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In this thesis we develop five numerical schemes for solving ordinary differential
equations. These include exponentially-fitted Runge-Kutta method, trigonometri-
cally fitted hybrid method, Legendre wavelet method on large intervals as well as
an iterative spectral collocation method, exponentially-fitted fuzzy Runge-Kutta
method, exponentially-fitted system of fuzzy Runge-Kutta method. The stability
analysis, estimation of local truncation errors and the efficiency of the methods’
implementation in computer programs are discussed.

An exponentially-fitted explicit Runge-Kutta method of algebraic order 4 is for-
mulated for the first-order ordinary differential equations

y, = f(xay)7 y(xO) = Y0-

It integrates exactly the first-order systems where their solutions are expressed as
linear combinations of {exp (wx), exp (—wx)} or {cos (Azx),sin(Az)} where w = \i.
Stability analysis of our approach as well as a good estimation for the local trunca-
tion errors are presented. The efficiency of the exponentially-fitted Runge-Kutta
method is tested via some numerical experiments and a comparison with other
existing methods.

A trigonometrically fitted explicit hybrid three-stage method is derived for the
second-order initial value problems with oscillatory solutions. We compare our
results with the classical hybrid method and the trigonometrically fitted explicit
Runge-Kutta method through several examples. Our results indicate that trigono-
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metrically fitted explicit hybrid method is more efficient than the classical hybrid
method. we analyze the stability, phase- lag (dispersion) and dissipation.

An iterative spectral collocation method are introduced for solving initial value
problems defined on large intervals. Indeed, the Legendre wavelet method is ex-
tended and proved valid for large interval. Then, the Legendre-Guass collocation
points of the Legendre wavelets are computed. By employing an interpolation
based on Legendre wavelet, we find approximate solution for any order (first-order
and second-order) differential equations. Using this strategy the iterative spectral
method converts the differential equation to a set of algebraic equations. Solving
this set of algebraic equations yields an approximate solution.

Using exponentially-fitted Runge-Kutta (EFRK) method, we develop a method
for numerically solving fuzzy first order linear and nonlinear differential equations
under generalized differentiability. In addition, this method is applied for the sys-
tem of first order fuzzy differential equations with uncertainty. The generalized
Hukuhara differentiability are applied to estimate the solutions. For solving the
fuzzy problems, the exponentially-fitted Runge-Kutta method is applied.

Finally, some examples are solved to illustrate our proposed approaches. The

results are compared with those in the literature. We show that our proposed
methods are simple and more accurate than the other existing methods.
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ALI KARIMI DIZICHEH

Jun 2014

Pengerusi: Professor Fudziah Ismail, Ph.D.
Fakulti: Institut Penyelidikan Matematik

Dalam tesis ini kita akan membangunkan lima skim berangka bagi menyelesaikan
masalah pembezaan biasa persamaan. Ini termasuk pesat dipasang kaedah Runge-
Kutta, secara trigonometri kaedah hibrid dipasang, Legendre kaedah ombak kecil
di selang besar serta kaedah penempatan bersama spektrum lelaran, pesat di-
pasang kabur Runge-Kutta kaedah, sistem pesat dipasang kabur kaedah Runge-
Kutta.

Analisis kestabilan, anggaran ralat pangkasan setempat dan kecekapan pelak-
sanaan kaedah dalam program komputer yang dibincangkan. Satu yang jelas
kaedah Runge-Kutta pesat dipasang perintah algebra 4 dirumus untuk pertama-
perintah persamaan pembezaan biasa

y = fz,9), y(zo) = yo-

[a menggabungkan betul-betul sistem tertib pertama di mana penyelesaian mereka
dinyatakan sebagai gabungan linear bagi {eks(wx), eks(—wx)} atau {kos(\x),
sin(Az)} di mana w = iA.

Analisis kestabilan pendekatan kami dan juga anggaran yang baik bagi tempatan
ralat pangkasan dibentangkan. Keberkesanan kaedah Runge-Kutta eksponen di-
pasang diuji melalui beberapa ujikaji berangka dan perbandingan dengan kaedah
lain yang sedia ada. A secara trigonometri dipasang jelas hibrid kaedah tiga
peringkat berasal bagi tertib kedua masalah nilai awal dengan penyelesaian ayu-
nan. Kami membandingkan keputusan kami dengan kaedah hibrid klasik dan jelas
kaedah Runge-Kutta yang secara trigonometri dipasang melalui beberapa contoh.
Keputusan kami menunjukkan bahawa secara trigonometri dipasang kaedah hib-
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rid eksplisit adalah lebih cekap daripada kaedah hibrid klasik. Kita menganalisis
kestabilan, fasa lag (penyebaran) dan pelepasan.

Satu kaedah penempatan bersama spektrum lelaran diperkenalkan untuk menye-
lesaikan nilai awal masalah ditakrifkan pada selang yang besar. Malah, kaedah
wavelet Legendre dilanjutkan dan terbukti sah untuk tempoh yang besar. Kemu-
dian, Legendre-Guass titik penempatan bersama daripada riak Legendre dikira.
Dengan menggunakan satu interpolasi berdasarkan Legendre ombak kecil, kita
mencari penyelesaian anggaran untuk perintah (pertama-perintah dan tertib ke-
dua) persamaan pembezaan. Menggunakan strategi ini kaedah spektrum lelaran
menukarkan persamaan pembezaan untuk satu set persamaan algebra. Menyele-
saikan set persamaan algebra menghasilkan penyelesaian hampir. Menggunakan
pesat dipasang Runge-Kutta (EFRK) kaedah, kami membangunkan satu kaedah
yang untuk menyelesaikan secara berangka kabur linear peringkat pertama dan
persamaan pembezaan linear bawah kebolehbezaan umum. Disamping itu, kaedah
ini digunakan untuk sistem perintah pertama persamaan pembezaan kabur dengan
ketidakpastian.

Teritlak Hukuhara kebolehbezaan digunakan bagi menganggarkan penyelesaian.
Untuk menyelesaikan masalah kabur, kaedah Runge-Kutta eksponen dipasang
digunakan. Akhir sekali, beberapa contoh diselesaikan untuk menggambarkan
pendekatan dicadangkan kami. Keputusan berbanding dengan mereka dalam ke-
susasteraan. Kita menunjukkan bahawa kaedah yang dicadangkan kami adalah
mudah dan lebih tepat berbanding kaedah lain yang sedia ada.
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CHAPTER 1
INTRODUCTION

1.1 Background

Many research results have been reported in the area of the numerical solution of
initial value problems in the last century. Particularly, problems exhibit a pro-
nounced oscillatory property have taken a special attention. Such problems often
arise in the filed of celestial mechanics, astrophysics, electronics and molecular
dynamic, etc. There are many different approaches to deal with such problems.
However, it is of central importance for an approach to specifically address the
structure of the problem and its physical solutions.

Numerous numerical methods have been developed to approximate solutions of
differential systems while a challenging important task is to preserve reasonable
bounds for errors. Recent developments in computer sciences and technology have
given the theory of numerical analysis a given momentum.

There exist ways for finding analytical solutions for certain simple ordinary dif-
ferential equations. However, most models of real life problems are modeled by
nonlinear differential equations which there does not exist any approach for find-
ing analytic solutions. Furthermore, any analytic solution must be implemented
in a computer for most real applications. Therefore, the most and final practical
solutions are the numeric solutions.

Generally, there are two types of numerical methods, single-step methods and mul-
tistep methods. The single-step method assumes an initial point and approximates
a new solution in a one step process. However, the multistep methods comprise
of consecutive phases such that in each phase, the previous solutions and their
associated derivatives are used. Therefore, the multistep methods require more
initial points in which they are usually determined via a one-step approach.

Recently fuzzy systems and their associated solutions have been introduced in
order to study problems with real conditions. The systems of first order differential
equations under fuzzy conditions, have been treated in this thesis under generalized
Hukuhara differentiability.



1.1.1 Initial value problem

We deal with the initial value problem of second order ordinary differential equa-
tions

y' = fz,y), y(zo) =vo, ¥'(x0) = vp, (1.1)
where y stands for the vector valued function with y = [y1,92,...,9y.] and y =
(Y15 Yo -+ s Unl-

Theorem 1.1.1 (Lambert 1991) Assume that the function f:R xR — R is con-
tinuous for all (x,y) in the region D; where D is given by a < x < b, —c0 < y < co.
Further, assume that f satisfies the Lipschitz condition corresponding with the Lip-
schitz constant L, i.e.,

1 (z,y) — fz, 9)Il < Lily — 3l (1.2)

holds for every (z,y) € D, (x,9) € D. Then, there exists a unique continuous and
differentiable solution y(z) for all (z,y) € D associated with the initial problem (1.1).

For the proof of Theorem (1.1.1) see Henrici (1962) and Lambert (1991).

1.2 Runge-Kutta method

The general s-stage Runge-Kutta method is defined by

=1
where
Yl = UYUn,
Yi = yat+h) ayf(ent+chYy), i=2...s
j=1

i—1
c; = E (427
j=1

In this research, the explicit Runge-Kutta method of concern have the form

4
i=1
where
Yi = yn;
Yo = yn+hao f(xn +ci1h, Y1)
Ys = yn+h(asif(zn +c1h, Y1) + asa f(2, + c2h, Y2))
Yo = yn+hlaanf(z, +cih, Y1)+ asaf(a, + c2h, Ys) + +aas f(x, + c3h, Y3))

2



Table 1.1: Butcher tableau fourth order explicit Runge-Kutta method

0
2 2
5 5
3 3 3
51 20 4 (1-5)
1] 2@ _15 10
44 44 11
1 25 25 11
72 72 2 T2

The method chosen in this case is the fourth order explicit Runge-Kutta method
by Dormand (1996) which is given in Table 1.1.

1.2.1 Local truncation error and order conditions

W

Using Table 1.1, we have ¢; =0,co = 2,c3 = 2,c4 =1 ;
a :g'a :—i'a :g'a :Q'a :_E'a :m
21 lra 31 90 ¥32 4 4% 44 442 44 %43 1
by =75 ;b1 =bs ,b3 = b3 ;b2 = 5 — by
Consider in Taylor series around =, i.e.
h2 h3 h4
Y(wni1) = y(@n) + hy'(wn) + -y (@n) + 4" (@) + 5700 + .
where
y/(xn> f
y//(xn) = fot ffy
v (= oo MR & B 5 RET )
v @) = ooz +3S-fooy + 3fe-Say +5F-Fy-Fay + 317 fayy +3F-fo-Fuu

+ORGE Y ol & T S Sl S
Also we used Taylor expansion for a function of two variables around the point
(T, yn). At first we put
53 827" 87"2 7‘3
T<377") = Efza:x + wazy + 7fwyy + Efl/yy
then
ki = f

1 1
ky = f + hCQf.r + (YZ - yn>fy + §C§h2f7T + C2}1(}/2 - yn)fmy + §(Y2 - yn)nyy
+T(02h7Y2 - Z/n)

1 1
= f + Cthx + ha21f-fy + icthf'c:c + (ha21f)hc2fxy + i(ha21f)2fyy
—i—T(CQh,hamf)



and

1
ks = f+hesfe+ (Y3 — yn)fy + §C§h2fxx + e3h(Ys — yn)fwy
1
+§(}/3 - yn)zfyy + T(C3ha Ys; — yn)
where
Ys = yn + h(asi1k1 + az2kz).
also
k4 = f + hc4fz + (Yzl - yn)fy
1 1
+§Cih2fzz + C4h(Y4 - yn)fzy + §(Y4 - yn)2fyy
+T(C4h7Y4 grc y’n)
where

Yy = tayn + h(aa1 k1 + aaoks + assks).

Finally we have
Ynt1 = Yn + h(brks + baka + b3ks + baky).

Now
LTE = yny1— Y (@nt1)
= (=f4+bif+baf +bsf+baf)h
+[—% = % + ba(cafe + agif.fy)
+bs(csfa + (a1 f + aszf)fy) + balcafe + (aarf + asaf + assf) f)|h?
aBaD as} 2~ friic fo 5 T
+[‘f? ' f{), - nyy i ny ~ 4 +b2(62£ "
2 r2 2
+_a21f2.fyy) + bs(asz(cafx + as1 f-fy) fy + C3£M + cs(as1f + as2f) fay
!
+§(a31f + asaf)? fyy) + ba((as2(cafz + a1 f.fy)
1
t+ass(cafe + (a1 f +asaf)fy)) fy + 50421fm
1
+ealaa f + asof + asz f) foy + §(a41f +agf +asf)’ fu)lh’ + ..
Let
4
= sz‘ -1,
i=1
4 1
Sg = ;bici - 5 ;
4 1
s3 = sz‘C? — 3
i—2
1
S84 = bsazacy + bsagaca + byaszes — 6’
- 1
S5 = szﬁ? - 1 )
i—2

4

(1.6)



s¢ = bzaz2a2l + byagzaz; + bsayzazy + byaszazs — —

6;
s7 = bzasacscy + byasacacy + baayzcacy — 3
1
ss = bzasacs + byasacs + byaszcs — 17’
b 1
Sg = bgaszasecy — —.
9 4043032C2 — 5
Setting s;,7 = 1,...,9 to zero, we obtain the order conditions:
E?:l bi =1,
1
S 5 =3
1
2?22 bic? = g )
1
2?22 bic? = E )
1
bsasaco + baaaacy + baasscs =5
1
bsazpa2l + byaszas + byaygzazy + biaszazy = 6
1
bsasacscy + baasacacy + byagzcacy = g;
1
bsas2c3 + baasac3 + byayzch i1z
b 1
(43039C = —.
4043032C2 54

Here we use the values of Table 1.1 in (1.6). Then, using Maple code, the coeffi-
cients of h3, h* are zero. Now, the coefficient of h° is obtained as follow:

C5 = fyy ffzm+ 1800 fy fmmc ffgy 176 fyy f2
163
+7fmyfzz 1320fyy fmffy 880 fyy f2 f2
103
1800 Sy B Sy + 600 Sy f. fmy b f fxyy

1 1

1.2.2 Stability

Assume that H = \h and
Yy ==Xy, A>0. (L.7)

Hence,
y = c¢1 exp(—Ax),



for a constant ¢;. We use the Runge-Kutta method (1.4) for equation (1.7) and
obtain

S
Yn+1 = Yn — szzYVza
i=1
S
Y, = yn—HZai’ij, i=1,...,s.
j=1

Alternatively, we have

Yns1 = Yo — HO'Y, (1.8)
Y = ey,— HAY, (1.9)

where e = (1,1,...,1)* and Y = (Y3, Ys,...,Ys)". From (1.8), we have

Y =1+ HA) ley,. (1.10)
Next
Ynil = Yn— HOY =y, — H/(I+ HA) ey,
= (1- HV'(I+ HA) 'e)y, = R(H)yn,
for

R(H) = (1= HY @ RHA)e).

The associated sequence is bounded if and only if
\R(H)| < 1. (1.11)
We define the corresponding stability region by

S={H eC| |R(H)| < 1}. (1.12)

1.3 Hybrid method

Coleman (2003) studied the following class of hybrid method:

Ynt+1 = 2.% —Yn—-1 + h2 Z bif('rn + Ciha }/l)v Tn = X0 + nh (113)
1=1
Y, = (14¢)yn — ciyn + 0 Zai,jf(l‘n +c¢jh,Y;), i=1,...,s.
j=1

The Butcher tableau represents the following where bt = [by,bs, ..., b,
A =la;;] and ¢ = [eq,...,c5).



Table 1.2: Butcher tableau fourth order explicit Runge-Kutta method
c| A
bt

In this research, our hybrid method follow

Yl - y'IL7 }/2 = yn—l
Y; = (1+Ci)yn*Ciyn—l+h22ai,jf(xn+cjh7}/3)v i:33"'757
=3
Yn+1 = 2yn — Yn—1+ h2 Zblf(xn + Ciha }/1) (114)

i=1

Here, f,_; and f, stands for f(t,_1,y.—1) and f(¢,,y,), respectively. These ap-
proaches are explicit and have s — 1 function evaluations or phases in each stages
of integration. Franco (2006) was the first who introduced this class of explicit
hybrid method. They are a subclass of methods defined in equation (1.13), by
taking ¢; = —1, c2 =0, az; =0 and a;; =0 for j > i.

1.3.1 Local truncation error and order conditions

Consider the autonomous scalar differential equation

¥’ = fy) (1.15)
Taking a few consecutive differentiations gives rise to
y/l/ - y/f/(y)’
v = @)+ W),
v = Y @W) + 3 W) W)+ W),

vy = W) 5 W) W)+ 3y fW) () + 58" W) W)Y (1.16)
+ D))

The class of hybrid method (1.14) is applied to solve (1.15), and thereby,
Yn+1 = 2yn — Yn—1 T h2(1)-
Here,

® = b1 f(yn—1) + baf(yn) + Z bif(Yi).
=3

Let the exact solution of (1.15)
y(xn+1) = Qy(xn) - y(an) + th
Next, the local truncation error (LTE) follows

LTE = h*(® — A). (1.17)



Order conditions are defined as relationships between coefficients of a method

which cause successive terms in a Taylor expansion of the local truncation error
to vanish (Coleman 2003).
We demonstrate on how to get the order conditions by means of an example.
Suppose that we want to obtain the order conditions of the problem (1.15) for
hybrid method defined in (1.14) with two-stage. We expand f(y,_1) and f(Y3) as a
Taylor series about h =0 giving

@ = (b1 + b2+ bs+ba)f(yn) + [baf(yn)cayy + bsf (yn)esyy,
b1 )b+ (sl 5 8 ey’ + ' (um)as (o)
+f'(yn)asa f (yn) + %f”(yn)C:?(yL)Q] + b4[—%f’(yn)04y”
+fl(yn)a41f(yn) + f/(yn)a42f(yn)

1/ m)ass ) + 5 £ ) A (51)7

ol W)yl + 8 ) TR (118)
Fmatie= i) 0SS [%f’(yn)y;’ + %f”(yn)yil?]h2

—é(y‘?’)f’(y) + 3y F@) )+ F )R +

) = Fn)+ I nehh+ 5 7 n)esy’”
+f(yn)aar f (Yn) + f'(yn)@az f(yn) + f'(yn)aaz f(yn)
T UNG{UAL
FOB) = Sla) + S m)estih+ =55 (mdesy” +  (gn)a1 /)

G )33 i(m) + %f”(yn)cg(y;)ﬁw A

Taylor series expansions of y(z,_1) and y(z,+1) about h = 0 are given by

2 h3 h4
y”(xn) + 7?////(1%) + 79(4)(3771) +..

b . / —
h2 h3 h4
Y(@n-1) = ylzn) — hy/(xn) . ?y”(wn) - Hym(xn) + ﬁy(4)(mn) T+

and thus, the corresponding expansion for y(x,41) — 2y(xn) + y(x,—1) is

Kt hS
y<$n+1) - 23/(3371) + y(xn,l) = hzy”(l’n) + 71/(4)(1‘71) + 7y(6)(xn) cee

12 360
and hence,
h? h*
A=y (@) + =y (@) + ==y (z,) ... 1.1
Y () + Sy @) + 5y ® (@) (119)

Assume that y(z,,) =y, . Then (1.18) and (1.19) are substituted into the right side
of equation (1.17). Next, (1.15) and derivative terms such as those given (1.16)



are used to obtain

LTE = h2(by+by+bg+by—1)f(yn) + h3(baca + bscs — by) f (yn)y/, (1.20)
b b
+h4[(—4764 - 3763 + baaay + byage + byays + bgasy + bzasz
by 1 , b4ci 6303, by 1 " /N2
Let

t1 = by+ba+bs+bs—1,

ta = bscs+ bzcz — by,
b b

t3 = —4764 - 3763 + b4(l41 + b4(142 + b4a43 + bga31 + b3a32
b 1
) 12¢

" N b4Ci bgcg bil | 1

e e [

Setting t1 and t9 to zero, we obtain the order conditions:

by +by+bs+by = 1,
bscy +b3cs—b; = 0

If the above conditions are fulfilled, then t3 reduces to
t3 = bsasy + baaaz + baags + bzaz + bzasz — D

Setting t3 to zero, we get the order condition:

1
byagy + biasg + byass + bzazy + bzazg — — = 0.

12
Finally, by assuming that
by + by + b3 + by =1,
b4C4 + b383 ar b1 = O7
bias1 + baass + byass + bzazy + bzazz — 75 =0.

The following order conditions of order 2 to 9 are listed as given by Coleman
(2003).

Order 2:

Zbi =1 (1.21)
Order 3: .

=1



Order 4:

i blclz
i=1
5 ho, -

j=1i=1

Order 5:

S
Z bl(f =
=1
S S
Z Z biciaij =

g=11i=1

ZZbiaijCj =

j=11i=1

Order 6:

s
§ 4
bici
=1
s s
§ : § : 2
bq;Ci (2271
j=11i=1
s s
E E biciaijcj
R =1
s s s
E E E biaijaik
=1 j=1 k=1
s s
§ : § : 2
biaijcj
j=11i=1
s s s
E E E biaijajk

i=1 j=1 k=1

Order 7:
i blC?
i=1
Z Z bic?aij

j=11i=1
s s
2 :2 : 2
bici AijCj
7j=11i=1
s s s
E E E bicia;jaik
i=1 j=1 k=1
s s
2 :2 : 2
bici @;i;Cj

j=1i=1

10

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)

(1.38)



S S S

Zzzbiciaijajk = % (139)

i=1j=1k=1
zs:zs:b»c-a'-cz -1 (1.40)
. % (At %] ] 72
Jj=11i=1
iiib»av-a'kck = -1 (1.41)
% . 191y M 120
i=1 j=1 k=1
> biagdl = 0 (1.42)
j=11i=1
iiibiai-cu-k = L (143)
== T 360
=1 j=1 k=1
ZZZbiaijajkck =0, (144)
i=1 j=1 k=1
1.3.2 Phase-lag and stability analysis
Let H = \h and consider the test problem
g BT, A3 0, (1.45)

where the exact solution is given by
y = c1 exp(Ax) + ca exp(—Az)
with ¢; and e, are constants. Applying the hybrid method (1.13) to equation
(1.45) yields
Rl = 2oy § A7 D Yo
=1

S
)/i = (1+Ci)yn_cz'yn_1—H2Zai7j}/j’ i:17-..,8,
Jj=1

which can be expressed in vector form as

Ynt1 = 2Yn —Yn—1 — HD'Y (1.46)
Y = (e+0)yn —cyn_1 — H>AY, (1.47)

where e = (1,1,...,1) and Y = (Y1, Ys,...,Y;)". From (1.46), we get
Y =T+ H*A) e+ )y, — (I+H?*A) ey, (1.48)
Then, substituting (1.48) into (1.47) give us
Ynt1 — S(H*)yn + P(H)yn—1 =0 (1.49)

where S(H?2) =2 — H2b'(I + H2A) " (e + ¢) and P(H?) = 1— H2'(I + H2A) 'c.

11



The phase-lag and stability properties of the hybrid method (1.13) are determined
by the characteristic equation

& —SH*¢E+P(H?) =0 (1.50)
which is associated with (1.49). The study of phase-lag has been initiated by

Brusa and Nigro (1980) in which the phase-lag was introduced as the truncation
error on exponentials.

According to Van der Houwen and Sommeijer (1987), in the phase analysis, one
compares the phase(s) (or argument(s)) of exp(+iH) with the principal root(s) of
the characteristic polynomial. Thus, phase-lag is defined as the difference

t=H - 0(H)

where H is the phase of exp(+iH) and is the phase of the principal root of (1.50). In
order to determine , assume that the characteristic polynomial (1.50) has complex
roots. Thus, the discriminant should be negative which means that:

(S(H?))? — 4P(H?) < 0.

It is noted that

V/(S(H?))? — 4P(H?) = i/AP(H?) — (S(H?))?

and therefore the principal root may be written as

r1 = /S(H?)2 + i\/AP(H?) — (S(H?2))2.

Thus,

_ \/4P(H?) — (S(H?))?
N S(H?)

tan(6(H))

and
cos(6(H)) =

Hence the phase of r; is

| S
0(H) = arccos (%/W) .

The following is the definition according to the formula and concept given by

Franco (2006).

Definition 1.3.1 For the hybrid method corresponding to the characteristic poly-
nomial (1.50), the quantity

= — arccos 5(7]72)
o) = 1 o (S

is called phase-lag (or dispersion error) while the quantity

d(H) =1 — /P(H?)

12



is called dissipation (or amplification) error. A hybrid method is said to have the

phase-lag of order n if $(H) = O(H"*Y). If P(H?) =1 then d(H) =0 and the method
having this property is said to be zero dissipative or dissipative of order infinity.
Conversely, if P(H?) # 1 then we should have d(H) = O(H™*'). The method with
this property is said to be dissipative of order m.

Definition 1.3.2 For the hybrid method corresponding to the characteristic poly-
nomial (1.50), the interval (0, Hy) is called the interval of periodicity if

P(H?*) =1 and |S(H?*)| <2, V¥ H € (0,H,).

Definition 1.3.3 For the hybrid method corresponding to the characteristic poly-
nomial (1.50), the interval (0, H,) is called the interval of absolute stability if

|P(H?)| <1 and |S(H?)| <1+ P(H?), Y H € (0,H,)

For the hybrid method defined in (1.14), S(H?) and P(H?) are polynomials in H?.

1.4 Legendre polynomial

In Kajani and Vencheh (2004), The Legendre polynomials are obtained by the
recursive formulas:

Lo(t) = 1,
Li(t) = ¢, (1.51)
2m +1 m
——— L =1,2,....
Lm+1(t) o 1 th(t) " le 1(t), m ,27

In Chapter V, the Legendre polynomials are applied for solving differential equa-
tions with initial values on large intervals.

1.5 Fuzzy differential equations

Here, we recall some basic definitions and results by Georgiou et al. (2005) which
will be used later. The set of all real numbers is indicated by R. A fuzzy number
is a mapping u : R — [0,1] with the following properties:

1. w is upper semi-continuous,

2. u is fuzzy convex, i.e., u(Az + (1 — N)y) > min{u(x),u(y)}, Vr,y e R, X €
[0, 1],

3. u is normal, i.e., 3zg € R for which u(zg) = 1,

13



4. supp u = {z € Rlu(z) > 0} is the support of the u, and its closure cl(supp u) is
compact.

Let E be the set of all fuzzy number on R. The a-level set of a fuzzy number
u € E,0 < a<1, denoted by [u],, is defined as

[ {zeRu(z) >a} if0<a<l
[ulo = cl(supp u) if a=0.

It is clear that the a-level set of a fuzzy number is a closed and bounded interval
[u(), W(a)],where u(a) denotes the left-hand endpoint of [u], and w(a) denotes the
right-hand endpoint of [u],. Since each y € R can be regarded as a fuzzy number §

defined by
- = 1 Zf t= Y,
y(t){ 0 if t#y,
R can be embedded in E.

Indeed, for Hausdorff distance we have the following metric properties: D : ExE —
RJr U 07
D(u,v) = g max{|u(a) = v(a)|, |u(a) — ()]},
It is easy to see that D is a metric in E and has the following properties
(1) u@w,v®w) = D(u,v), Yu,v,w € E,
(ii) D k Ou,k©v) = |k|D(u,v), Yk € R,u,v € E,
(iii) D(u@v,w B e) < D(u,w) + D(v,e), Yu,v,w €E,
(iv) (D,E) is a complete metric space.

Definition 1.5.1 Let z,y € E. If there exists z € E such that x = y @ z, then z is
called the H-difference of x and y, and it is denoted by z ©y.

In this thesis we consider the following definition of differentiability for fuzzy-
valued functions which was introduced by Bede and Gal (2005).

Definition 1.5.2 Let f: (a,b) — E and z¢ € (a,b). We say that f is strongly gener-
alized differential at zo. If there exists an element f'(x) € E , such that
(i) for all h >0 sufficiently small, 3f(xo + h) © f(z0), If(20) © f(xo — h) and the lim-
its(in the metric d)

. flwo+h)o f(wo) . flwo)© flxo—h)

M o o oo T

(i1) for all h > 0 sufficiently small, 3f(x¢) © f(zo + h), If(zo — h) © f(xo) and the
limits(in the metric d)

-~ f(20) © flwo+h) _ i f(zo—h)© f(zo)
h—0 —h h—0 —h

= fl(ffo)7

14



(111) for all h > 0 sufficiently small, 3f(xo + h) © f(zo), If(zo — h) © f(z0) and the
limits(in the metric d)

lim L@ 0 S f@o) _ . flzo—h) © f(zo)
h—0 h o h—0 —h

= f'(20),

() for all h > 0 sufficiently small, 3f(x0) © f(xo + h), If(zo) © f(zo — h) and the
limits(in the metric d)
f(@o) © f(zo —h)

h

Remark 1.5.1 [n this thesis, only cases (i)- and (ii)-differentiability in Definition
1.5.2 will be used.

Theorem 1.5.1 (see Bede (2006)). Let f : (a,b) — E be a function and denote
[F)]* = [fa(t),ga(t)], for each a €[0,1]. Then

(1) If f is (i)-differentiable, then f,(t) and ga(t) are differentiable functions and
[F()]% = [fa(t); 9a )],

(2) If f is (ii)-differentiable, then f,(t) and g.(t) are differentiable functions and

1.6 Objectives of the thesis

In this thesis, we propose some new efficient methods for numerically solving linear
and nonlinear first order differential equations and the system of first order differen-
tial equations with deterministic and fuzzy conditions based on the exponentially-
fitted Runge-Kutta method. In particular, the objectives of the thesis are:

1. Applying exponentially-fitted Runge-Kutta method to solve second order
differential equations that has been reduced to first order ODE and obtaining
the local truncation error and the stability regions.

2. To derive an explicit trigonometrically fitted hybrid method for solving os-
cillatory second order ordinary differential equations.

15



3. To propose a reliable algorithm based on Legendre wavelets-spectral method
for solving first order and second order nonlinear oscillatory differential equa-
tions.

4. To solve first order ordinary differential equations with uncertainty, repre-
sented by fuzzy numbers and fuzzy-valued functions, involving character-
ization theorem and some other new results under generalized Hukuhara
differentiability.

5. Solving system of first order fuzzy differential equations under generalized
Hukuhara differentiability both exactly and numerically.

1.7 Outline of the thesis

In Chapter I, some preliminaries and basic concepts of Runge-Kutta method are
given. Hybrid method and its Phase-lag and stability analysis is also discussed.
Chapter I also covers some basic concepts on Legendre wavelets and fuzzy differ-
ential equations.

Chapter II is devoted to some discussion on earlier research on Runge-Kutta
method, exponentially-fitted Runge-Kutta method, hybrid-type methods, exponentially-
fitted hybrid-type methods and Legendre wavelet spectral method and fuzzy dif-
ferential equations, system of first order fuzzy differential equations.

Chapter III focuses on the derivation of the exponentially Runge-Kutta method
using the techniques introduced by Simos (1998) and Berghe et al. (1999) for solv-
ing oscillatory first order ordinary differential equations. Stability analysis and the
local truncation error of the methods are also given.

In Chapter IV, we develop the trigonometrically fitted hybrid method based on the
hybrid method of order five given in Franco (2006) for solving oscillatory second
order ordinary differential equations. The stability region of the method when
applied to linear second order ODEs is also depicted.

In Chapter VI, we solve first order fuzzy differential equations, firstly the fuzzy dif-
ferential equation are transformed to ordinary differential equations using charac-
terization theorem. The equations are first order then solved using exponentially-
fitted Runge-Kutta method and numerical comparisons with other existing meth-
ods are made.

16



Chapter VII, we solve the fuzzy linear system of first order differential equations
analytically under the generalized Hukuhara differentiability. Then the same fuzzy
differential equations are solved using exponentially-fitted Runge-Kutta method
and comparisons are made between the exact values and the computed values.

Finally, Chapter VIII summarizes the conclusion of the research and recommen-
dation for future research will be suggested.

17



BIBLIOGRAPHY

Abbasbandy, S. and Viranloo, T. A. 2004. Numerical solution of fuzzy differential
equation by Runge-Kutta method. Nonlinear studies 11 (1): 117-129.

Aguiar, J. and Simos, T. 2001. A family of P-stable eighth algebraic order methods
with exponential fitting facilities. Journal of Mathematical Chemistry 29 (3):
177-189.

Allahviranloo, T. and Ahmadi, M. B. 2010. Fuzzy laplace transforms. Soft Com-
puting 14 (3): 235-243.

Allahviranloo, T., Ahmady, E. and Ahmady, N. 2009a. A method for solving
nth order fuzzy linear differential equations. International Journal of Computer
Mathematics 86 (4): 730-742.

Allahviranloo, T., Ahmady, N. and Ahmady, E. 2007. Numerical solution of
fuzzy differential equations by predictor-corrector method. Information Sciences
177 (7): 1633-1647.

Allahviranloo, T., Kiani, N. A. and Barkhordari, M. 2009b. Toward the existence
and uniqueness of solutions of second-order fuzzy differential equations. Infor-
mation Sciences 179 (8): 1207-1215.

Bao, W. and Shen, J. 2008. A generalized-Laguerre-Hermite pseudospectral
method for computing symmetric and central vortex states in Bose-Einstein
condensates. Journal of Computational Physics 227 (23): 9778-9793.

Bede, B. 2006. A note on “T'wo-point boundary value problems associated with
non-linear fuzzy differential equations”. Fuzzy sets and Systems 157 (7): 986—
989.

Bede, B. and Gal, S. G. 2005. Generalizations of the differentiability of fuzzy-
number-valued functions with applications to fuzzy differential equations. Fuzzy
Sets and Systems 151 (3): 581-599.

Berghe, G. V., De Meyer, H., Van Daele, M. and Van Hecke, T. 1999.
Exponentially-fitted explicit Runge-Kutta method. Computer physics commu-
nications 123 (1): 7-15.

Berghe, G. V., Meyer, H. D., Daele, M. V. and Hecke, T. V. 2000. Exponentially-
fitted Runge-Kutta method. Journal of Computational and Applied Mathematics
125 (1): 107-115.

Beylkin, G., Coifman, R. and Rokhlin, V. 1991. Fast wavelet transforms and nu-
merical algorithms I. Communications on pure and applied mathematics 44 (2):
141-183.

Boyd, J. P. 2001. Chebyshev and Fourier spectral methods. Courier Dover Publi-
cations.

78



Boyd, J. P., Rangan, C. and Bucksbaum, P. 2003. Pseudospectral methods on a
semi-infinite interval with application to the hydrogen atom: a comparison of
the mapped Fourier-sine method with Laguerre series and rational Chebyshev
expansions. Journal of Computational Physics 188 (1): 56-74.

Brusa, L. and Nigro, L. 1980. A one-step method for direct integration of structural
dynamic equations. International Journal for Numerical Methods in Engineering
15 (5): 685-699.

Canuto, C., Hussaini, M. Y., Quarteroni, A. and Zang, T. A. 1988. Spectral meth-
ods in fluid mechanics. Springer Ser. Comput. Phy., Springer-Verlag, New York

Canuto, C., Hussaini, M. Y., Quarteroni, A. and Zang, T. A. 2006. Erratum.
Springer.

Chawla, M. and Sharma, S. 1981. Intervals of periodicity and absolute stability of
explicit nystrom methods fory = f(z,y). BIT Numerical Mathematics 21 (4):
455-464.

Chen, C. and Hsiao, C. 1997. Haar wavelet method for solving lumped and
distributed-parameter systems. In Control Theory and Applications, IEEE
Proceedings-, 87-94. IET.

Coleman, J. P. 2003. Order conditions for a class of two-step methods for " =
f(z,y). IMA journal of Numerical Analysis 23 (2): 197-220.

Coleman, J. P. and Ixaru, L. G. 1996. P-stability and exponential-fitting methods
for o' = f(x,y). IMA Journal of Numerical Analysis 16 (2): 179-199.

D’Ambrosio, R., Esposito, E. and Paternoster, B. 2011a. Exponentially-fitted two-
step hybrid method for y’ = f(x,y). Journal of computational and applied
mathematics 235 (16): 4888-4897.

D’Ambrosio, R., Ferro, M. and Paternoster, B. 2011b. Trigonometrically fitted
two-step hybrid method for special second order ordinary differential equations.
Mathematics and Computers in Simulation 81 (5): 1068-1084.

Dormand, J. R. 1996. Numerical methods for differential equations: a computa-
tional approach. , vol. 3. CRC Press.

Effati, S. and Pakdaman, M. 2010. Artificial neural network approach for solving
fuzzy differential equations. Information Sciences 180 (8): 1434-1457.

Fang, Y. and Wu, X. 2008. A trigonometrically fitted explicit Numerov-type
method for second-order initial value problems with oscillating solutions. Ap-
plied Numerical Mathematics 58 (3): 341-351.

79



Fard, O. S. and Ghal-Eh, N. 2011. Numerical solutions for linear system of first-
order fuzzy differential equations with fuzzy constant coefficients. Information
Sciences 181 (20): 4765-4779.

Franco, J. 2004. Exponentially-fitted explicit Runge-Kutta-Nystrom methods.
Journal of Computational and Applied Mathematics 167 (1): 1-19.

Franco, J. 2006. A class of explicit two-step hybrid method for second-order IVPs.
Journal of computational and applied Mathematics 187 (1): 41-57.

Gautschi, W. 1961. Numerical integration of ordinary differential equations based
on trigonometric polynomials. Numerische Mathematik 3 (1): 381-397.

Georgiou, D., Nieto, J. J. and Rodriguez-Lopez, R. 2005. Initial value problems for
higher-order fuzzy differential equations. Nonlinear Analysis: Theory, Methods
& Applications 63 (4): 587-600.

Ghazanfari, B. and Shakerami, A. 2012. Numerical solutions of fuzzy differential
equations by extended Runge-Kutta-like formulae of order 4. Fuzzy Sets and
Systems 189 (1): 74-91.

Henrici, P. 1962. Discrete variable methods in ordinary differential equations .

Ixaru, L. G. and Paternoster, B. 1999. A conditionally P-stable fourth-order
exponential-fitting method for y” = f(z,y,y). Journal of computational and
applied mathematics 106 (1): 87-98.

Kajani, M. T. and Vencheh, A. H. 2004. Solving linear integro-differential equation
with Legendre wavelets. International Journal of Computer Mathematics 81 (6):
719-726.

Khastan, A., Bahrami, F. and Ivaz, K. 2009. New results on multiple solutions
for N th-order fuzzy differential equations under generalized differentiability.
Boundary value problems 2009.

Lambert, J. and Watson, 1. 1976. Symmetric multistip methods for periodic initial
value problems. IMA Journal of Applied Mathematics 18 (2): 189-202.

Lambert, J. D. 1991. Numerical methods for ordinary differential systems: the
initial value problem. John Wiley & Sons, Inc.

Lyche, T. 1972. Chebyshevian multistep methods for ordinary differential equa-
tions. Numerische Mathematik 19 (1): 65-75.

Nieto, J., Khastan, A. and Ivaz, K. 2009. Numerical solution of fuzzy differential
equations under generalized differentiability. Nonlinear Analysis: Hybrid Sys-
tems 3 (4): 700-707.

Nieto, J. J., Opez, R. and Georgiou, D. 2008. Fuzzy differential systems under
generalized metric spaces approach. Dynamic Systems and Applications 17 (1):
1.

80



Olmos, D. and Shizgal, B. D. 2006. A pseudospectral method of solution of Fisher’s
equation. Journal of computational and applied mathematics 193 (1): 219-242.

Olmos, D. and Shizgal, B. D. 2009. Pseudospectral method of solution of the
Fitzhugh-Nagumo equation. Mathematics and Computers in Simulation 79 (7):
2258-2278.

Paternoster, B. 1998. Runge-Kutta (-Nystrom) methods for ODEs with periodic
solutions based on trigonometric polynomials. Applied Numerical Mathematics
28 (2): 401-412.

Raptis, A. and Allison, A. 1978. Exponential-fitting methods for the numerical
solution of the Schrodinger equation. Computer Physics Communications 14 (1):
1-5.

Razzaghi, M. and Yousefi, S. 2000. Legendre wavelets direct method for variational
problems. Mathematics and Computers in Simulation 53 (3): 185-192.

Shizgal, B. D. 2002. Spectral methods based on nonclassical basis functions: the
advection-diffusion equation. Computers & fluids 31 (4): 825-843.

Simos, T. 1998. An exponentially-fitted Runge-Kutta method for the numerical
integration of initial-value problems with periodic or oscillating solutions. Com-
puter physics communications 115 (1): 1-8.

Simos, T. 2004. Dissipative trigonometrically-fitted methods for linear second-
order IVPs with oscillating solution. Applied Mathematics Letters 17 (5): 601—
607.

Simos, T. and Williams, P. 2000. A P-stable hybrid exponentially-fitted method
for the numerical integration of the Schrédinger equation. Computer physics
communications 131 (1): 109-119.

Stiefel, E. and Bettis, D. 1969. Stabilization of Cowell’s method. Numerische Math-
ematik 13 (2): 154-175.

Tsitouras, C. 2002. Explicit two-step methods for second-order linear IVPs. Com-
puters €& Mathematics with Applications 43 (8): 943-949.

Van de Vyver, H. 2006. A fourth-order symplectic exponentially fitted integrator.
Computer physics communications 174 (4): 255-262.

Van der Houwen, P. J. and Sommeijer, B. 1987. Explicit Runge-Kutta (-Nystrom)
methods with reduced phase errors for computing oscillating solutions. SIAM
Journal on Numerical Analysis 24 (3): 595-617.

81



	1
	2
	Blank Page
	Blank Page
	Blank Page
	Blank Page




