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There has been tremendous growth in the study of active vibration suppression of 

flexible structures in aerospace and robotics applications. The mathematical modeling of 

flexible structure is usually complex; for the control of flexible structure one needs to 

design an algorithm which is related to mathematical model. This thesis is addressed to 

the comprehensive analysis for generic structure control that has not been adequately 

dealt with in the literature. The comprehensive account is given by way of a generic 

example with the solution of LQR problem using genetic algorithm for this structure. 

First, the dynamic analysis of a cantilever beam hinged with linear spring at the tip is 

studied analytically and numerically as a baseline. Then, a cantilever beam bonded with 

piezoelectric sensor and actuator is considered for the study of the vibration control. For 

this purpose, a flexible Euler–Bernoulli beam is analyzed using Hamiltonian mechanics. 

The free vibration problems of the beam structures are solved using analytical and finite 

element method. The analytical method can only be used for certain class of geometries 

particularly simple ones and the finite element method can be applied for more general 

cases. In addition the analytical method can be used for validation purposes. The first 

three major natural modes and frequencies for all these two methods have been verified 

by present study. In addition the results of these studies are compared to available and 

acceptable data for validation and assessment. 

For dynamic problem, the state-space approach can be used to design the effective 

controller for convenience, accuracy and computational efficiency. In the workout 

examples, the first two modes are used to control. The effective vibration control is 

designed by resorting to two methods one is PID and the other is LQR. The PID, which 

is the most direct method, will be used as a reference in finding the better methods. The 

LQR is then utilized to obtain the better or eventually the best solution. The LQR is 

formulated by full–order state observer. These methods are elaborated and it was found 

that satisfactory answer can be obtained by using two modes of the beam. The work has 

demonstrated the effectiveness of LQR method judged from computation time and 

accuracy. In addition, to improve the LQR trial and error procedure, genetic algorithm 
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has been used to obtain the LQR weighting matrices. The method has been elaborated 

and the results obtained show better improvement than earlier trial and error method. 
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Abstrak tesis yang dikemukakan kepada Senat Universiti Putra Malaysia 

Sebagai memenuhi keperluan untuk ijazah Master Sains 

PENGATUR LINEAR KUADRATIK DENGAN ALGORITMA GENETIK 

UNTUK STRUKTUR FLEKSIBEL KAWALAN GETARAN 

Oleh 

MOHAMMAD JAFARI 

Januari 2015 

Pengerusi: Professor Harijono Djojodihardjo, ScD, IPU 

Fakulti: Kejuruteraan 

 

Terdapat pertumbuhan yang besar dalam kajian penindasan getaran aktif struktur 

fleksibel dalam aeroangkasa dan aplikasi robotik. Pemodelan matematik struktur 

fleksibel biasanya kompleks; bagi mengawal struktur fleksibel salah satu keperluan 

untuk mereka bentuk satu algoritma yang berkaitan dengan model matematik. Tesis ini 

ditujukan kepada analisis yang komprehensif untuk mengawal struktur generik yang 

belum ditangani dengan secukupnya dalam kesusasteraan. Akaun komprehensif 

diberikan melalui satu contoh generik dengan penyelesaian masalah LQR menggunakan 

algoritma genetik untuk struktur ini. Pertama, analisis dinamik rasuk julur berengsel 

dengan musim bunga linear di hujung dikaji secara analisis dan berangka sebagai garis 

asas. Kemudian, rasuk julur terikat dengan sensor piezoelektrik dan penggerak dianggap 

untuk kajian kawalan getaran. Untuk tujuan ini, yang fleksibel Euler-Bernoulli rasuk 

yang telah dijalankan dianalisis menggunakan mekanik Hamiltonian. Masalah getaran 

bebas daripada struktur rasuk diselesaikan dengan menggunakan kaedah analisis dan 

unsur terhingga. Kaedah analisis hanya boleh digunakan untuk kelas tertentu 

terutamanya geometri yang mudah dan kaedah unsur terhingga boleh digunakan untuk 

kes-kes yang lebih umum. Selain kaedah analisis boleh digunakan untuk tujuan 

pengesahan. Yang pertama tiga mod alam besar dan frekuensi untuk semua kedua-dua 

kaedah telah disahkan oleh kajian ini. Selain itu hasil kajian ini berbanding dengan yang 

ada dan diterima data untuk pengesahan dan penilaian. 

Untuk masalah dinamik, pendekatan negeri-ruang boleh digunakan untuk mereka bentuk 

pengawal yang berkesan untuk kemudahan, ketepatan dan kecekapan pengkomputeran. 

Dalam contoh-contoh senaman, dua mod yang pertama digunakan untuk mengawal. 

Kawalan getaran berkesan direka dengan melakukan dua cara seseorang itu PID dan satu 

lagi adalah LQR. PID, yang merupakan kaedah yang paling langsung, akan digunakan 

sebagai rujukan dalam mencari kaedah yang lebih baik. LQR ini kemudiannya 

digunakan untuk mendapatkan yang lebih baik atau akhirnya penyelesaian terbaik. LQR 

ini dirumuskan secara sepenuh perintah negeri pemerhati. Kaedah-kaedah ini dihuraikan 

dan didapati bahawa jawapan yang memuaskan boleh diperolehi dengan menggunakan 

dua mod rasuk. Kerja-kerja ini telah menunjukkan keberkesanan kaedah LQR dinilai 
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dari semasa pengiraan dan ketepatan. Di samping itu, untuk meningkatkan percubaan 

dan kesilapan prosedur LQR, algoritma genetik telah digunakan untuk mendapatkan 

matriks LQR pemberat. Kaedah ini telah dihuraikan secara terperinci dan keputusan 

yang diperolehi menunjukkan peningkatan lebih baik daripada percubaan awal dan 

kaedah kesilapan. 
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CHAPTER 1  

1.INTRODUCTION 

1.1 Research Background and Motivation  

As the area of technology grows, products of engineering industry are going into smaller 

size, lighter weight, and more affordable cost (Meirovitch, 1990). In order to have more 

compact and inexpensive structures the outcome may be a more light and flexible 

structures. One of the important issues in flexible structures is to suppress the effect of 

the vibration. The vibration problem in structures may be generated by external 

disturbances or internal uncertainties such as frictions (Alkhatib and Golnaraghi, 2003). 

These matters can be observed in the area of mechanics such as spacecraft structures and 

robotic systems. Spacecraft and satellite structures often undergo vibrations and 

disturbances from the physical environment. Robotic systems contain flexible links with 

variations of loading, which causes the vibration problem. 

Vibration control of light-weight structures is of great interest of many studies and 

investigations. The high cost of sending heavy masses and large volumes into space has 

prompted the wide utilization of light-weight structures in space applications, such as 

antennas, robot’s arms, solar panels. These kinds of structures are largely flexible, which 

results in lightly damped vibration, instability and fatigue. Two major approaches have 

been reported in the literatures for vibration control: passive and active (Korkmaz, 

2011). In the passive method the damping of the structure is increased by using passive 

dampers or materials with significant viscoelasticity. This method can increase the total 

weight considerably and is best for high frequency modes. An active method integrates 

sensors and actuators with the flexible structure, operated by a control scheme. To 

suppress the adverse effect of vibration, sophisticated controller is required. 

Active control approaches are widely reported in the literatures for the vibration control 

of structures (Alkhatib and Golnaraghi, 2003; Korkmaz, 2011). The active control 

approach makes use of actuators and sensors to find out some essential variables of the 

structure and suppress its vibration through minimizing the settling time and the 

maximum amplitude of the undesirable oscillation. This method requires a specific level 

of understanding about the dynamic behavior of continuous structures, such as beam or 

plate structure, via mathematical modelling. Selecting adequate sensor and actuator is an 

important issue in active vibration control. The conventional form of sensor and 

actuator, such as electro-hydraulic or electro-magnetic actuator, are not applicable to 

implement on the light-weight space structures. Thus, in recent years, a new form of 

sensor and actuator has been studied using smart materials, such as shape memory alloys 

and piezoelectric materials (Fuller et al., 1996). The definition of smart material may be 

expressed as a material which adapts itself in response to environmental changes. 

Among smart materials, piezoelectric materials are widely studied in literatures, since 

they have many advantageous such as adequate accuracy in sensing and actuating, 

applicable in the wide frequency range of operations, applicable in distributed or discrete 

manner and available in different size, shape and arrangement (Moheimani, 2003). 
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The present work attempts to fill the gap in the literature through the formulation of a 

generic problem. It has taken into consideration the progress and state of the arts as 

elaborated in the literatures as well as examples elaborated by other researchers; the 

comprehensive solution method is considered to be unique. 

1.2 Problem Statement  

The vibration problem in light-weight flexible structures is one of the important issues in 

engineering design. These structures are very sensitive to their physical environment due 

to flexibility. This issue can generate fatigue or resonance in a structure, which is 

undesirable and cause of failure. Especially in the space structures, the need of saving 

mass at launch along with the necessity of large surfaces, for instance 

telecommunication antennas or solar arrays, can lead to highly flexible structures. This 

characteristic causes a serious challenge when a control must be applied in order to 

reorient the platform, or to compensate the effects of orbital disturbance. Indeed, 

flexibility brings undesirable oscillations that may cause resonance conditions when they 

interact with control actions (Gasbarri et al., 2014). Hence, engineers try to avoid the 

vibration using control methods. In order to control the vibration, a dynamic modeling of 

the structure is required, where can be obtained using physical and mathematical laws 

and theories. The modeling of the structure can be sophisticated problem due to their 

geometry and application. A controller is designed based on the dynamic model of the 

structure. However, the development of a comprehensive analysis for control still needs 

further workout and proven techniques as a specific approach. Hence, Linear-Quadratic-

Regulator controller with genetic algorithm for flexible structures vibration control is 

here elaborated as one of those techniques hence as a novel approaches. 

Space and robot structures, as shown in Figure ‎1.1, can be simplified mostly in the form 

of beam and plate (Narayanan and Balamurugan, 2003). In this investigation, only beam 

theory is considered. From the fundamental beam theory Euler and Bernoulli developed 

one of the most practical and straightforward theories; however, as beam theory 

progresses, more sophisticated and accurate theories are developed like Rayleigh and 

Timoshenko beam theories (Rao, 2007). Euler-Bernoulli theory is applicable to long and 

thin span, for which plane sections can be assumed to remain plane and perpendicular to 

the beam axis, and shear stress and rotational inertia of the cross section can be 

neglected. Solar panel and antenna are very flexible and slender, so that Euler-Bernoulli 

beam theory can be considered. The equation of motion of a beam can be acquired using 

Newtonian mechanics, or analytical mechanics approaches such as Hamilton’s method 

and Lagrange method (Baruh, 1999). Hamiltonian mechanics is an elegant and 

convenient approach, since scalar equation of motion of the beam and boundary 

conditions can be obtained simultaneously. 

Three investigations are considered in the present work. First one is the modal analysis 

of a beam structure hinged with a linear spring at the tip. The first study is developed in 

the second one which is the active vibration control of a flexible beam bonded with 

piezoelectric sensor and actuator using PID and LQR with observer controllers. The 

third study is improvement the LQR controller which discussed in the previous study. In 

third study, genetic algorithm is utilized to optimize the weighting matrices of LQR 

controller. These problems are organized in three chapters. 
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Figure ‎1.1. Solar Panel on a typical satellite (left) and an experimental model of Free-

Floating Platform with two flexible appendages designed by Gasbarri et al. (2014) (right) 

The first study considered is translated to a generic problem in the sense of its 

formulation, solution method and its potential for generating more complex one using 

the principle of superposition. Somewhat similar problem is reported in the literatures. 

This will be elaborated in the particular section in this work. However, these problems 

have not being elaborated in sufficient detail in the methods as well as solution 

approaches in the literature. The modal analysis of a cantilever beam with a linear spring 

hinged at the tip is investigated as generic problem. For this purpose Newtonian and 

Hamiltonian approach are utilized to give better insight and deliver workable procedure 

and example. Then, the natural frequencies and natural modes are acquired through 

analytical and numerical approaches. 

The first study is extended to a smart beam in order to investigate the problem of 

vibration control of structure subjected to certain disturbances. The aim is to suppress 

the vibration of a flexible beam structure using piezoelectric material sensor and actuator 

through an efficient and straightforward controller. Several ways to control the vibration 

of flexible structures are reported in literatures (Alkhatib and Golnaraghi, 2003). One of 

the adequate and simple controllers is Proportional-Integral-Derivative (PID) controller, 

which is classified as classical control algorithm. PID controller minimizes the steady 

state error of the system (Ogata, 2010). Linear Quadratic Regulator (LQR) controller is 

another convenient method. LQR is expressed as optimal and modern controller, which 

is based on minimizing the performance index of a dynamic system (Lewis et al., 2012). 

To develop a successful operation, it is hypothesized that most controllers have been 

developed for a finite number of natural modes where the controllability and 

observability conditions are met. Three different piezoelectric configurations are 

considered on a flexible beam for comparative study. 

The weighting matrices of LQR control algorithm, Q and R, are usually determined with 

trial and error or experiment. However, a new approach is introduced to find the best 

weighting matrices, Q and R, subjected to the control performance using Genetic 

Algorithm optimization and search method. A simple piezoelectric configuration on the 

beam is considered in this study. 
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1.3 Research Objectives 

The main goals of this thesis are to analyze the vibration of flexible beam structures and 

design an effective and simple controller to suppress the vibration of the smart beam. 

Hence, this thesis is separated into three main parts. First, the vibration of a cantilever 

beam with spring loading is analyzed as base line. Then this study is extended to a beam 

patched with piezoelectric layer as a smart structure in order to design and apply the 

control algorithm. Finally, an optimization method is utilized to find the best control 

performance for the Linear-Quadratic-Regulator control designs method. The major 

objectives of the thesis are listed as follows: 

 To determine the basic vibrational characteristics (the natural frequencies and 

natural modes) of the controlled structure. For this purpose analytical (eg. 

methods of separation of variables) and finite element method are utilized. The 

later can be carried out through the use of Galerkin method in the weak 

formulation of the problem. 

 To carry out optimization scheme for the preferred method (LQR), using 

heuristic and Genetic Algorithm methods. 

 To assess the robustness of the control strategy carried out using the outlined 

approach for the generic structural system chosen and more involved ones. 

1.4 Methodology 

Following methods are used in order to achieve the objectives: 

 To derive the characteristic equation of Beam with the translational spring 

hinged at tip as a baseline by using Hamilton’s Principle and Newton’s law  

 To derive the beam patched with piezoelectric as a controllable structure by 

using Hamiltonian’ Principle 

 To solve the equation of motion of the system using analytical method and Finite 

Element method and validate the result with available theoretical and 

experimental studies 

 To solve the Time response of the system using State-Space approach and use 

this method to design the controllers 

 To utilize State-Space approach to design two controllers (Full-order state 

observer LQR and PID),  so as to suppress the vibration of the beam based on 

state-space approach 

 To construct the objective function based on full-order state observer LQR 

controller 

 To find the best weighting matrices of LQR using genetic algorithm search and 

optimization method and compare it with heuristic method 
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1.5 Research Scope and Limitation 

In the present work, the free vibration analysis of beam structures is investigated by 

assuming the beam can be modeled following the Euler-Bernoulli beam. This theory is 

desirable and acceptable for long and thin structures. A steel beam is used as a case 

study for the vibration analysis of cantilever beam hinged with transitional spring at the 

tip. An aluminum beam bonded with piezoelectric material is considered as case study 

for the vibration control of a light beam structure. Two common piezoelectric materials, 

PZT and PVDF, are used as both sensor and actuator. All beams are assumed to have 

uniform elastic modulus and cross section along the entire structure. Cantilever beams 

are considered in this dissertation since most of mechanical applications are clamped on 

one side. In the control part, first two major natural mode of the beam is hypothesized 

and utilized in design of controllers because other higher natural modes are insignificant 

amplitude in compare with first two modes in the beam structure. Proportional-Integral-

Derivative control method is utilized as a baseline. Through many control algorithms, 

two straightforward controllers, PID and LQR with full-state observer, are utilized for 

controlling the vibration of the beam. Linear-quadratic-regulator is utilized as a primary 

feedback controller and Proportional-Integral-Derivative a secondary one. Full states are 

required for LQR feedback gain to determine the input of the system. For controlling the 

beam vibration by LQR control approach, all states variables for LQR feedback gain are 

not available to determine the input of the system. Since the system has just one output, 

which is the sensor voltage, an observer is required as an estimator to estimate all states 

variables. In order to obtain LQR weighting matrices, a systematic approach is utilized 

with heuristic and optimization method based on minimizing the settling time of the 

controller response. Using PID as a secondary control approach, the PID gains (KP, KI, 

and KD) are determined with heuristic method for convenience. It should be noted, since 

the focus is on the complete and coherent LQR technique, that we are addressing, the 

similar elaboration on PID gains can be readily done but it is beyond the scope of the 

present thesis. 

1.6 Organization of Thesis 

A literature review including flexible structure dynamic, smart materials and vibration 

control is presented in Chapter Two. In Chapter Three, The dynamic analysis of a beam 

hinged with spring based on Euler-Bernoulli theory is described and free vibration 

solution is analyzed. A brief review of piezoelectric material and acquiring the 

governing equation of piezo-sensor and piezo-actuator are described. Then, the general 

equation of motion of a beam with piezoelectric layer is derived based on Euler-

Bernoulli beam theory. The state-space representation of the beam is described in order 

to design the controller. PID and LQR with observer controllers are designed based on 

first two mode of the system. A closed loop equation of full-order state observer LQR 

controller is derived in order to use as objective function in the Genetic Algorithm 

optimization method. A brief review of Genetic Algorithm is also described. In Chapter 

Four, the numerical result of modal analysis, vibration control and optimization of LQR 

control are discussed using different case studies. The conclusion and future work are 

represented in Chapter Five. Deriving the equation of motion of a beam using Newton’s 

second law is described in Appendix A. The Finite element method of the beam is 
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comprehensively presented in Appendix B. The proofs of controllability, observability 

and Riccati equation are elaborated in Appendix C. The in-house finite element and 

genetic algorithm MATLAB
®
 codes are given in Appendix D and Appendix E, 

respectively. Design of the controllers using SIMULINK
®
 is demonstrated in Appendix 

F. 
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