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Abstract of thesis presented to the Senate of Universiti Putra Malaysia in fulfillment

of the requirement for the Degree of Master of Science

MULTISTEP BLOCK METHODS FOR SOLVING VOLTERRA
INTEGRO-DIFFERENTIAL EQUATIONS OF SECOND KIND

By

NURUL ATIKAH BINTI MOHAMED

June 2016

Chairman:Zanariah Abdul Majid, PhD
Faculty: Institute For Mathematical Research

Numerical solutions of Volterra integro-differential equations (VIDEs) by using mul-
tistep block methods are proposed in this thesis. The two point one-step block
method, two point two-step block method and two point three-step block method
are derived by using the Lagrange interpolating polynomial. The generated multi-
step block methods will estimate the solution of VIDEs at two points simultaneously
in a block by using constant step sizes. The source code for solving VIDEs are
developed by using C programming.

In VIDEs the unknown functions appear under the differential and integral sign, so
the combinations of multistep block methods with numerical quadrature rules are
applied. The multistep block methods are used to solve the ordinary differential
equation (ODE) part and quadrature rules are applied to calculate the integral part
of VIDEs. The method developed has solved for linear and nonlinear second kind
VIDEs.

The type of numerical quadrature rules used for solving the integral part of VIDEs
is of Newton-Cotes type. Thus, the quadrature rules of suitable order are used to be
paired with the multistep block methods. Two different approaches are proposed to
solve for two cases where kernel equal or not equal one. The stability region of the
combination methods are studied.

Numerical problems are presented to show the performance of the proposed method.
The results indicated that the proposed method is suitable for solving both linear and
nonlinear VIDEs.
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Abstrak tesis yang dikemukakan kepada Senat Universiti Putra Malaysia sebagai

memenuhi keperluan untuk Ijazah Master Sains

KAEDAH-KAEDAH BLOK MULTILANGKAH BAGI PENYELESAIAN
PERSAMAAN PEMBEZAAN-KAMIRAN VOLTERRA BENTUK KEDUA

Oleh

NURUL ATIKAH BINTI MOHAMED

Jun 2016

Pengerusi: Zanariah Abdul Majid, PhD
Fakulti: Institut Penyelidikan Matematik

Penyelesaian berangka bagi persamaaan pembezaan-kamiran Volterra (PPKV) den-
gan menggunakan kaedah-kaedah blok multilangkah dicadangkan di dalam tesis ini.
Kaedah blok dua titik satu langkah, kaedah blok dua titik dua langkah dan kaedah
blok dua titik tiga langkah ini diterbitkan dengan menggunakan interpolasi Lagrange
polinomial. Kaedah-kaedah blok multilangkah yang terjana ini akan menganggar
penyelesaian bagi PPKV pada dua titik serentak di dalam blok dengan menggunakan
saiz langkah yang malar. Sumber kod bagi menyelesaikan PPKV dibina dengan
menggunakan program C.

Di dalam PPKV fungsi yang tidak diketahui muncul dalam bentuk pembezaan dan
dalam bentuk pengamiran, maka gabungan antara kaedah blok multilangkah dengan
aturan kuadratur berangka digunakan. Kaedah blok multilangkah digunakan untuk
menyelesaikan bahagian persamaan pembezaan biasa (PPB) dan aturan kuadratur
digunakan untuk mengira bahagian kamiran bagi PPKV. Kaedah yang dibangunkan
ini telah menyelesaikan jenis kedua linear dan tak linear PPKV.

Jenis aturan kuadratur berangka yang digunakan bagi menyelesaikan bahagian kami-
ran adalah dari jenis Newton-Cotes. Maka aturan kuadratur yang bersesuaian per-
ingkat digunakan untuk dipasangkan dengan kaedah blok multilangkah. Dua pen-
dekatan yang berbeza dicadangkan bagi menyelesaikan dua kes iaitu kernel sama
atau tidak sama dengan satu. Rantau kestabilan bagi kaedah yang digabungkan juga
dikaji.

Masalah berangka dibentangkan untuk menunjukkan prestasi bagi kaedah yang
dicadangkan. Hasil kajian menunjukkan kaedah yang dicadangkan sesuai untuk
menyelesaikan PPKV linear dan tak linear.
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CHAPTER 1

INTRODUCTION

1.1 Introduction

The field of integral equations has attracted many researchers and various of studies
have contributed towards the development of the field. Starting with the work of Abel
in the 1820’s many modern mathematicians such as Cauchy, Fredholm and Volterra
are involved in this topic. An integral equation is an equation in which the unknown,
generally a function of one or more variables, occurs under an integral sign (Linz,
1985). A standard integral equation is given in the following form

y(x) = f (x)+λ

∫ b(x)

a(x)
K(x,s)y(s)ds (1.1)

where a(x) and b(x) are the region of integration, λ is the constant parameter and
K(x,s) is called the kernel of the integral equation. One significant different between
Fredholm equation and Volterra equation is that Fredholm equation has constant as
integration limits, whereas Volterra equation has variable integral limits. This type
of integral equations can be divided into two groups and referred as the first kind and
the second kind.

Integro-differential equation emerged in many scientific and engineering applica-
tions mostly in an electrical circuit analysis. This type of equations appeared when
initial value problems (IVPs) or boundary value problems (BVPs) are converted to
integral equations. In integro-differential equation both differential and integral oper-
ator appeared together in the same equation. A standard integro-differential equation
is given as

y(n)(x) = f (x)+λ

∫ b(x)

a(x)
K(x,s)y(s)ds (1.2)

The derivatives of the unknown functions may emerged in any order depending on
the problems studied. The types of integro-differential equation which are regularly
reviewed are of Fredholm and Volterra because of its various used in practical or real
life applications.

It is necessary to choose numerical techniques for solving the integral equation since
some of this equations cannot be solved analytically. A numerical methods are suf-
ficient to obtain accurate approximation to the solution and the algorithm developed
can be used to compute the approximation. It is well known that there are two widely
used numerical methods for solving the numerical problems which are single step
method and multistep method. Further it can be divided into the explicit and implicit
method. Adam-Moulton method is an example of implicit linear multistep method
while Adam-Bashforth method is an example of explicit linear multistep method.

1
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1.2 Volterra Integro-Differential Equations

A research work by Volterra when he studied a population growth model resulted
in the existence of this specific topic. In Volterra Integro-Differential Equations
(VIDEs) both differential and integral operator appeared together in the same equa-
tion. VIDEs is given in the following form

yn(x) = F(x,y(x),
∫ x

0
K(x,s,y(s))ds), (1.3)

where yn is the nth derivative of y(x). The value of n indicates the order of the
equation and this study are focused on solving the first order VIDEs. VIDEs can be
classify into two types which are the first kind and the second kind.

1. VIDEs of the first kind∫ x

0
K1(x, t)y(s)ds+

∫ x

0
K2(x, t)y

′(s)ds = f (x), K2(x,s) 6= 0 (1.4)

2. VIDEs of the second kind

(i) K(x,s) = 1

y′(x) = f (x)+
∫ x

0
y(s)ds (1.5)

(ii) K(x,s) 6= 1

y′(x) = f (x)+
∫ x

0
K(x,s)y(s)ds (1.6)

It is important to understand the concept of linearity in VIDEs. The VIDEs is classify
as nonlinear if the unknown function of y(s) contain nonlinear function such as y2(s),
sin(y(s)) and ey(s). In this thesis both linear and nonlinear problems are solved.

After its establishment by Vito Volterra, VIDEs appeared in many physical appli-
cations such as glass forming process, nanohydrodynamics, heat transfer, diffusion
process in general, neutron diffusion and biological species coexisting together with
increasing and decreasing rates of generating (Wazwaz, 2011).

VIDEs of first order is written in the following form

y′(x) = F(x,y(x),z(x)), y(0) = y0, 0≤ x≤ a, (1.7)

z(x) =
∫ x

0
K(x,s,y(s))ds. (1.8)

2
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It is assume that F and K are uniformly continuous in all variables and that the
following Lipschitz condition are satisfied:

|F(x,y1,z)−F(x,y2,z)| ≤ L1|y1− y2|, (1.9)
|F(x,y,z1)−F(x,y,z2)| ≤ L2|z1− z2|, (1.10)
|K(x,s,y1)−K(x,s,y2)| ≤ L3|y1− y2|. (1.11)

Under these conditions eq.(1.7) and eq.(1.8) has a unique solution in 0≤ x≤ a (Linz,
1969).

During this several decades, researches had introduced many efficient numerical
method for solving VIDEs. These includes linear multistep method (Linz, 1969), hy-
brid method (Makroglou, 1982), finite difference method (Raftari, 2010) and Runge-
Kutta type method(Filiz, 2013). The integral term z(x) in eq.(1.8) are solved using
numerical quadrature rule. Effective quadrature rules are needed to solve the inte-
gral part and it is usually grouped either under direct quadrature method or reducible
quadrature rule. In this thesis we will consider the direct quadrature method. Ex-
amples of direct quadrature method are Newton-Cotes quadrature rule, Gregory rule
and Gaussian quadrature formula. Throughout this thesis y(xn) will denote the exact
value where xn = x0 +nh. yn and zn will denote an approximate value of y and z at
xn.

1.3 Motivation

The study of VIDEs is important because of its physical applications in many ar-
eas. The search for more general, easier and accurate numerical method for solving
VIDEs is a continuous and ongoing process. Since in literature there are no study that
has been done on solving VIDEs using the multistep block method, it is a pleasure
for us to solve the problem using the proposed method. By adapting multistep block
method in solving VIDEs, hopefully more accurate results are gained by using less
number of total steps, less number of function evaluations and with less execution
time.

1.4 Objective of the Thesis

The main objective of this thesis is to solve VIDEs of second kind using multistep
block method. It can be achieved by

1. Deriving the two point one-step block method and two point two-step block
method by following the formulation in Majid and Suleiman (2011) to solve
for differential part of VIDEs.

2. Verifying the error constant and zero stable of the multistep block methods.

3. Plotting the region of stability of the multistep block methods combined with

3
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quadrature rules when solving VIDEs.

4. Validating the performance of the developed methods combined with quadra-
ture rules when solving VIDEs.

1.5 Scope of the Study

This research will be focused on solving first order VIDEs of the second kind and
both linear and nonlinear problems are tackled. Two different approaches are used to
solve when K(x,s) = 1 and K(x,s) 6= 1. The multistep block method of order three,
order four and order five combined with quadrature rule are implemented for solving
VIDEs. The combination of predictor and corrector formulas in the form of block
are emphasized together with the used of constant step size.

1.6 Outline of Thesis

This thesis covers six chapters with the following contents:

Chapter 1 is the brief introduction of this thesis. VIDEs is introduced in this chapter
together with the objective and the scope of the study. Review of previous works
related to VIDEs is given in Chapter 2. Besides, basis definitions and properties
of Lagrange interpolation polynomial and linear multistep method are presented.
Relevant mathematical concepts on VIDEs are included.

In Chapter 3 the implementation of two point one-step block method for solving
VIDEs are presented. First, the derivation of two point one-step block method is
shown and the error constant and zero stable of the method are investigated. Then
the implementation of the method and the algorithm is given. Various linear and non-
linear numerical problems are tested and the numerical results are presented to show
the efficiency of the proposed method. Lastly the numerical results are presented and
discussed.

In the next chapter the two point two-step block method for solving VIDEs are given.
The method is derived and the error constant and zero stable are determined to show
that the method derived is stable. The implementation of the method in solving
VIDEs and the algorithm used are also given. The numerical problems and the results
are included and compared with the existing method.

In Chapter 5, VIDEs are solved by using the two point three-step block method.
Start with the derivation of the method, determined the error constant and zero stable
then continue with the implementation of the method. Next, the built algorithm
2P3BVIDE is shown. In order to verify the performance of the proposed method,
some numerical problems are presented.

Lastly, Chapter 6 contains the summary of the study and the future work that can be
suggested and extended from this research.

4



© C
OPYRIG

HT UPM
REFERENCES

Abdullah, A. S., Majid, Z. A., and Senu, N. (2013). Solving third order boundary
value problem using fourth order block method. Applied Mathematical Sciences,
7(53):2629–2645.

Aziz, N. H. A., Majid, Z. A., and Ismail, F. (2014). Solving Delay Differential
Equations of Small and Vanishing Lag Using Multistep Block Method. Hindawi
Publishing Corporation, pages 1–10.

Brunner, H. and Lambert, J. D. (1974). Stability of Numerical Methods for Volterra
Integro-Differential Equations. Springer-Verlag, 12:75–89.

Burden, R. L. and Faires, J. D. (2005). Numerical Analysis 8th edition. Thomson.

Chang, S. H. (1982). On Certain Extrapolation Methods for the Numerical Solution
of Integro-Differential Equations. Mathematics of Computation, 39:165–171.

Chen, H. and Zhang, C. (2011). Boundary Value Methods for Volterra Integral
and Integro-Differential Equations . Applied Mathematics and Computation,
218:2619–2630.

Chu, M. T. and Hamilton, H. (1987). Parallel Solution of ODE’s by Multi-Block
Methods. SIAM. J. Sci. Stat. Comput., 8(3):342–353.

Day, J. T. (1967). Note on the Numerical Solution of Integro-Differential Equations.
The Computer Journal, 9:394–395.

Dehghan, M. and Salehi, R. (2012). The numerical solution of the non-linear integro-
differential equations based on the meshless method. Journal of Computational
and Applied Mathematics, 236:2367–2377.

Fatunla, S. O. (1991). Block Methods for Second order ODEs. International Journal
of Computer Mathematics, 41(1):55–63.

Feldstein, A. and Sopka, J. R. (1974). Numerical Methods for Nonlinear Volterra
Integro-Differential Equations. SIAM J. NUMER. ANAL., 11(4):826–846.

Filiz, A. (2013). A Fourth-Order Robust Numerical Method for Integro-Differential
Equations. Assian Journal of Fuzzy and Applied Mathematics., 1:28–33.

Filiz, A. (2014). Numerical Method for a Linear Volterra Integro-Differential Equa-
tion with Cash-Karp Method. Assian Journal of Fuzzy and Applied Mathematics.,
2(1):1–11.

Hasni, M. M., Majid, Z. A., and Senu, N. (2013). Numerical Solution of Linear
Dirichlet Two-Point Boundary Value Problems Using Block Method. Interna-
tional Journal of Pure and Applied Mathematics, 85(3):495–506.

Lambert, J. D. (1973). Computational Methods in Ordinary Differential Equations.
John Wiley & Sons.

95



© C
OPYRIG

HT UPM
Linz, P. (1969). Linear Multistep Methods for Volterra Integro-Differential Equa-

tions. Journal of the Association for Computing Machinery., 16:295–301.

Linz, P. (1985). Analytical and Numerical Methods for Volterra Equations. SIAM
Philadelphia 1985.

Lubich, C. (1982). Runge-Kutta Theory for Volterra Integrodifferential Equations .
Springer-Verlag, 40:119–135.

Majid, Z. A., Azmi, N. A., Suleiman, M., and Ibrahaim, Z. B. (2012). Solving
Directly General Third Order Ordinary Differential Equations Using Two-Point
Four Step Block Method . Sains Malaysiana, 5(41):623–632.

Majid, Z. A. and Suleiman, M. (2011). Predictor-Corrector Block Iteration Method
for Solving Ordinary Differential Equations. Sains Malaysiana, 40(6):659–664.

Makroglou, A. (1982). Hybrid Methods in the Numerical Solution of Volterra
Integro-Differential Equations. IMA Jounal of Numerical Analysis., 2:21–35.

Matthys, J. (1976). A-Stable Linear Multistep Methods for Volterra Integro-
Differential Equations. Springer-Verlag, 27:85–94.

Mehdiyeva, G., Imanova, M., and Ibrahimov, V. (2013). The Application of the
Hybrid Method to Solving the Volterra Integro-Differential Equation. Proceedings
of the World Congress on Engineering 2013., 1.

Mocarsky, W. L. (1971). Convergence of Step-by-step Methods for Non-linear
Integro-DifTerential Equations. J. Inst. Maths Applics, 8:235–239.

Mukhtar, N. Z., Majid, Z. A., Ismail, F., and Suleiman, M. (2012). Numerical So-
lution for Solving Second Order Ordinary Differential Equations Using Block
Method. International Journal of Modern Physics : Conference Series, 9:560–
565.

Omar, Z. (2005). Solving Higher Order Ordinary Dierential Equations Using Parallel
2-Point Explicit Block Method. Matematika, 21(1):15–23.

Phang, P. S., Majid, Z. A., and Suleiman, M. (2012). On the Solution of Two Point
Boundary Value Problems with Two Point Direct Method. International Journal
of Modern Physics, 9:566–573.

Radzi, H. M., Majid, Z. A., Ismail, F., and Suleiman, M. (2012). Two and Three
Point One-Step Block Methods for Solving Delay Differential Equations. Journal
of Quality Measurement and Analysis, 8(1):29–41.

Raftari, B. (2010). Numerical Solutions of the Linear Volterra Integro-Differential
Equations : Homotopy Pertubation Method and Finite Difference Method. World
Applied Sciences Journal., 9:7–12.

Rosser, J. B. (1967). A Runge-Kutta for All Seasons. SIAM Review, 9(3):417–452.

96



© C
OPYRIG

HT UPM
Saadati, R., Raftari, B., Adibi, H., Vaezpour, S. M., and Shakeri, S. (2008). A

Comparison Between the Variational Iteration Method and Trapezoidal Rule for
Solving Linear Integro-Differential Equations . World Applied Sciences Journal,
4(3):321–325.

Shampine, L. F. and Watts, H. (1969). Block Implicit One-Step Methods. Math.
Comp., 23:731–740.

Shaw, R. E. (2000). A Parallel Algorithm for Nonlinear Volterra Integro-Differential
Equations. SAC’00 Proceedings of the 2000 ACM Symposium on Applied Com-
puting, 1:86–88.

Wazwaz, A. M. (2011). Linear and Nonlinear Integral Equations : Methods and
Applications. Springer Heidelberg Dordrecht London New York.

Wolfe, M. A. and Philips, G. M. (1968). Some Methods for the Solution of non-
singular Volterra Integro-Differential Equations. Department of Applied Mathe-
matics, University of St. Andrews.

Wolkenfelt, P. H. M. (1982). The Construction of Reducible Quadrature Rules for
Volterra Integral and Integro-differential Equations . IMA Journals of Numerical
Analysis, 2:131–152.

Zabidi, M. Z. M., Majid, Z. A., and Senu, N. (2014). Solving Stiff Differential Equa-
tions Using A-Stable Block Method. International Journal of Pure and Applied
Mathematics, 93(3):409–425.

97



© C
OPYRIG

HT UPM
PUBLICATIONS

Publications that arise from the study are:

Mohamed, N. A. and Majid, Z. A. One-step Block Method for Solving Volterra
Integro-Differential Equations. In AIP Conference Proceedings, 1682, 020018
(2015); doi: 10.1063/1.4932427.

Mohamed, N. A. and Majid, Z. A. Multistep Block Method for Solving Volterra
Integro-Differential Equations. In Malaysian Journal of Mathematical Sciences,

Accepted.

99



© C
OPYRIG

HT UPMUNIVERSITI PUTRA MALAYSIA
STATUS CONFIRMATION FOR THESIS/PROJECT REPORT AND COPYRIGHT

ACADEMIC SESSION: 2015/2016

TITLE OF THE THESIS/PROJECT REPORT:
MULTISTEP BLOCK METHODS FOR SOLVING VOLTERRA INTEGRO-DIFFERENTIAL
EQUATIONS OF SECOND KIND

NAME OF STUDENT: NURUL ATIKAH BINTI MOHAMED

I acknowledge that the copyright and other intellectual property in the thesis/project report
belonged to Universiti Putra Malaysia and I agree to allow this thesis/project report to be
placed at the library under the following terms:

1. This thesis/project report is the property of Universiti Putra Malaysia.
2. The library of Universiti Putra Malaysia has the right to make copies for educational

purposes only.
3. The library of Universiti Putra Malaysia is allowed to make copies of this thesis for

academic exchange.

I declare that this thesis is classified as:

*Please tick(X)�
 �	 CONFIDENTIAL (contain confidential information under Official Secret

Act 1972).�
 �	 RESTRICTED (Contains restricted information as specified by the

organization/institution where research was done).�
 �	 OPEN ACCESS I agree that my thesis/project report to be published

as hard copy or online open acces.
This thesis is submitted for:�
 �	 PATENT Embargo from until .

(date) (date)
Approved by:

(Signature of Student) (Signature of Chairman of Supervisory Committee)
New IC No/Passport No. Name:

Date: Date:

[Note: If the thesis is CONFIDENTIAL or RESTRICTED, please attach with the let-
ter from the organization/institution with period and reasons for confidentially or re-
stricted.]


	MULTISTEP BLOCK METHODS FOR SOLVING VOLTERRAINTEGRO-DIFFERENTIAL EQUATIONS OF SECOND KIND
	Abstract
	TABLE OF CONTENTS
	CHAPTER
	REFERENCES



