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In this thesis, generalizations of Kronecker, Hadamard and usual products (sums) 

that depend on the partitioned of matrices are studied and defined. Namely: Tracy-

Singh, Khatri-Rao, box, strong Kronecker, block Kronecker, block Hadamard, 

restricted Khatri-Rao products (sums) which are extended the meaning of Kronecker, 

Hadamard and usual products (sums). The matrix convolution products, namely: 

matrix convolution, Kronecker convolution and Hadamard convolution products of 

matrices with entries in set of functions are also considered. The connections among 

them are derived and most useful properties are studied in order to find new 

applications of Tracy-Singh and Khatri-Rao products (sums). These applications are: 

a family of generalized inverses, a family of coupled singular matrix problems, a 

family of matrix inequalities and a family of geometric means. 

 

In the theory of generalized inverses of matrices and their applications, the five 

generalized inverses, namely Moore-Penrose, weighted Moore-Penrose, Drazin, 
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weighted Drazin and group inverses and their expressions and properties are studied. 

Moreover, some new numerous matrix expressions involving these generalized 

inverses and weighted matrix norms of the Tracy-Singh products matrices are also 

derived. In addition, we establish some necessary and sufficient conditions for the 

reverse order law of Drazin and weighted Drazin inverses. These results play a 

central role in our applications and many other applications.  

 

In the field of system identification and matrix products work, we propose several 

algorithms for computing the solutions of the coupled matrix differential equations, 

coupled matrix convolution differential, coupled matrix equations, restricted coupled 

singular matrix equations, coupled matrix least-squares problems and weighted Least 

-squares problems based on idea of  Kronecker (Hadamard) and Tracy-Singh 

(Khatri-Rao) products (sums) of matrices. The way exists which transform the 

coupled matrix problems and coupled matrix differential equations into forms for 

which solutions may be readily computed. The common vector exact solutions of 

these coupled are presented and, subsequently, construct a computationally - 

efficient solution of coupled matrix linear least-squares problems and non-

homogeneous coupled matrix differential equations. We give new applications for 

the representations of weighted Drazin, Drazin and Moore-Penrose inverses of 

Kronecker products to the solutions of restricted singular matrix and coupled matrix 

equations. The analysis indicates that the Kronecker (Hadamard) structure method 

can achieve good efficient while the Hadamard structure method achieve more 

efficient when the unknown matrices are diagonal. Several special cases of these 

systems are also considered and solved, and then we prove the existence and 
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uniqueness of the solution of each case, which includes the well-known coupled 

Sylvester matrix equations. We show also that the solutions of non-homogeneous 

matrix differential equations can be written in convolution forms. The analysis 

indicates also that the algorithms can be easily to find the common exact solutions to 

the coupled matrix and matrix differential equations for partitioned matrices by using 

the connections between Tracy-Singh, Block Kronecker and Khatri -Rao products 

and partitioned vector row (column) and our definition which is the so-called 

partitioned diagonal extraction operators. 

 

Unlike Matrix algebra, which is based on matrices, analysis must deal with 

estimates. In other words, Inequalities lie at the core of analysis. For this reason, it’s 

of great importance to give bounds and inequalities involving matrices. In this 

situation, the results are organized in the following five ways: First, we find some 

extensions and generalizations of the inequalities involving Khatri-Rao products of 

positive (semi) definite matrices. We turn to results relating Khatri-Rao and Tracy-

Singh powers and usual powers, extending and generalizing work of previous 

authors. Second, we derive some new attractive inequalities involving Khatri-Rao 

products of positive (semi) definite matrices. We remark that some known 

inequalities and many other new interesting inequalities can easily be found by using 

our approaches. Third, we study some sufficient and necessary conditions under 

which inequalities below become equalities. Fourth, some counter examples are 

considered to show that some inequalities do not hold in general case. Fifth, we find 

Hölder-type inequalities for Tracy-Singh and Khatri-Rao products of positive (semi) 

definite matrices. The results lead to inequalities involving Hadamard and Kronecker 
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products, as a special case, which includes the well-known inequalities involving 

Hadamard product of matrices, for instance, Kantorovich-type inequalities and 

generalization of Styan's inequality. We utilize the commutativity of the Hadamard 

product (sum) for possible to develop and improve some interesting inequalities 

which do not follow simply from the work of researchers, for example, Visick's 

inequality. 

 

Finally, a family of geometric means for positive two definite matrices is studied; we 

discuss possible definitions of the geometric means of positive definite matrices. We 

study the geometric means of two positive definite matrices to arrive the definitions 

of the weighted operator means of  positive definite matrices. By means of several 

examples, we show that there is no known definition which is completely 

satisfactory. We have succeeded to find many new desirable properties and 

connections for geometric means related to Tracy-Singh products in order to obtain 

new unusual estimates for the Khatri-Rao (Tracy-Singh) products of several positive 

definite matrices. 
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Oleh 

ZEYAD ABDEL AZIZ MAH'D AL ZHOUR 

November 2006 

 
Pengerusi:   Profesor Madya Adem Kiliçman, PhD 

Fakulti:        Sains 

 

Dalam tesis ini pengitlakan hasil darab (tambah) Kronecker, Hadamard yang 

berkaitan dengan matriks yang dipartisi dikaji dan ditak riftan. Perkara tersebut 

melihatkan: hasil darab (tambah) Tracy-Singh, Khatri-Rao, Kotak, Kronecker Kuat, 

Blok Kronecker, hasil darab terhadap Khatri-Rao yang diitlakan maksudnya. 

Hasildarab konvolusi matriks yakni Konvolusi matriks, Konvolusi Kronecker dan 

Konvolusi hadamard, ditertibkan dan sifat utamanya dikaji untuk memperlihatkan 

penggunaan hasil darab Tracy-Singh dan Khatri-Rao (hasil tambah) . Penggunaan ini 

termasuklah songsangan satu keluarga pengitlakan, keluarga masalah matriks 

singularan, keluarga ketaksamaan matriks dan keluarga min geometri. 

 

Dalam teori songsangan matriks teritlak dan aplikasinya, lima songsangan teritlak, 

iaitu Moore-Penrose, Moore-Penrose berpemberat, Drazin, Drazin berpemberat dan 

songsangan kumpulan serta ungkapannya dan sifat-sifat dikaji. Lebih-lebih lagi, 

beberapa ungkapan matriks baru termasuk lima jenis songsangan teritlak dan norma 
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matriks berpemberat bagi matriks hasil darab Tracy-Singh juga diterbitkan. 

Tambahan pula, kita membina beberapa syarat perlu dan cukup untuk hukum tertib 

simpanan bagi Drazin dan songsangan Drazin berpemberat. Hasil-hasil ini 

memainkan suatu peranan pusat dalam aplikasi kita dan banyak aplikasi lain.  

 

Dalam bidang pengecaman sistem dan kerja hasil darab matriks, kita syorkan 

beberapa algoritma untuk mengira penyelesaian  bagi persamaan pembezaan matriks 

terganding, pembezaan konvolusi matriks terganding, persamaan matriks terganding, 

persamaan matriks singular gandingan tersekat, masalah gandingan matriks kuasa-

dua terkecil dan masalah kuasa-dua terkecil berpemberat berasaskan ide hasil darab 

(hasil tambah) Kronecker (Hadamard) dan Tracy-Singh (Khatri-Rao) bagi matriks. 

Cara ini wujud untuk menjelmakan masalah matriks terganding dan persamaan 

pembezaan matriks terganding ke dalam bentuk yang penyelesaiannya mungkin 

dikira. Penyelesaian vektor tepat yang biasa bagi gandingan ini dikemukakan dan 

selanjutnya bina suatu penyelesaian pengiraan cekap bagi masalah matriks linear 

kuasa-dua terkecil terganding dan persamaan pembezaan matriks terganding yang 

tak homogen. Kita beri aplikasi baru untuk perwakilan bagi Drazin berpemberat, 

Drazin dan songsangan Moore-Penrose bagi hasil darab Kronecker kepada 

penyelesaian bagi matriks singular tersekat dan persamaan matriks terganding. 

Analisis menunjukkan bahawa kaedah struktur Kronecker (Hadamard) boleh 

mencapai kecekapan baik manakala kaedah struktur Hadamard mencapai lebih 

kecekapan apabila matriks anu adalah terpepenjuru. Beberapa kes khusus bagi sistem 

ini juga dipertimbangkan dan diselesaikan dan kita buktikan pula kewujudan dan 

keunikan bagi penyelesaian untuk setiap kes, termasuk persamaan matriks Sylvester 
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terganding yang masyhur. Kita tunjukkan juga bahawa penyelesaian bagi persamaan 

pembezaan matriks tak homogen boleh ditulis dalam bentuk konvolusi. Analisis juga 

menunjukkan bahawa algoritmanya boleh mancari penyelesaian tepat biasa bagi 

persamaan pembezaan matriks dan matriks terganding untuk matriks berpetak 

dengan menggunakan kaitan antara hasil darab Tracy-Singh, Blok Kronecker dan 

Khatri-Rao dan vektor baris (lajur) berpetak dan takrifan kita yang dipanggil 

pengoperasi ekstraksi pepenjuru berpetak. 

 

Lain sekali dalam aljabar matriks yang menggunakan matriks, analisisnya mesti 

dikendalikan dengan anggaran. Dengan lain perkataan, ketaksamaannya  terletak 

pada teras analisis. Oleh sebab itulah paling mustahak untuk memberi batas dan 

ketaksamaan yang melibatkan matriks. Dalam keadaan ini, keputusannya disusun 

dalam lima cara berikut. Pertama, kita cari beberapa pengembangan dan pengitlakan 

bagi ketaksamaan melibatkan hasil darab Khatri-Rao bagi matriks tentu (semi) 

positif. Kita balik pula kepada keputusan yang menghubungkan kuasa Khatri-Rao 

dan Tracy-Singh dan kuasa biasa, mengembangkan dan mengitlakkan kerja yang 

dibuat oleh penulis terdahulu. Kedua, kita terbitkan beberapa ketaksamaan baru yang 

menarik melibatkan hasil darab Khatri-Rao bagi matriks tentu (semi) positif. Kita 

perhatikan bahawa beberapa ketaksamaan ketahuan dan banyak ketaksamaan lain 

yang baru dan menarik boleh diperolehi dengan menggunakan pendekatan kita. 

Ketiga, kita kaji beberapa syarat cukup dan perlu di mana ketaksamaan menjadi 

kesamaan. Keempat, beberapa contoh penyangkal dipertimbangkan untuk 

menunjukkan beberapa ketaksamaan tidak dipatuhi dalam kes umum. Kelima, kita 

cari ketaksamaan jenis-Hölder untuk hasil darab Tracy-Singh dan Khatri-Rao bagi 

 ix



matriks tentu (semi) positif. Hasilnya menuju kepada ketaksamaan melibatkan hasil 

darab Hadamard dan Kronecker, sebagai satu kes khusus, termasuk ketaksamaan 

tersohor melibatkan hasildarab Hadamard bagi matriks, umpamanya, ketaksamaan 

jenis-Kantorovich dan pengitlakan ketaksamaan Styan. Kita gunakan kekalisan tukar 

tertib bagi hasil darab (hasil tambah) Hadamard kemungkinan untuk membangunkan 

dan menambahbaikkan beberapa ketaksamaan menarik yang tidak mengikuti kerja 

para penyelidik, misalnya, ketaksamaan Visick . 

 

Akhir sekali, suatu famili min geometri untuk dua matriks tentu positif dikaji; kita 

bincangkan takrifan yang mungkin bagi min geometri untuk matriks tentu positif. 

Kita mengkaji min geometri bagi dua matriks tentu positif untuk tiba ke takrifan bagi 

min pengoperasi berpemberat bagi k matriks positif. Dengan cara contoh mudah, kita 

tunjukkan bahawa tiada takrif ketahuan yang memuaskan selengkapnya. Kita berjaya 

mencari banyak sifat baru yang diinginkan dan kaitan untuk min geometri berhubung 

dengan hasil darab Tracy-Singh untuk memperolehi anggaran tak biasa baru bagi 

hasil darab Khatri-Rao (Tracy-Singh) bagi beberapa matriks tentu positif.     
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