
© C
OPYRIG

HT U
PM 

 

UNIVERSITI PUTRA MALAYSIA 
 

SIMPLE MOTION EVASION DIFFERENTIAL GAME OF MULTIPLE 
PURSUERS AND SINGLE EVADER WITH INTEGRAL CONSTRAINTS 

ON CONTROL FUNCTION 
 

 
 
 
 
 
 
 
 
 

YUSRA BINTI SALLEH 
 
 
 
 
 
 
 
 
 
 
 
 

FS 2013 94 



© C
OPYRIG

HT U
PM

 

 

 

 

SIMPLE MOTION EVASION DIFFERENTIAL GAME OF MULTIPLE 

PURSUERS AND SINGLE EVADER WITH INTEGRAL CONSTRAINTS ON 

CONTROL FUNCTION 

 

 

 

By 

 

YUSRA BINTI SALLEH 

 

 

 

Thesis Submitted to the School of Graduate Studies, Universiti Putra 

Malaysia, in Fulfilment of the Requirements for the Degree of Master of 

Science 

 

December 2013 



© C
OPYRIG

HT U
PM

All material contained within the thesis, including without limitation text, 

logos, icons, photographs and all other artwork, is copyright material of 

Universiti Putra Malaysia unless otherwise stated. Use may be made of any 

material contained within the thesis for non-commercial purposes from the 

copyright holder. Commercial use of material may only be made with the 

express, prior, written permission of Universiti Putra Malaysia.  

 

Copyright © Universiti Putra Malaysia 
 



© C
OPYRIG

HT U
PM

i 

 

 

 

 

Dedication to all my family members: 

 

My beloved husband, Ahmad 

My dear son, Uwais 

My Parents, Ayah & Ummi 

All my siblings: 

Along & Kak Sha & Fateh 

Angah 

Atam 

Ateh 

Achik 

Aniq 

Uda 

Ya 

Widad 

 

 

 

 

 

 

 

 

 



© C
OPYRIG

HT U
PM

ii 

 

Abstract of thesis presented to the Senate of Universiti Putra Malaysia in 
fulfilment of the requirement for the degree of Master of Science 

 
SIMPLE MOTION EVASION DIFFERENTIAL GAME OF MULTIPLE 

PURSUERS AND SINGLE EVADER WITH INTEGRAL CONSTRAINTS 
ON CONTROL FUNCTION 

 
By   

 
YUSRA BINTI SALLEH 

 
December 2013 

 

Chair: Gafurjan Ibragimov, PhD 
Faculty: Science 
 
The term “Differential games” is applied to a group of problems in applied 
mathematics that share certain characteristics related to the modelling of 
conflict. Differential games are games in which the position of the players 
develops continuously in time. In a basic differential game, there are two 
actors (a pursuer and an evader) with conflicting goal. The pursuer wishes is 
to catch the evader, while the evader’s mission is to prevent this capture.  
 
The main steps in studying evasion games are to: 

1) construct a strategy for the evader, 
2) show admissibility of this strategy, 
3) show that evasion is possible. 

 
For the main result, we consider evasion differential game of multiple 
pursuers and single evader with integral constraints in the plane 2

 . The 
game is described by simple equations. Different from constraints on control 
functions of other works, here, each component of the control functions of 
players are subjected to integral constraint. We say that evasion is possible if 
the state of the evader does not coincide with that of any pursuer. To 
construct a strategy of the evader we use controls of the pursuers with time 
lag. We obtained a sufficient condition of evasion from many pursuers. At 
the end of this thesis we provide an illustrative example. 
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Abstrak tesis yang dikemukakan kepada Senat Universiti Putra Malaysia 
sebagai memenuhi keperluan untuk ijazah Master Sains 

 
PERMAINAN PEMBEZAAN PENGELAKAN GERAKAN MUDAH BAGI 

PENGEJAR BERGANDA DAN PENGELAK TUNGGAL DENGAN 
KEKANGAN KAMIRAN TERHADAP FUNGSI KAWALAN 

 
Oleh 

 
YUSRA BINTI SALLEH 

 
Disember 2013 

 

Pengerusi: Gafurjan Ibragimov, PhD 
Fakulti: Sains 
 
Istilah "Permainan Pembezaan" digunakan kepada sekumpulan masalah 
dalam matematik gunaan yang berkongsi ciri-ciri tertentu yang berkaitan 
dengan model konflik. Permainan pembezaan adalah permainan di mana 
kedudukan pemain membangun secara berterusan dengan masa. Dalam 
permainan pembezaan asas terdapat dua pemain (pengejar dan pengelak) 
dengan matlamat yang berbeza. Hasrat pengejar adalah untuk menangkap 
pengelak, manakala misi pengelak adalah untuk mengelakkan diri dari 
penangkapan ini.  

 
Langkah-langkah utama dalam mengkaji permainan pengelakan adalah 
untuk: 

1)   membina strategi untuk pengelak, 
2)   menunjukkan kebolehterimaan strategi ini, 
3)  menunjukkan bahawa pengelakan mungkin berlaku.  

 
Untuk keputusan utama, kami mempertimbangkan permainan pembezaan 
pengelakan pengejar berganda dan pengelak tunggal dengan kekangan 
kamiran dalam satu satah 2

 . Permainan digambarkan oleh persamaan 
mudah. Berbeza dengan halangan pada fungsi kawalan kerja-kerja lain, di 
sini setiap komponen fungsi kawalan pemain adalah tertakluk kepada 
kekangan kamiran. Kami mengatakan bahawa pengelakan boleh dilakukan 
jika keadaan pengelak tidak bersamaan dengan setiap pengejar. Untuk 
membina satu strategi pengelak, kami menggunakan kawalan daripada 
pengejar dengan jarak. Kami memperolehi syarat yang mencukupi untuk 
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pengelakan daripada banyak pengejar. Pada akhir tesis ini, kami 
menyediakan satu contoh ilustrasi. 
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CHAPTER 1 
 

INTRODUCTION 
 
1.1 Differential Games 

 
Differential Games are a special kind of problems for dynamic systems, 
particularly in moving objects. The concept of the differential games 
concentrates such conception as conflict, control, optimization, current 
information and equilibrium. Principally, there are applicable to politics, 
economics, sports and other spheres. In addition, differential games are an 
attractive mathematical task and can be developed more advanced in 
country. The Theory of Differential Games was intensively developed during 
1960-80’s.  
 
In game theory, differential games are a group of problems related to the 
modeling and analysis of conflict in the context of a dynamical system. The 
problem usually consists of two actors with conflicting goals - one which 
wishes to maximize some given quantity and one wishing to minimize it. We 
will follow Isaacs (1965) and call them E  (for Evader) and P  (for Pursuer) 
respectively. The Pursuer wish is to catch the evader, while the evader’s 
mission is to prevent this capture. In order to have a concrete technical 
example, we imagine one airplane pursuing another airplane. The objective 
of the first airplane is to overtake the second one; meanwhile the aim of the 
second airplane is to prevent from pursuit plane. Each pilot chooses a 
control, bearing in mind his purpose and having information regarding the 
situation available. The information consists of two parts. The first part is the 
complete knowledge of the performance capabilities of both planes. The 
second part of the information concerns the present and the past behavior of 
the airplanes, but nothing is known about their future behavior. We must 
give a mathematical idealization that retains the essential features of the 
technological problem. For example, the motions of objects P  and E  are 
described by differential equations (Pontryagin L.S (1981)).  
 

                                             
: , | | ,P x x u uα ρ− = ≤ 

                                  
         (1.1) 

                                            : , | | ,E y y v vβ σ− = ≤                                              (1.2) 
 
The first part of the information mentioned above is that for the objects P  
and E , the equations (1.1) and (1.2) are always assumed to be known. In 
considering the second part is, to construct the control parameter u , for the 
example, P  uses ( )x t , ( )y t , ( )v t  at present time t . Indeed, the dynamics of the 
pursuer and the evader are modeled by systems of differential equations. 
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These “games” are modelled mathematically by first defining state variables 
that represent the position and perhaps velocity of the participants, 
determining (differential) equations of motion for the rivals and then 
describing sets in the state space called target sets. The study of these games 
has implication for real-life air combat and for artificial intelligence. 
Differential games also are related closely with optimal control problems. 
Specifically, in an optimal control problem there is single control u(t) and a 
single criterion to be optimized. Next, differential game theory generalizes 
this to two controls u(t), v(t) and two criteria, one for each player. Hence, 
each player attempts to control the state of the system so as to achieve the 
goal respectively, and the system responds to the inputs of both players. 
 
Besides, duration of the game is unfixed and numbers of pursuers are 
countably many. Therefore, our research is in the intersection of the 
following differential games: 
• evasion differential games 
• linear differential games 
• games with integral constraints 
• multi-pursuer differential games. 

 
Because we shall study an evasion differential game, which is described by 
linear differential equations. Moreover, control functions are subjected to 
integral constraints. In addition, number of pursuers several (multi-pursuer). 
 
1.2 Lion And Man Problem 

 
The classical Lion and Man problem is a game posed as to determine a 
strategy for a pursuer (lion) to capture the evader (man) in a given 
environment (J.E Littlewood (1986)). By capture, we mean that the man and 
the lion come at the same position after a finite time. The aim of the lion is to 
capture the man for any trajectory. The man wins the game if it can avoid 
capture indefinitely. Both the Lion and Man have identical motion 
capabilities. Capture strategies are important in surveillance where we 
would like to detect and capture equally agile intruders. For example, we 
consider the following: 
 
Let: P  = Pursuer (Lion);  

E  = Evader (Man) 
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Figure 1.1: Movement of Lion and Man 

From Figure 1.1, we consider a Lion, P  and a Man, E  are confined to a 
circular arena of radius 1 and move with maximum speeds bounded by 1. P  
and E  have perfect information about each other’s position, but they have 
contrary objectives; P  wants to decrease his distance from E  to value 0  in 
finite time, while E  wants to avoid being captured by P  in this way. If the 
position of the pursuer coincides with that of the evader then pursuit is said 
to be completed. 
 
Theorem 1.1 (J.E Littlewood (1986)) 
Evasion is possible in the Lion and Man game. 
 
Proof 
 
i) Construction a strategy for the evader.  
Without any loss of generality we assume that E  is inside the circle. We 
change directions of the point E  at times 1 2, , , ,nt t t  , where it  is the time at 

which distance of the point E from the circumference equals 
1

r
i

, where r  is 

distance of E  from the circumference of 0 0t  .  
 
In Figure 1.2, position of the evader at it  is denoted by iE . At each time ,it we 
pass straight line il  through the points O  and iE  (see Figure 1.1). Three cases 
are possible. The pursuer P  is on the right of il , or on the left of il , or on the 
line il . The evader uses the following strategy. (Figure 1.1) If the pursuer is 
on the right of il , then E moves to the left perpendicularly to il . If P  is on 

P 

E 

O 

P  

 

 

 O  

E  

P  

 O  

  

E  E  

P  

E  

  Radius 

 O  
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the left from il , then E moves to the right perpendicularly to il . Finally, if P  
is on il , then E  moves either to the left or to the right of il . We take the left 
direction for definiteness in the last case. Without restriction of generality we 
assume that P  is always on the right or on il , i.e., P  is not on the left of il . 
Then E  moves in the left direction at each time it . 
    
 
 
 
 
 
 

 
 
 
 

 
 
 

 
 
 
 
 
 
 
 
 
 
 

Figure 1.2: The trajectory of the Evader 
 
ii) On each section evasion is possible. 
Let ( )i iE E t . We show that on each section 1i iE E   evasion is possible. Note 
that ( )iP t is not on the left of il  (see Figure 1.3). 
 

 

 

 

1P  

  r / n  

r / 3 

r / 2 

En 

E3 

   E2 

3P  

2P  

E1 

r 

1l  
2l  

3l

 

nl  

O 
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Figure 1.3: Evasion on section 1i iE E   

 
We assume the contrary. Let  
 

( ) ( )P t E t M   
 

at some time t . Denote by P′  intersection point of the interval ( )iP t M  with 
the line il . 
 
Then (see Figure 1.3) 
 

 arc ( ) ( )
1 1 1

                       
1

                       ,
1

ii i

i

P t ME M P t Mt

P M

E M t

  




 
 

 
where  arc ( )iP t M  is length of the curve PM , and 1’s in denominators are 
speeds of players and curve PM  is the trajectory of the pursuer on the time 
interval [0, ]t .  
 
Then, it is a contradiction. 
 
Therefore on each section 1i iE E   the evader is not captured by the pursuer. 

il  

1iE +  

 

 ( ) ( )M P t E t= =  iE

P′  

( )iP t  

O 
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Figure 1.4: Figure for Estimation of total time 
 

iii) Estimation of the total time.  
We have shown that on each section 1i iE E   evasion is possible. For this 
distance the evader E spends time equal to 
 

1
1.1

i i
i i i

E E
t E E

 
 

 
We obtain from the right triangles 1 2 2 3 1, , , n nOE E OE E OE E +  (see Figure 1.4) 
 

 
2

2
1 1 2 2

rt E E R R r
       

 

2 2

2 2 3 3 2
r rt E E R R

                
 

. 

. 

. 

 

2r  

3r  

r  

R r−  

1E  

2E  

3E  

( )3R r−  

O 

( )2R r−
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2 2

1 .
1n n n

r rt E E R R
n n

                
                          (1.3)  

            

We show that  .
1n

rt
n


  

Indeed, substituting the equation (1.3) into this 

inequality then taking square, yields  
 

2 2 2
2 2

2 2 2

2 2
1 ( 1) ( 1)

Rr r Rr r rR R
n n n n n

     
    

 
or after simplification  
 

2

2 2 .
1

R R r
n n n

 
  
 

From here 
 

( 1)2 ( 1) 2 r nR n Rn
n


   , 

 
2 .Rn rn r   

 
As , 1R r n  , then 
 

.Rn Rn rn r    
 

Now we obtain 
 

1 2
2

1 ,
2 3 4 n

r r rt t r
n





         

 
 

since the series 
2

1
n n




  is divergent.  

 
Thus for the time 1 2 nt t t    the evader will not be captured. Moreover 

1 nt t    as n  . Therefore in the game of Lion and Man, evasion is 
possible. 
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1.3 Objective of Thesis 
 

In the plane 2
 , motions of the pursuers 1, , mx x  and evader y  are 

subscribed by the equations 
 

0

0

, (0) , 1, ., ,
, (0) .

i i i ix u x x i m
y v y y
= = =
= =




  
 

On controls of the players, coordinate-wise integral constraints are imposed: 
 

2 2 2 2
1 1 2 2

0 0

2 2 2 2
1 1 2 2

0 0

( ) , ( ) , 1, , ,

( ) , ( ) .

i i i iu s ds u s ds i m

v s ds v s ds

ρ ρ

σ σ

∞ ∞

∞ ∞

≤ ≤ =

≤ ≤

∫ ∫

∫ ∫



 
 

Evasion is said to be possible if the state of the evader does not coincide with 
that of any pursuers, that is ( ) ( )ix t y t≠  for all 0t ≥ , and 1, ,i m=  . The 
objectives of the research are: 
• to obtain sufficient conditions of evasion 
• to construct the evasion strategy. 
 
1.4 Outline Of Thesis 
 
This thesis will be presented in six chapters which attempts mainly to 
construct optimal strategies of players in a linear differential game in plane 

2
 . Chapter 1 consists of introduction to differential game problems. Here 
we present lion and man game problem and construct strategy for the evader 
which guarantees evasion from the pursuer.  
 
In Chapter 2, we give a literature review which are some references have 
related work with this research. 
 
For chapter 3, we study control and trajectory of an object, construction of P-
Strategy. 
Next in Chapter 4, we study a pursuit-evasion differential game of two 
players with integral constraints, one pursuer and one evader. In this 
chapter, we introduce some basic methods to prove the main theorem. In 
pursuit (respectively, evasion) games we: 

1) construct a strategy for the pursuer (evader), 
2) show admissibility of this strategy, 
3) show that pursuit can be completed (evasion is possible). 
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In Chapter 5, we give some results which are used to prove our main 
theorem. Here we give sufficient conditions of evasion game in simple 
motion differential game. We consider an evasion differential game of many 
pursuers and one evader with integral constraints in the plane 2

 . The game 
is described by simple equations. Each component of the control functions of 
players is subjected to integral constraint. Evasion is said to be possible if the 
state of the evader does not coincide with that of any pursuer. Strategy of the 
evader is constructed based on controls of the pursuers with time lag. A 
sufficient condition of evasion from many pursuers is obtained and an 
illustrative example is provided. 
 
The last but not least is Chapter 6 where general conclusion and future 
research are presented. 
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