficult to compute. However, if k′ the
trapdoor is given, then f can be easily inverted, since (xk)k

′
= x

Definition 1.3 : A public key cryptosystem, comprises a family fk :
M→ C of trapdoor one way functions.

The process of encrypting the plain text to the cipher text is as follows:
The sender will define an invertible function f as

f :M ek−→ C, where ek is the public key (1.5)

If he wants to produce the cipher text, he will compute

C = fek(M), for M ∈M and C ∈ C, (1.6)

The C will be transmitted over the public channel to the receiver. When
the receiver gets the cipher text C, he would be able to decrypt it as
follows:

The receiver will use his private key (dk) and f−1 which is defined by

f−1 : C dk−→M, (1.7)

to compute

f−1dk (C) = f−1dk (fek(M))

= M for M ∈M, C ∈ C and ek 6= dk, (1.8)

The public key cryptosystem increases the security and convenience,
where the two parties do not have any kind of previous communica-
tion. (For example, such as the communication which happens between
members in a bank, if user wants to communicate with the specific user.
This will cost only the application of the information in data bank.) That
is, public key cryptosystems have some important advantages over pri-
vate key cryptosystems in the distribution of the keys. However, it might
be slow when a large amount of information needs to be exchanged
securely.
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A public key cryptosystem is based on the computational difficulty to
derive the private key from the public key item. This comes from the dif-
ficulty of the underlying hard mathematical problem, such as integer fac-
torization problem (IFP ), discrete logarithm problem (DLP ) (with best
algorithms to solve them take subexponential time) and elliptic curve
discrete logarithm problem (ECDLP ) (with best algorithms to solve it
take fully exponential time). The most popular systems of the public key
cryptosystems areRSA (Rivest et al., 1978) which is based on the IFP ,
ElGamal cryptosystem (ElGamal, 1985) which based on the DLP and
elliptic curve cryptosystem (ECC) (Miller, 1986; Koblitz, 1987) which is
based on the ECDLP . For more details of this systems, we will intro-
duce a brief discussion of the RSA and ElGamal cryptosystems.

Rivest et al. (1978) proposed the first practical public key cryptosystem,
which is the RSA cryptosystem. This system is based on the difficulty of
factoring a large number into two primes. Assuming that Alice and Bob
are two users who want to communicate using an RSA cryptosystem.
The RSA processing is as follows:

C ≡Me(modN)

M ≡ Cd(modN) (1.9)

where

- M is the plain text.

- C is the cipher text.

- N = pq, with p 6= q large primes.

- e and d are the public and private keys respectively, with
gcd(e, φ(N)) = 1 (φ(N) is the Euler’s function).

The pair (N, e) will be the public item and d should be kept as a private
key. Now, if Alice wants to send a message M to Bob, she will use
Bob’s public key e and send C. Bob will use his own key d to decrypt C
to the original message M . The proof of correctness of the RSA pro-
cessing is as follows:

From assumption we have gcd(e, φ(N)) = 1, then de ≡ 1(modφ(N)).
Then, there exists t ∈ Z such that ed = tφ(N) + 1. Now,

Cd(modN) ≡ (Me)d(modN)
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≡M tφ(N)+1(modN)

≡ (Mφ(N))tM(modN)

Since M < N and N = pq, then gcd(M,N) = 1. Now, using Euler’s
theorem (Yan, 2002) "If gcd(a, n) = 1 for any two positive numbers a
and n, then aφ(n) ≡ 1(modn)". As a result Cd(modN) ≡M(modN).

The underlying hard mathematical problem for security in theRSA cryp-
tosystem is to find the factors p and q from N . Factoring a number of
size 1024 bits is well beyond the capability of the best current factoring
algorithms (Stinson, 2006).

ElGamal (1985) proposed ElGamal public key cryptosystem, which is
based on DLP . Assuming that Alice and Bob are two users who want
to communicate using an ElGamal cryptosystem. The ElGamal pro-
cessing is simply as follows:

C1 ≡ gk(mod p) (1.10)

C2 ≡Mek(mod p) (1.11)

M ≡ (Cd1 )−1C2(mod p) (1.12)

where

- M is the plain text.

- C1 and C2 are the cipher texts.

- g is the primitive root of Fp.

- e is the public key.

- k and d are private keys.

e ≡ gd(mod p) is the public key and d should be kept as a private key.
Now, if Bob wants to send a message M to Alice, he will use his chosen
key k such that 1 6 k 6 p − 1, and the public key e to send the pair
C1, C2. Alice will decrypt (C1, C2) to M by using her own key d. The
proof of correctness of the ElGamal processing is as follows:

M ≡ (Cd1 )−1C2(mod p)

≡ ((gk)d)−1Mek(mod p)

≡ (gdk)−1M(gd)k(mod p)
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≡M(mod p)

The underlying hard mathematical problem for security in the ElGamal
cryptosystem is to find the x such that gx ≡ h(modp) where g is the
primitive root of Fp. The digital signature algorithm (DSA) (Locke and
Gallagher, 2009) and DHKE are other systems based on the difficulty
of solving DLP .

In particular, DLP can be applied on the group of points on an ellip-
tic curve over finite field, to be ECDLP . That is, to find the integer k,
1 6 k 6 n − 1, given Q = kP , P a point on the elliptic curve over finite
field, and P of order n. ECDLP is the underlying hard mathematical
problem for the security in the ECC (Koblitz et al., 2000). Since there is
no known subexponential algorithm to solve the ECDLP (Koblitz et al.,
2000; Hankerson et al., 2004), then the ECC with smaller key size and
less memory, offers the same level of security as the other public key
cryptosystems.

In the mid 1980s, Miller (1986) and Koblitz (1987) opened the door for
application of elliptic curve in cryptography. Nowadays, ECC is con-
sidered a good public key cryptosystem for low memory devices such
as smart cards and phones since smaller bit sizes are used for oper-
ations. In Chapter 2, we will discuss the preliminaries of elliptic curve
arithmetic. More specifically, we will introduce elliptic curve analogue of
DHKE, ElGamal and DSA systems.

1.2 Problem Statement

ECC has become widely accepted and standardized as the public key
cryptosystem due to its ability to provide the same level of security as
the other public key cryptosystems, while using far smaller key sizes.
For example, ECC requirement for obtaining an acceptable security
level is 163 bits, while it is 1024 bits for RSA (Xiao et al., 2011). Table
1.1 provides other examples of the superiority of the ECC over not only
the RSA, but even the DSA in terms of security level (Sandeep and
Shanavas, 2012; N.Thangarasu, 2014).
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Table 1.1: Security Level of ECC

Time Braking in MIPS Years
Key Size

Key Size Ratio
RSA/DSA ECC

104 512 106 5 : 1

108 768 132 6 : 1

1011 1024 163 7 : 1

1020 2043 210 10 : 1

1078 21000 600 35 : 1

The operation kP is involved in the ECDLP . Since ECC depends
on the difficulty of solving the ECDLP , then the computational perfor-
mance of ECC depends of the efficiency of the kP operation. kP is the
elliptic curve scalar multiplication (ECSM ) (also known as an elliptic
curve point multiplication). ECSM is the operation of computing an in-
teger multiple of an element in the group of elliptic curve. In other words,
this operation is exactly the processing of computing Q as follows:

Q = kP = P + P + ...+ P︸ ︷︷ ︸
k times

(1.13)

where k is a positive integer called scalar and P , Q are elliptic curve
points. P and Q are considered as public keys, while the scalar k is
considered as a private key. As mentioned earlier, given P and Q, it is
computationally hard to calculate the scalar k. Therefore, reducing the
number of these additions (k times) will make the ECSM faster, and
then it will make ECC more efficient. Another reason for considering
the ECSM as the most important part of ECC is the involvement of this
operation in the key generation, key exchange, encryption, and decryp-
tion processing and even in the elliptic curve digital signature algorithm
(ECDSA) (Johnson et al., 2001). There are multiple investigations on
how to make this operation over prime or binary fields faster as much
as possible.

The structure of the ECSM operation involves three computational lev-
els: field arithmetic, point arithmetic and scalar arithmetic (Hankerson
et al., 2004). In this work, the focus is on developments at the elliptic
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curve point arithmetic and scalar arithmetic levels of elliptic curves over
prime field.

The computation of the elliptic curve point arithmetic involves the ef-
fective implementation of point doubling and point addition operations.
An elliptic curve can be represented using several coordinates systems.
For each such system, the speed of point doubling and point addition
operations is different. This means a good choice of coordinates sys-
tem is an important factor for speeding up the ECSM .

In the scalar arithmetic level, efforts have been mainly focused on devel-
oping efficient algorithms for representation of the scalar k that reduces
the number of operations required for the computation of the ECSM .
The basic technique to compute the ECSM kP is based on the binary
form of the scalar k which is called the binary method (Knuth, 1997), the
non adjacent form (NAF ) (Booth, 1951) and window ω−non adjacent
(ω −NAF ) (Cohen et al., 2010) are efficient methods to compute kP .

1.3 Objectives

The objective of this study is to improve the performance of the ECSM
operation for elliptic curve over prime field. The structure of the ECSM
operation involves three computational levels: field arithmetic, point
arithmetic and scalar arithmetic. In this work, the focus is on develop-
ments at the elliptic curve point arithmetic and scalar arithmetic levels of
elliptic curves over prime field. The intention is to achieve this objective
by accomplishing the following items:

1. To look for efficient point doubling and point addition operations
using minimum cost and less complexity. To achieve this objec-
tive, methods employed to compute the elliptic curve scalar multi-
plication by introducing a new coordinate system in 4 dimension.

2. To look for scalar representation with minimal hamming weight or
shorter bit length, To achieve this objective, it is proposed to use
methods to compute the elliptic curve scalar multiplication opera-
tion by reducing the number of operations in the scalar. This will
be by employing the NAF and w−NAF to represent the scalar
by using the addition operation.

3. To look for scalar representation with minimal hamming weight or
shorter bit length. To achieve this objective, it is proposed to use
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methods based on DRM algorithm.

1.4 Thesis Organization

This thesis a study of the ECSM operation and discusses theoretical
and practical aspects of this operation. It is organized as follows:

- In this Chapter 1 we have provided a background on cryptology
and explained the original of the verious related crytology terms
used in this study, followed by the Problem Statement. The Pri-
vate and Public Key Cryptosystems are then discussed., followed
by the Study Objectives which are defined.

- Chapter 2 introduces the basic concepts of the mathematical
background needed to understand computational aspects of el-
liptic curves relevant to their use in cryptography. Starting from
the abstract algebra of groups and finite fields to the arithmetic
concepts that form the computation of theECSM , this is followed
by the underlying hard problem for security in the ECC, and the
examples for ECC such as curve analogue of DHKE, ElGamal
and DSA systems.

- In Chapter 3, this thesis briefly surveys the algorithms known for
computing the ECSM operation with a discussion of how we can
develop. All methods mentioned (except the binary method) will
form the basis for speeding up the ECSM operation in Chapters
Five and Six. It starts with an introduction on ECSM describ-
ing the mathematical levels involved in its structure. And then,
some basic definitions are listed when the cost of computing the
ECSM operation is discussed.

- Chapter 4 introduces a modification on Jacobian coordinates,
which give faster ECDBL and ECADD operations than affine,
projective, and Jacobian coordinates systems. Each point on the
elliptic curve over prime field is present by the 4− dimensional
coordinates (X = xT, Y = yZ3, Z, T = Z2) corresponding to the
affine point on the same curve y2 = x3 + ax + b over Fp. The
basis of this technique is to rewrite the ECDBL and ECADD
operations with less costly field multiplication inversion, multipli-
cation and squaring operation.
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- Chapter 5 comprised the introduction of two methods to enhance
the computation of the ECSM operation:

- First proposed method is to compute the ECSM operation.
This algorithm will give a guarantee that it is one of the
methods that accelerate the ECSM operation on ECC.
The NAF is used to represent the scalar in ECSM , which
will reduce the cost of computation of the ECSM opera-
tion.

- The second proposed method is to compute the ECSM
operation. This algorithm will guarantee that it is one of
the methods that accelerate this operation on ECC. The
ω − NAF will be used to represent the scalar in ECSM ,
which will reduce the cost of computation of the ECSM op-
eration. Furthermore, it will be proven that the form coming
in this proposed method with its condition exists.

- In Chapter 6, we will introduce other algorithms (third and fourth)
to compute the ECSM (kP ) operation using theDRM technique
but with the lowest number of non zero bits of the scalar k com-
pared with existing algorithms to compute ECSM operation.

- The third proposed method will be based on the DRM
technique and binary form for the scalar k.

- The fourth proposed method will be based on the DRM
technique and NAF for the scalar k.

- Chapter 7 will provide a conclusion and recommendations for re-
lated future research.

- Finally, in Appendix A we will list all programs which used the
computations of this study. All these programs are written in
Intel(R)Core(Tm)2Duo with processor 2.99GHz and 3.00GB of
memory using MATLAB version 7.10.0.499 (R2010a).
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