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Abstract of thesis presented to the Senate of Universiti Putra Malaysia in fulfillment of
the requirements for the degree of Master of Science

BLOCK BACKWARD DIFFERENTIATION FORMULAS FOR SOLVING
FIRST AND SECOND ORDER FUZZY DIFFERENTIAL EQUATIONS

By

TIAW KAH FOOK

November 2016

Chairman: Zarina Bibi binti Ibrahim, PhD
Faculty : Science

In this thesis, the concerns are mainly in modifying existence method of Block
Backward Differentiation Formula (BBDFs) for solving first order fuzzy differential
equation, second order non-stiff and stiff fuzzy differential equations (FDEs). This
method will solve the Initial Value Problems (IVPs) of FDEs using constant step size.
The first part of the thesis discussed the combination of BBDF and Block Simpson into
Hybrid method for solving first order FDES. The subsequent part of the thesis focuses
on the modification of BBDF into fuzzy version of BBDF for solving second order
non-stiff FDEs and second orders stiff FDEs.

Algorithm was developed to run the FDEs problems in Microsoft Visual C++
environment to obtain exact and approximate solutions. The algorithm of existing
BBDF was modified into fuzzy version. The BBDFs method approximates the solution
at two points concurrently. Therefore, numerical results show that the proposed
methods reduce the execution time when compared to the Backward Differentiation
Formula (BDF). In order to compute the error norm, the difference between the
approximate solutions and the exact solutions was calculated. The numerical results
also show the proposed method produces smaller errors when compared to modified
Euler method. The accuracy of the solutions obtained by BBDF and BDF are
comparable particularly when the finer step sizes are used. However, in term of
execution time, the proposed method BBDF outperformed BDF method. The solutions
obtained were illustrated by graphs.

In conclusion, the numerical results clearly demonstrate the efficiency of using BBDF
methods proposed in this study for solving fuzzy differential equations. From the
results of tests problems, the modified BBDF method reveals that the execution time
has been reduced and the numerical result is accurate, which proves its superiority on
the existing methods.
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FORMULA BLOK PEMBEZAAN KE BELAKANG UNTUK
MENYELESAIKAN PERSAMAAN PEMBEZAAN KABUR PERINGKAT
KEDUA
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TIAW KAH FOOK

November 2016

Pengerusi : Zarina Bibi binti Ibrahim, PhD
Fakulti : Sains

Dalam tesis ini, tumpuan utama adalah mengubahsuai kaedah yang sedia ada Formula
Blok Pembezaan ke Belakang (FBPB) untuk menyelesaikan persamaan pembezaan
kabur (PPK) peringkat pertama, PPK bukan kaku peringkat kedua dan PPK kaku
peringkat kedua. Kaedah ini akan digunakan untuk menyelesaikan Masalah Nilai Awal
(MNA) PPK dengan saiz langkah yang berterusan. Bahagian pertama tesis ini
membincangkan penggabungan FBPB dan Blok Simpson menjadi kaedah hybrid bagi
menyelesaikan PPK peringkat pertama. Bahagian berikutnya dalam tesis ini memberi
tumpuan kepada pengubahsuaian FBPB ke dalam versi kabur FBPB untuk
menyelesaikan PPK bukan kaku peringkat kedua dan PPK stiff peringkat kedua.

Algoritma telah dibangunkan untuk menjalankan masalah PPK dalam persekitaran
perisian “Microsoft Visual C ++” untuk mendapatkan penyelesaian tepat dan
penyelesaian anggaran. Algoritma FBPB yang sedia ada telah diubahsuai kepada versi
kabur. Kaedah versi kabur FBPB menganggar penyelesaian pada dua titik dengan
secara serentak. Oleh itu, keputusan berangka menunjukkan bahawa kaedah yang
dicadangkan ini dapat mengurangkan masa pelaksanaan apabila ia dibandingkan
dengan kaedah Formula Pembezaan ke Belakang (FPB). Dalam usaha untuk mengira
ralat norma, perbezaan antara penyelesaian anggaran dan penyelesaian tepat telah
dikira. Keputusan berangka ini juga menunjukkan ralat yang lebih kecil jika
dibandingkan dengan kaedah Euler yang diubahsuai. Ketepatan penyelesaian FBPB
dan FPB adalah setanding terutamanya apabila saiz langkah yang lebih halus
digunakan. Walaubagaimanapun, masa pelaksanaan bagi kaedah yang dicadangkan itu
dapat mengatasi kaedah FPB. Penyelesaian yang diperolehi telah ditunjukkan melalui
graf.

Kesimpulannya, keputusan berangka telah menunjukkan kecekapan penggunaan
kaedah FBPB yang dicadangkan dalam kajian ini dalam menyelesaikan persamaan



pembezaan kabur. Daripada keputusan ujian masalah, kaedah FBPB yang telah
diubahsuai mendedahkan bahawa masa pelaksanaan telah dikurangkan dan keputusan
berangka adalah tepat, maka terbukti bahawa keberkesanan kaedah ini berbanding
dengan kaedah yang sedia ada.



ACKNOWLEDGEMENTS

First and foremost, | would like to thank my supervisor, Associate Professor Dr. Zarina
Bibi Ibrahim for the valuable guidance and advice. She inspired me greatly to work on
this research. Her willingness to motivate me contributed tremendously to my thesis.
Without her knowledge and assistance, this thesis would not have been successful. 1
also thank my committee member, Professor Dr. Zanariah Abdul Majid for her
constant encouragement and invaluable suggestions.

Besides, | would like to take this opportunity to thank the staffs of Department of
Mathematics, Science Faculty, Sultan Abdul Samad Library and staffs of School of
Graduate Studies (SGS), UPM for their services and facilities.

Finally, an honourable mention goes to my beloved family members for their
understandings and supports in completing this project. Last but not least, | would like
to express my heartfelt thanks to my friends for their helps throughout the completion
of this project.



This thesis was submitted to the Senate of Universiti Putra Malaysia and has been
accepted as fulfillment of the requirements for the degree of Master of Science. The
members of the Supervisory Committee were as follows:

Zarina Bibi Ibrahim, PhD
Associate Professor
Faculty of Science
Universiti Putra Malaysia
(Chairman)

Zanariah Abdul Majid, PhD
Professor

Faculty of Science

Universiti Putra Malaysia
(Member)

ROBIAH BINTI YUNUS, PhD
Professor and Dean

School of Graduate Studies
Universiti Putra Malaysia

Date:

Vi



Declaration by graduate student

I hereby confirm that:

Signature: Date:

this thesis is my original work;

quotations, illustrations and citations have been duly referenced;

this thesis has not been submitted previously or concurrently for any other degree

at any other institutions;

intellectual property from the thesis and copyright of thesis are fully-owned by
Universiti Putra Malaysia, as according to the Universiti Putra Malaysia (Research)
Rules 2012;

written permission must be obtained from supervisor and the office of Deputy
Vice-Chancellor (Research and Innovation) before thesis is published (in the form

of written, printed or in electronic form) including books, journals, modules,

proceedings, popular writings, seminar papers, manuscripts, posters, reports,

lecture notes, leaning modules or any other materials as stated in the Universiti

Putra Malaysia (Research) Rules 2012;

there is no plagiarism or data falsification/fabrication in the thesis, and scholarly

integrity is upheld as according to the University Putra Malaysia (Graduate Studies)
Rules 2003 (Revision 2012-2013) and the Universiti Putra Malaysia (Research)

Rules 2012. The thesis has undergone plagiarism detection software.

Name and Matric No. : Tiaw Kah Fook, GS38179

vii



Declaration by Members of Supervisory Committee

This is to confirm that:

e the research conducted and the writing of this thesis was under our supervision;

e supervision responsibilities as stated in the Universiti Putra Malaysia (Graduate
Studies) Rules 2003 (Revision 2012-2013) are adhered to.

Signature:
Name of
Chairman of

Supervisory

Committee: Assoc. Prof. Dr. Zarina Bibi Ibrahim

Signature:
Name of
Member of

Supervisory

Committee: Prof. Dr. Zanariah Abdul Majid

viii



TABLE OF CONTENTS

ABSTRACT

ABSTRAK
ACKNOWLEDGEMENTS
APPROVAL
DECLARATION

LIST OF TABLES

LIST OF FIGURES

LIST OF ABBREVIATIONS

CHAPTER

1

INTRODUCTION

1.1 Introduction

1.2 Problem Statement

1.3 Objectives of Study
1.4 An Overview of Thesis

LITERATURE REVIEW

2.1 Introduction

2.2 Fuzzy Differential Equation
2.3 Review of Previous Works
2.4 Block Method

2.5 Summary

CONSTANT STEP SIZE OF IMPLICIT HYBRID BLOCK

METHOD FOR SOLVING FIRST ORDER FUzZZY

DIFFERENTIATION EQUATION

3.1 Introduction

3.2 Review of Formulation of Block Backward Differentiation
Formula

3.3 Review of Formulation of Block Simpson

3.4 Implementation of the Hybrid Method

3.5 Numerical Examples and Discussion

3.6 Conclusion

CONSTANT STEP SIZE OF IMPLICIT BLOCK

BACKWARD DIFFERENTIATION FORMULAS FOR

SOLVING SECOND ORDER FUZZY DIFFERENTIAL

EQUATION DIRECTLY

4.1 Introduction

4.2 Review of the Formulation of Block Backward Differentiation
Formulas Method

4.3 Formulation of Block Backward Differentiation Formulas
(BBDF) in Fuzzy Version

4.4 Implementation of the Method

4.5 Numerical Problems and Discussion

4.6 Conclusion

Page
iii

Vi
viii
Xi
xiii
XVi

NwweE

O o1 U1

=
N

13
13

15
16
19
37

38
38

40
40

43
59



5

CONSTANT STEP SIZE OF IMPLICIT BLOCK
BACKWARD DIFFERENTIATION FORMULAS FOR
SOLVING SECOND ORDER STIFF FUZZY
DIFFERENTIAL EQUATION

5.1 Introduction

5.2 Implementation of the Method

5.3 Numerical Examples and Discussion

5.4 Conclusion

CONCLUSION
6.1 Summary
6.2 Future work

REFERENCES
BIODATA OF STUDENT
LIST OF PUBLICATIONS

60
60
61
76

77
78

79
82
83



Table

3.11

3.1.2

3.13

3.2.1

3.2.2

3.2.3

3.3.1

3.3.2

3.33

34.1

3.4.2

3.4.3

411

412

4.1.3

414

415

421

4.2.2

4.2.3

424

425

LIST OF TABLES

Solution for y att = 1 for Problem 3.1

Solution for y at t = 1 for Problem 3.1
Absolute error at t = 1 for Problem 3.1

Solution for y att = 1 for Problem 3.2

Solution for y at t = 1 for Problem 3.2
Comparison of absolute error at t = 1 for Problem 3.2

Solution for y at t = 1 for Problem 3.3

Solution for y at t = 1 for Problem 3.3
Comparison of absolute error at t = 1 for Problem 3.3

Solution for y at t = 1 for Problem 3.4

Solution for y at t = 1 for Problem 3.4
Comparison of absolute error at t = 1 for Problem 3.4

Solution for y at t = 1 for Problem 4.1

Solution for y at t = 1 for Problem 4.1
Error at t = 1 with h = 1072 for Problem 4.1
Error at ¢t = 1 with h = 1073 for Problem 4.1
Error at t = 1 with h = 10~* for Problem 4.1
Solution for y at ¢ = 1 for Problem 4.2
Solution for y at t = 1 for Problem 4.2
Error at t = 1 with h = 10~2 for Problem 4.2
Error at t = 1 with h = 1073 for Problem 4.2

Error at t = 1 with h = 10~* for Problem 4.2

Xi

Page
19
20
21

24

24
25

28

29
30

33

33
34

44

44
45
45
45

48

49
50
50

50



431

432

433

434

4.3.5

5.11

5.1.2

5.2.1

5.2.2

531

5.3.2

5.4.1

5.4.2

543

5.4.4

Solution for y at t = 1 for Problem 4.3

Solution for y at t = 1 for Problem 4.3

Error at t = 1 with A = 1072 for Problem 4.3
Error at t = 1 with A = 1073 for Problem 4.3
Error at t = 1 with h = 10~* for Problem 4.3

The exact solutions, approximate solutions and error with h =
1073 for Problem 5.1

The exact solutions, approximate solutions and error with h =
10~* for Problem 5.1

The exact solutions, approximate solutions and error with h =
0.01for Problem 5.2

The exact solutions, approximate solutions and error with h =
0.001 for Problem 5.2

The exact solutions, approximate solutions and error with h =
103 for Problem 5.3

The exact solutions, approximate solutions and error with h =
10~* for Problem 5.3

The exact solutions, approximate solutions and error with h =
1072

The exact solutions, approximate solutions and error with h =
1073

The exact solutions, approximate solutions and error with h =
107*

The exact solutions, approximate solutions and error with h =
107°

Xii

54

54

55

55

55



Figure
3.1

3.11

3.1.2

3.1.3

3.14

3.2.1

3.2.2

3.2.3

3.24

3.25

3.31

3.3.2

3.33

3.34

34.1

3.4.2

LIST OF FIGURES

2-point block method of constant step size

Exact solution and numerical solutions with h = 1072 for
Problem 3.1

Exact solution and numerical solutions with h = 1073 for
Problem 3.1

Exact solution and numerical solutions with h = 10~* for
Problem 3.1

Error of hybrid method and BBDF at r = 1 with different step
sizes for Problem 3.1

Exact solution and numerical solutions with h = 10~ for
Problem 3.2

Exact solution and numerical solutions with A = 10~2 for
Problem 3.2

Exact solution and numerical solutions with A = 103 for
Problem 3.2

Exact solution and numerical solutions with A = 10~* for
Problem 3.2

Error of Hybrid method and BBDF at r = 1 with different step
sizes for Problem 3.2

Exact solution and numerical solutions with h = 1072 for
Problem 3.3

Exact solution and numerical solutions with h = 1073 for
Problem 3.3

Exact solution and numerical solutions with h = 10~* for
Problem 3.3

Error of Hybrid, BBDF and Euler method at » = 1 with
different step sizes for Problem 3.3

Exact solution and numerical solutions with h = 10~2 for
Problem 3.4

Exact solution and numerical solutions with h = 1073 for

Xiii

Page
13

22

22

23

23

26

26

27

27

28

31

31

32

32

35

35



3.4.3

3.4.4

411

412

413

414

415

421

4.2.2

4.2.3

424

4.2.5

431

4.3.2

4.3.3

4.3.4

435

5.1.1

Problem 3.4

Exact solution and numerical solutions with h = 10~* for
Problem 3.4

Error of Hybrid method and BBDF at r = 1with different step

sizes for Problem 3.4

The exact solutions and the approximate solutions with h =
1072 for Problem 4.1

The exact solutions and the approximate solutions with h =
1073 for Problem 4.1

The exact solutions and the approximate solutions with h =
10~* for Problem 4.1

Error for y at r = 1 with different step sizes for Problem 4.1

Error for y at r = 1 with different step sizes for Problem 4.1

The exact solutions and the approximate solutions with h =
1072 for Problem 4.2

The exact solutions and the approximate solutions with h =
1073 for Problem 4.2

The exact solutions and the approximate solutions with h =
10~* for Problem 4.2

Error for y at r = 1 with different step sizes for Problem 4.2

Error for y at r = 1 with different step sizes for Problem 4.2

The exact solutions and the approximate solutions with h =
1072 for Problem 4.3

The exact solutions and the approximate solutions with h =
1073 for Problem 4.3

The exact solutions and the approximate solutions with h =
10~* for Problem 4.3

Error for y at r = 1 with different step sizes for Problem 4.3

Error for y at r = 1 with different step sizes for Problem 4.3

The exact solutions and the approximate solutions with h =
1073 for Problem 5.1

Xiv

36

36

46

46

47

47

48

51

51

52

52

53

56

56

57

57

58

62



5.1.2

5.13

5.14

5.2.1

5.2.2

5.2.3

5.24

5.3.1

5.3.2

5.3.3

5.34

541

5.4.2

5.4.3

5.4.4

5.4.5

5.4.6

5.4.7

5.4.8

The exact solutions and the approximate solutions with h =
10~* for Problem 5.1

Error for y at r = 1 with different step sizes for Problem 5.1

Error for y at r = 1 with different step sizes for Problem 5.1

The exact solutions and the approximate solutions with h =
1073 for Problem 5.2

The exact solutions and the approximate solutions with h =
10~* for Problem 5.2

Error for y at r = 1 with different step sizes for Problem 5.2

Error fory at r = 1 with different step sizes for Problem 5.2

The exact solutions and the approximate solutions with h =
1073 for Problem 5.3

The exact solutions and the approximate solutions with h =
10~* for Problem 5.3

Error for y at r = 1 with different step sizes for Problem 5.3
Error for y at r = 1 with different step sizes for Problem 5.3
Vibrating Mass in application

Extention principle solution in the Vibrating Mass application

The exact solutions and the approximate solutions with h =
1072 for Problem 5.4

The exact solutions and the approximate solutions with h =
1073 for Problem 5.4

The exact solutions and the approximate solutions with h =
10~* for Problem 5.4

The exact solutions and the approximate solutions with h =
1075 for Problem 5.4

Error for y at r = 1 with different step sizes for Problem 5.4

Error for y at r = 1 with different step sizes for Problem 5.4

XV

63

65

66

66

67

68

69

69

70

71

71

73

73

74



FDEs

ODEs

IVPs

FIVPs

BDF

BBDF

FBBDF

[< <=

<

LIST OF ABBREVIATIONS

Fuzzy Differential Equations

Ordinary Differential Equations

Initial Value Problems

Fuzzy Initial VValue Problems

Backward Differential Formulas

Block Backward Differential Formulas

Fuzzy version of Block Backward Differential Formulas
Step size

Fuzzy numbers with fuzzy bounded r-level interval
Lower bounded exact solution

Upper bounded exact solution

Lower bounded approximate solution

Upper bounded approximate solution

XVi



CHAPTER 1
INTRODUCTION
1.1 Introduction

In many cases of modeling the real world phenomena, information about the behavior
of a dynamical system is uncertain. In order to obtain a more realistic model, these
uncertainties have to be taken into account. Fuzzy Differential Equation (FDEs) is a
powerful tool for modeling uncertainty and for processing vague or subjective
information in mathematical models. Fuzzy model is also adequate for some real-world
phenomena.

In recent years, FDEs system can be found in wide varieties of scientific and
engineering applications, and they can be used to model problems. For examples,

i modeling the decay of the biochemical oxygen demand in water by Diniz et al.
(2001),

. a_ Y 41
[Zl(ti)](x ~ [Z(t1+h)]h [z(t)] .

ii. biology population models by Mengshu et al. (2003),

N'(t) =N©Of(NE—1) = fFINQ),
N(t—1),t €RT,
N(t) = @(t), t €l = [t,,0],

iii. a fuzzy delay differential equation model for HIVV dynamics in medicine by
Rosana et al. (2009)

d);(tt) = A—dx() - BOx v ()
d
% = B®)x(O)v(t) — ay(t)
dv(t)

k(®)y(t) —uv(t),

Tar
iv. genetic programming by Kumaresan et al. (2011).

x'(t) = —x(t) + 1,x(0) = x,.

Due to the large potential of fuzzy differential equation involving in these fields, it has
become the subject of research projects. In most real life situations, the fuzzy
differential equation that models the problem is too complicated to be solved
analytically. Therefore, many numerical methods have been developed to obtain



numerical approximate solutions. Some of the numerical methods include the use of
Taylor series by Abbasbandy et al. (2002), the Runge-Kutta method by Abbasbandy et
al. (2004), the predictor-corrector method by Allahviranloo et al. (2007), and the Euler
method by Ahmad et al. (2011). However, some of these methods cannot provide a
very accurate result and sometimes, the numerical steps are very complicated and
difficult to apply. Thereby the ability to obtain accurate numerical approximate
solutions plays an important role, especially dealing with stiff FDEs.

Lambert (1992), defined stiffness as follows:

If a numerical method with a finite region of absolute stability, applied to a system with
any initial conditions, is forced to use in a certain interval of integration a step size
which is excessively small in relation to the smoothness of the exact solution in that
interval, then the system is said to be stiffin that interval. There are other
characteristics which are exhibited by many examples of stiff problems, but for each
there are counter examples, so these characteristics do not make good definitions of
stiffness. Nonetheless, definitions based upon these characteristics are in common use
by some authors and are good clues as to the presence of stiffness. There is no unique
definition of stiffness in the literature. However Lambert refers to these as 'statements'
rather than definitions, for the aforementioned reasons. A few of these are:

(@) A linear constant coefficient system is stiff if all of its eigenvalues have
negative real part and the stiffness ratio is large.

(b) Stiffness occurs when stability requirements, rather than those of accuracy,
constrain the step size.

(c) Stiffness occurs when some components of the solution decay much more
rapidly than others.

The most common methods for solving stiff differential equation are based on BDFs.
The implementation of BDFs using Newton-like iteration, require repeated solution of
linear equation on each step with Jacobian matrix of the differential equation. The
matrix operation in the iteration scheme consumed a considerable amount of
computational effort. Therefore, appropriate numerical methods are needed to counter
these problems. Hence, we are interested in applying the Fuzzy version of Block
Backward Differentiation Formulas (FBBDFs) to solve first order fuzzy differential
equations, second order differential equations and second order stiff fuzzy differential
equations.


https://en.wikipedia.org/wiki/Numerical_analysis
https://en.wikipedia.org/wiki/Numerical_stability
https://en.wikipedia.org/wiki/Initial_value_problem
https://en.wikipedia.org/wiki/Eigenvalue

1.2 Problem Statement

FDE problems have been studied and solved by different approaches. Most of the
existing numerical methods for solving FDEs require a high computation cost.
Therefore, it would be more interesting if the numerical solutions can be computed
simultaneously. The clear advantage of the method which computes solutions
simultaneously is the low computation cost. This again will lead to a quicker execution
time. Although it is possible to integrate a second order FDEs y" = f(x,y,y") by
reducing it to first order systems, the numerical methods can be derived via integrating
y" = f(x,y,y") directly without using the first derivatives. These approaches should
provide significant increase in efficiency and decrease computation work.

1.3 Objectives of Study

The objectives of the research are:

(i) to develop hybrid method based on BBDF, lIbrahim (2006) and block
Simpson, Adegboye et al. (2014) to solve first order FDEs.

(i)  to modify BBDF, Ibrahim (2008) into fuzzy version in order to solve
second order non-stiff and stiff FDEs directly.

(iii)  to develop algorithms in C programming environment for solving FDEs.

(iv)  to compare the numerical results obtained.



1.4 An Overview of Thesis

A brief description of the organization of the thesis is as follows: Chapter 1 is a brief
introduction to Fuzzy Differential Equation (FDEs) and the scope of the study. Chapter
2 begins with literature review, which covers discussion on methods used to solve
FDEs proposed by several researchers. For Chapters 3, 4 and 5, each chapter represents
a separate study that has its own introduction, including objective, methods, results,
discussion and conclusion.

In Chapter 3, we will propose a new fuzzy version hybrid method by combining block
backward differentiation formulas (BBDFs) that have been proposed by Ibrahim et al.
(2006) and block Simpson formula that is proposed by Adegboye et al. (2014). The
proposed hybrid method is used to solve first order fuzzy differential equation.
Numerical results obtained by the proposed hybrid method will be compared with the
numerical results obtained by Euler method and BBDF. The accuracy and efficiency of
the methods will be discussed in details. Graphs will be plotted to compare the
approximate solutions with the exact solutions.

For Chapter 4, this study extends the block backward differentiation formulas (BBDFs)
that have been proposed by Ibrahim et al. (2006) and the BBDFs is modified into fuzzy
version BBDF (FBBDFs) to solve second order fuzzy differential equations. Numerical
results obtained by the proposed method will be compared with the numerical results
obtained by backward differential formula (BDF) and modified Euler methods in term
of accuracy and execution time. Graphs will be presented and compared.

In Chapter 5, the numerical method developed in Chapter 4 will be used to solve
second order stiff fuzzy differential equations, the approximate solution obtained is
then compared with the exact solution. One of the examples in engineering application
is also shown in this chapter.

Finally, Chapter 6 summarizes the conclusions of the research and recommendations
for further study will be suggested.
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