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ABSTRACT

In the present paper, we introduce the generalized geodesic convex func-
tions on Riemannian manifolds and present some of their properties.
Based on these properties, the generalized geodesic star-shaped func-
tions are established. Results obtained in this paper may inspire future
research in convex analysis on manifolds.
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1. Introduction

A function f: U C R — R is called convex function on U, if and only if
f(Aar + (1= Qaz) < (f(a1) + (1 = A)f(az),
for each ay,a2 € U and ¢ € [0,1].
The above function has much application in many fields, for example, in

a biological system, economy Kiligman and Saleh| (2018alb)), [Li et al.| (2015,
[Szenthe| Wang et al.| (2015).

In the literature, many authors studied generalized convex functions see
Igbal et al.| (2010} [2012)), [Kih¢man and Saleh| (2014) especially in Riemannian
manifolds such as Rapcsak| (2013) and Udriste] (1994) who introduced geodesic

convexity on a Riemannian manifold.

Furthermore, one of the important part in mathematics is fractional calculus
which has many properties of fiunctions on fractal space ( |Babakhani and
Daftardar-Gejji| (2002), [Erden and Sarikaya (2015)), |Set and Tomar (2016),
Yang| (2012)), [Yang et al. (2014}, 2013), |Zhao et al. (2013))).

2. Preliminaries

Mo and Xin| (2014) presented the generalized convex function on fractal
space as follows: let S: M C R — R*, Vp1,p2 € M and v € [0,1] if

S(yp1 + (1 =7)p2) <¥*S(p1) + (1 —7)*S(p2)

holds, then S is a generalized convex function on M.

Now, consider that (N, g) is a complete m-dimensional Riemannian mani-
fold with Riemannian connection /.

Definition 2.1. 1994). A subset B C N is t-convez if and only if B

contains every geodesic Yo, ,q, 0f N whose endpoints a1 and ag are in B.

Remark 2.1. If By and Bs are t-convex sets, then By N Bs is t-convex set |
but By U By is not necessarily t-convex set.

Definition 2.2. 1994). A function g : S C N — R is geodesic

convez iff for all geodesic arcs vq, q,, then

9(Var,a2(A)) < Aglar) + (1 = A)g(az)
for each ay,a3 € S and X\ € [0,1].
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3. Generalized Geodesic Convex Functions

Definition 3.1. A function g : S — R is generalized geodesic convex func-
tion on a t-convex set S C N if and only if V74, 4., we have

9(Yar.a2(A) < A%g(ar) + (1 = A)%g(az) (1)

for each ay,a2 € S, A € [0,1] and o € [0,1].

If (1) is strict Va; # a2 € B, A € (0,1) and o € (0,1), then S is a generalized
strictly geodesic convex.

Remark 3.1. 1. A generalized strictly geodesic convex function is also gen-
eralized geodesic convex, but the converse is not generally true.

2. In the event that inequality 1s reversed, then S is a generalized geodesic
concave function.

Example 3.1. Let h: R — R where h(a) = —|a®| and the geodesic v is
given as
) = { —as + MNaz —ay), aiaz > 0;
Yai,az —ag + AMayg —az), ayaz <0.

Then
h(Yay,as(A)) < A%h(a1) + (1 — X)*h(az), VA €[0,1]

which means that h is a generalized geodesic convex function, but not generalized
strictly geodesic convex function.

While if h(a) = a®®, then h is a generalized strictly geodesic convex function.

Theorem 3.1. A function f : B — R® is generalized geodesic convex iff every
geodesic 7y : [n1,ne] — B, the function foy : [n1,n3] — R* is a generalized
convex, which means that,

(foy)(Car + (1 = Qaz) < ¢*(foy)(ar) + (1 = ()% (foy)(az)

for each ay,as € [n1,n9],¢ € 10,1] and « € [0, 1].

Proof. Assume that go, a, = f0Va,,a, a0d ga, .4, : [0,1] —> R* is a generalized
convex, then

Ya,az (Cbl + (1 - C)bQ) < Caga17a2 (bl) + (1 - C)agal,az (b2)
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for each by,be € [0,1],¢ € [0,1] and « € [0,1]. In particular, for by = 1 and
bs = 0, we get

ga17a2 (C) S Cagah(m(l) + (1 - C)agahCLz (O)aVC € [03 1]7 (RS [07 1}

Hence

f(ﬁyal,az (C)) < Caf('yal,lm(l)) + (1 - C)af(val,az (0))
= Caf(al) + (1 - C)af(CLQ)a ai,az € BaC € [O’ 1]a o€ [Oa 1]

Conversely, consider that f is a generalized geodesic convex function. If yg, 4, :
[0,1] — B is a geodesic joining a; and ag, then the restriction of 74, 4, to
[b1,b2] joins Ya, 4, (b1) and g, 4, (b2). This restriction can be reparametrized
as

U(C) = Ya1,a> (bl + C(b2 - bl))7 Ce [07 ”'
Since
fn(Q) < ¢*f(n(1)) + (1 = )% f(n(0)),
then
f(Var,a2 (€1 + (1 = )b2)) < ¢ f (Yar,a2 (01)) + (1 = O f (Vay a2 (b2))-

Hence

gal,ag (Cbl + (]- - C)bZ) S Cagal,ag (bl) + (]- - C)agal.,aQ (bZ)

which implies that g, q, is a generalized convex function on [0, 1]. O

Now, let 7} . (A) where X € [1,ny] be a restriction of the natural extension
of a geodesic Ya, a, : [0,1] — B where 7, . (X) € B,VA € [1,n]. Let us give
the following theorem:

Theorem 3.2. f: S C N — R® is generalized geodesic convex iff for each
ai,az € S,A >0 and a € [0,1] such that ~}, ,,(A) € S, then

F(ay.as V) 2 Af(ar) + (1= N)* f(az).

Proof. Assume that 74, 4, : [0,1] — S is a geodesic joining a; and ag. Let
Ya,.a, (1) where u € [0, A] and A > 1 a natural extension of 74, 4, beyond as, so
that 7, ,,(A) € S. By taking u = z\ where z € [0,1], then the reparametriza-
tion 7}, ,,(2)A) . Due to f be a generalized geodesic convex function, then

F(Vayas (2A) < (1= 2)* f(az) + 2° f (73, 0, (V) V2 € [0, 1], @ € [0, 1].
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Let zA =1, then
FVay.aa V) 2 A% f(ar) + (1 = X)* f(az), YA = 1,a € [0,1].

O

Assume that 79 . (A) where \ € [ny, 0] is a restriction of the natural exten-
sion of a geodesic g, 4, : [0,1] — S where 77, ,.(A) € S, then the following
theorem is obtained:

Theorem 3.3. f: B C N — R® is generalized geodesic convex iff for each
a1,a3 € B,YA <0 and o € [0,1], such that 72, ,,(X) € B, then

FO0ayas(N) = A% f(ar) + (1= X)* f(az).

Theorem 3.4. Assume that f1 : S — R® is a generalized geodesic convex
function on S. If fo : N — N is a diffeomorphism, then flofg1 is a general-
ized geodesic convex function on the set fo(S).

Proof. Assume that a1,a2 € S and 74, 4, () is a geodesic joining a; and as.
The set f>(5) is a t-convex and the geodesic f207q4,,q, joins the point fo(aq)
and fa(az). Then

(frofs ) (f2(Yaraz(N) = fiYar,as(N))
< Afi(ar) + (1= AN)*fi(az)
A (frofy ) (f2(a1)) + (1= N *(frofs 1) (f2(az)).

Hence fiofy ! is a generalized geodesic convex function on the set fo(S). [

Theorem 3.5. Assume that f1: S — R is a geodesic convez function. Iffo: M —
R* is a non-decreasing generalized convex function where rang of (f1) C M,
then faofy is a generalized geodesic conver function on S.

Proof. By using the hypothesis , we get

fQOfl(’yal,GQ()‘)) = fZ(fl('Yal,ag()\) )
< f2[Malar) + (1 = A) fi(az)]
< Afa(filar)) + (1 =) fa(fi(a2))
= A%(f20f1)(a1) + (1 = N)*(f20f1)(az).
Thus, faof; is a generalized geodesic convex on S. O
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Theorem 3.6. Assume that f; : BC N — R, i =1,2,...,n are functions on
a t-convez set B and

F=Y_bfi, b €RYBY >0%i=1,2.,n.
=1

Then

(i) If f;,Vi are generalized geodesic convex functions on B, then f is a gen-
eralized geodesic convex function on B.

(is) If f;,Vi are generalized strictly geodesic convex functions on B, then f is
a generalized strictly geodesic conver function on B.

Proof. (i) Since f;, Vi is generalized geodesic convex functions, then

fi(Var,a2(N)) <A fi(ar) + (1 = A)* fi(az).
Thus,
b fi(Var,a2(N) < AV fi(ar) + (1 = A)*bf' fi(az),
D B fi(Yaran (V) S A 0 filar) + (1= X)* Db fi(az).
=1 =1 i=1

(ii) Similar to proof the above result.

O

Theorem 3.7. Let {fi},.; be a family of real-valued functions defined on B
such that sup;cy fi(x) exists in R*. If fi: B — R%,i € U are generalized
geodesic convex functions on B, then the function which is defined by f(a) =
sup;cp fi(a), VYo € B is a generalized geodesic convex function on B.

Proof. Since f;, Vi € U are generalized geodesic convex function on B, then
fi(Vay,as (N) <A fi(ar) + (1 = A)® fi(az),
Vay,as € B, € [0,1] and « € [0,1]. Then
FOaraa(N) = 8UD fi(Yar,0:(V))
< A félg filax) + (1 = A)* sup f;(az)

i€U
= Af(a1)+ (1= XN)f(az).
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Definition 3.2. Assume that S C N is a t-convex set. A function f : S — R®
1s called

(i) a generalized geodesic quasiconver if and only if
f(Var.a: (V) < max{f(ar), f(az)},
for each ay,a2 € S, A €[0,1] and o € [0, 1].
(ii) a generalized strictly geodesic quasiconvex if and only if

f(ﬁyal,a2 ()‘)) < max{f(a1)> f(a2)}7
for each ay,as € S, with aj # as, A€ [0,1] and o € [0, 1].

In Example if

la®] 0:
h(a) = a® a 7& )
(a) { 0% a=0
then h is a generalized geodesic quasiconvex, but not generalized strictly geodesic
quasiconvex.

Theorem 3.8. Suppose the function fo : B — R is a geodesic quasiconvex
function on a t-convex set B and f1 : R — R® is a non-decreasing function.
Then fiofs is a generalized geodesic quasiconvex function on B.

Proof. Since fy is a geodesic quasiconvex on B and f; is a non-decreasing
function, then

(f10f2)(7a17a2 ()‘)) = fl (f2(7a17a2 ()‘)))
< fi[max{fa(a1), f2(az2)}]
max { f1(f2(a1)), f1(f2(az))}
= max{fiof2(a1), frofz(az)}.
Hence fiof> is a generalized geodesic quasiconvex on B. [

Theorem 3.9. Suppose that g: S C N — R® is a generalized geodesic quasi-

convex on a t-convex S, then b®g,b™ > 0% is a generalized geodesic quasiconvez
on S.

Proof. For b* > 0 we have

(6%9) (V2.y) < 0% max{g(a1),g(az)} = max {b%g(a1),b%g(az)} -
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Theorem 3.10. Let k: S C N — R be a function on a t-convex set S.

(1) If k is a generalized geodesic convex function on S, then k is a generalized
geodesic quasiconvex function on S.

(1) If k is a generalized strictly geodesic convex function on S, then k is a
generalized strictly geodesic quasiconvex function on S.

(#ii) If K is a generalized strictly geodesic quasiconvex function on S, then k
is a generalized geodesic quasiconvex function on S.

Proof. (i) Since k is a generalized geodesic convex on S. Then

F(Yar,ax(A) < A% (a1) + (1 = A)%k(az)
< M max{k(a1),k(az)} + (1 — AN)*max {k(a1), x(az)}

= max{k(a1),k(az)}.

(ii) The second and third parts can be proven as the first part, while the last
part followed directly by definition.

[
Remark 3.2. From Definitions[3.1] and[3.2, we get

Generalized Strictly Geodesic Convex = Generalized Strictly Geodesic Quasiconvex

it I

Generalized Geodesic Convex = Generalized Geodesic Quasiconvex

Theorem 3.11. A function g : S C N — R® is a generalized geodesic
quasiconvez on a t-convex S iff L = {a € S : g(a) < n*,n® € R*} is a t-conve.

Proof. Let g be a generalized geodesic quasiconvex and assume that ai,as € L,
then g(a1) < n® and g(az2) < n% 9(Vay.0,(A)) < max{g(a1),g(az)} < n?,
hence 74, ,a5(2) € L-

Now, assume that L is a t-convex and n® = max{f(a1), f(az)} for all
ai,as € S. Then a1, a2 € L implies that va, 4,(A) € L. Hence

g(/yal’GZ ()‘)> < n® = max {g(a1)7g(a2)}

which means that g is a generalized geodesic quasiconvex. O
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We give the following result as application of Theorem [3.11}

Theorem 3.12. Assume that g : S C N — R?® is a generalized geodesic
quasiconvex on a t-conver S and let S* be the set of all global minimum points
of g. Then S* is a t-conver.

Proof. Assume that
S*={a€eS:g(a)=n*}t={ae€S:gla) <n}

where n® is the minimum value of g on S, by Theorem then S* is a
t-convex. O

Now, let us taking S C N is a star-shaped set at ag, then a function
f: S — R%is called a generalized geodesic convex at ag if

9(Vao.a(X)) < A%g(ao) + (1 = A)%g(a),
for each a € S, A € (0,1) and o € [0, 1].

Remark 3.3. Let —g be a generalized geodesic convex at ag, then g is called
a generalized geodesic concave at ayg.

Definition 3.3. A program of type ming,ecp g(a), where g : B C N — R,
is called a generalized geodesic convex if there is a Riemannian metric p on N
such that the Riemannian manifold (N, p) is a complete, the set S is a t-convex
in (N,p) and g is a generalized geodesic function.

Theorem 3.13. Let a € S C N be a local minimum point of g : S — R®.
If S is a star-shaped at a and g is a generalized geodesic convex function at a,
then a is a global minimum point.

Proof. Since a € S is a local minimum point of g , then there is neighborhood
p of a such that g(a) < g(c), Ve € punNS. Let b € S and g(b) < g(a) and
consider that ¢ = v, 5(A), A € (0,1). Since S is a star-shaped at a and ¢ is a
generalized geodesic convex function at a, then

9(Ya,p(A)) < A%(a) + (1 = A)*g(b) < g(a).

On the other hand, ¢ = v,,(7y) € £ N S for some A € (0,1), which implies that
g(c) > g(a). This is a contradiction and hence g(b) > g(a), Yb e S. O

Corollary 3.1. (i) For a generalized geodesic convex function the set of local
minimum points and the set of global minimum points coincides.

Malaysian Journal of Mathematical Sciences 9
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(ii) If g : S — R® is a generalized geodesic convex function, then g has the
same minimum value on S.

Theorem 3.14. The set of minimum points for a generalized convex program
minges f(a) is a t-conver.

Proof. Assume that minges f(a) = ¢ , then the result is obvious. Since
the N;S; is a t-convex set where S; are t-convex, then mingeg f(a) = SN
{a € S, f(a) <n®} is a t-convex. O

Corollary 3.2. Assume that minges f(a) has at least two distinct points, then
it has an infinity and the function that we minimize is not generalized strictly
geodesic conver.
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