..

Varying the Componentwise

Order of the Multistep Methods
in Solving ODEs and Its
Absolute Stability

Mohamed Bin Suleiman and Saiman Baok

Department of Mathematics
Universiti Pertanian Malaysia
43400 UPM SERDANG, Selangor, Malaysia

and
George Hall

Department of Mathematics
University of Manchester
Manchester, England

Transmitted by John Casti

ABSTRACT

Most variable order, variable stepsize codes for solving ODEs vary the order
along the interval of integration but keep the order constant across the system.
However, some codes that do partitioning of the ODEs into stiff and nonstiff
subsystems vary the order for each equation in the system. In this paper, the reasons
for varying the order componentwise are given and some of its salient features are
illustrated using a numerical example. Also given is the direct proof of the existence
of a region of absolute stability when different order Adams explicit methods are
used to solve a system of ODEs.
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1. INTRODUCTION

Variable order variable stepsize codes, see for instance [1-3], vary the
order along the subintervals of integration but keep the order constant for
the system as a whole. However, in [4, 5] the codes that partition a system of
ODEs into stiff and nonstiff subsystems and solve them with the Adams and
BDF methods, respectively, permit the order to vary separately for each
equation in the system. This additional complexity requires justification in
terms of efficiency and raises the question of whether such codes have a
nonempty absolute stability region. Gear [6] expressed his apprehension over
solving a system of ODEs using the multistep and varying the order
componentwise, because it may lead to the absence of an absolute stability
region. However, Soderlind [7], proved that for multistep methods that are
stable, varying the order preserves their stability.

In this paper, we discuss the reasons for varying the order for each
equation and illustrate, by way of a numerical example, some of its salient
features. Next, a direct proof of the existence of the absolute stability region
is given for the Adams explicit methods when the order is varied. For the
implicit cause it may similarly be proved.

2. WHY USE DIFFERENT ORDER ADAMS METHODS?

For ease and uniformity of notation, the following are defined as k-step
methods:

i) The explicit k-step Adams method.
ii) The PECE Adams method using a k-step explicit predictor and a
k-step implicit corrector.
iii) The (k — 1)-step BDF method implemented using a k-step explicit
Adams formula as predictor and correcting twice the BDF method using a
Newton-type correction.

The methods have local truncation errors (l.t.e) of different order in .
For (i) the Lt.e. is of OCR¥*1), while (ii) is of O(h**?2) and (iii) is of O(AF).
The methods given in (ii) and (iii) are used in [4] and [5] to solve nonstiff and
stiff ODEs, respectively, which we shall be using to solve our numerical
example,

Now consider the first order system of ODEs

vy =f=zy), ya=m  yeER". (2.1)

Codes for solving (2.1) may have different strategies for changing the
order. We mention here the order-changing strategies of some nonstiff ODE
codes, which are also applicable to stiff codes. Gear [1] has the following



The Order of Multistep Methods 211

order strategy. If e, = [e;;, €y, ., €,]" is the local error of solving (2.1)
with the k-step predictor-corrector method for the interval [ z,_,, z,] with
stepsize h,, then the next stepsize h,,, for the interval [z,, z,, ] using
order 7 is given by

TOL
eIl

R, = RYU*Dh  where R, =

n

r=k—1,kk+1. (22)

The choice of the order r for the said interval is such that A, , is the
maximum. Krogh’s choice in [6] is based on the ratio 10/R, with other
additional rules related to the terms in the local error function.

Shampine and Gordon [3] use a simple but effective order choice strategy.
Except for the initial phase, they use the following rules. The order is raised
from k to k+ 1 only after £+ 1 successful steps at constant stepsize,
provided that for 1 < &k < 12, lle; |l < lle ll < max(lle,_ |, lle,_,ID, and for
k=1, lleg, Il <ll0.5¢.l, the order is lowered by one if for k> 2,
max(|l e, lle,_,ID < eyl and for & = 2, lle;_ ;| < max(lle,ll, ll e, ,ID-

Once the choice of k is made, then h, , is given as in (2.2). The
componentwise version of this order strategy is used in [4] and [5], which are
codes for both stiff and nonstiff ODEs. The advantage of a constant order
for the system is that one has to calculate the ratio R, for each step only
once. When the order is varied componentwise and k, is the order of the
Adams method in the ith equation for system (2.1), then one has to
calculate

k

?
i

( TOL)I/(IC1+1)

e,

for all i =1,..., s. The next step size then is given by h,,, = R*h, where
R* = min, R, .

Why then vary the order componentwise? In the order strategy of
Shampine and Gordon (henceforth in the discussion, this is the order-chang-
ing strategy that will be referred to for the constant-order case in the system
and will be simply called the constant order k case), the order k for this
system is determined by the component contributing to || ,|l. This value of &
may be too conservative for some of the components, and can result in some
loss of accuracy to the computed solutions of these components. It could also
be too high for some others, which implies extra overhead due to more terms
for the predictor and divided difference. These points will be further
illustrated with the numerical example given later.

Another reason is the consequence of the remark of Shampine and
Gordon that their code chooses lower order k < 4 following frequent step
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failures whenever instability due to stiffness occurs in solving stiff equations.
This is because the lower order Adams PECE methods have better stability.
It seems natural that if different order methods are used componentwise,
then those that are unaffected by instability can choose higher order
methods. This would then be very useful in partitioning ODEs into nonstiff
and stiff subsystems, especially when it has been notedthat in many practi-
cal problems the stiff subsystem is smaller compared with the nonstiff one.
It implies that solving the nonstiff equations with Adams methods and the
stiff ones with BDF would then reduce the number of equations in the
Jacobian evaluation of the stiff subsystem and the subsequent solution of
the linear equations.

What is more pleasing is that an equation is changed from nonstiff to stiff
at the most appropriate moment, at the point where stability restricts the
Adams method. To be successful it is necessary to identify the equations
that are the cause of stiffness. They may or may not be the equations that
have frequent step failures but certainly are among those with low order
methods. Two variations of identifying stiff equations were given by the
author in [5] and Hall and the author in [4].

The codes in [4] and [5] are adequate to solve most stiff systems, despite
the fact that the partitioning does not take into account changes in the state
of the equations from stiff to nonstiff. This is because most equations
considered stiff do not revert to the nonstiff state and also the fact that
nonstiff equations can still be solved by BDF methods, although they are
computationally expensive. However, there are first order systems, for
instance the Van Der Pols equations, see [8], where the state changes
frequently from nonstiff to stiff and vice-versa. A code that is sensitive to
these changes of states is called a type-insensitive code. Currently type-in-
sensitive codes change the methods of solution to the system as a whole (see
[9-12]). In other words no componentwise partitioning from nonstiff to stiff
and vice-versa is done. In such a case the code should be able to handle
changes from stiff to nonstiff. An early indicator of the need for such a
change is to look at the behavior of variable order BDF methods when the
transients are reintroduced. In the presence of transients, a reverse effect of
the Adams methods in the presence of instabilities occurs. Here the BDF
methods choose the highest permissible order, viz. the sixth order method
with step failures and nonconvergences. These failures occur because the
iteration matrix [ — AB.J, has not been refactored when % is reduced and
when changes have occurred in the Jacobian matrix J during the change in
the state of the system from stiff to nonstiff. The other equations in the stiff
subsystem not affected by the transients choose low-order BDF methods. At
this point the stiff equations that choose the sixth order BDF methods with
frequent step failures are tested for nonstiffness. Hence this discussion
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suggests that varying the order componentwise while using the multistep
methods can be helpful in the development of type-insensitive codes, because
the order variations of the multistep methods for each equation in the
presence of instabilities or transients with step failures is a first indication of
the need to switch methods.

We shall illustrate some of our points with a numerical example and in
the process show some of the salient features of varying the order in a
multistep method. The example used is the system

th=—-10y, + 3y,
¥o= —3y; — 10y,
Ys= —4y;
V=~
%= —05y
%= —0.1y
1(0) = 5,(0) = y5(0) = 4,(0) = y;(0) = 3(0) = 1,

0< <20,

eigenvalues: —0.1, —0.5, —1, —4, —10 + 43, (given in Enright et al. [8]).

We proceed to solve the above system by using the Adams PECE
methods varying the order componentwise and then switching to a BDF
method for any equation found to be stiff. The order-changing strategy is
that of Shampine and Gordon applied componentwise. Because the higher
order explicit BDF methods are not zero stable, we restrict the order of the
PECE BDF methods (as defined earlier) to six, i.e., the 6-step explicit BDF
predictor and the 5-step BDF implicit corrector. This is despite the 6-step
implicit BDF method being stiffly stable. Table 1 below gives the pair
(k;, e), i=1,2,...,6, which are the order and the local error for the ith
equation in the system at seven tabulated points denoted by ( z, k) where z
is the said point and h the step size used. The tolerance used for this
example is 1078, A number of the form o —b) in the table will mean
ax 107°

The first tabulated point is the first step, therefore the order is 1 for all
equations. The second tabulated point is just a few steps after the initial
phase of the code, during which the order is raised at every step, hence the
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constant order for all equations. The third point shows the early variation of
the order for all the equations where the transients are still dominant. The
fourth tabulated point shows that the transients in the first two equations
have almost died out and the step size is approaching instability and hence
the first two equations choose lower order methods, viz., 3 and 4. However,
the transients on the rest of the equation are still strong and therefore the
high order. The |le,ll here is due to the first equation, hence in a constant
order k code the order for the system is 3. This will definitely affect the
accuracy of the third equation onward.

Just prior to the fifth tabulated point, z = 5.68, stiffness tests as given in
[11] are done on the first two equations. The rest of the equations are
omitted from the tests because the high order indicates they are still in the
nonstiff state. At z = 5.68 the first two equations are treated as stiff and
solved using the BDF methods, while the rest still use the Adams methods.
The sixth point at z = 18.60 shows that now the third equation has the
largest magnitude for the local error and determines the order in a constant
order system, which is 7. This is not possible with the BDF methods used.
Notice for the sixth and seventh points the orders of the BDF methods for
the first two equations are 2 and 3. Had the whole system solved at these
points with a constant order BDF method, then the order attained, deter-
mined by the third equation, would be 6 (because the Adams method with
smaller local error chooses order at least 6). This would unnecessarily push
the order of the first two equations too high, implying higher overhead.

Let us now consider the effect of the reintroduction of the transients on
equations that are already treated as stiff. For the sake of argument, let us
assume the above problem is treated with the BDF methods at z = 5.68
onward. Then for the first two equations the orders would be less or equal to
four, but the rest of the equations would choose the BDF method of order
six, indicating the transients are still strong in these equations. A constant
order method would choose order < 4 for all equations, since the most
dominant local error belongs to the first equation. This clearly nullifies the
effect of the transients. It is not until z > 13, that the local error of the
third equation dominates and the order picks up. Variation of order compo-
nentwise identifies the transients from the onstart at z = 5.68.

The above reasons, especially the last two, justify the need to vary the
order for each equation in codes that do partitioning or those that are
componentwise type-insensitive.

3. THE ADAMS EXPLICIT CASE

Before proving the existence of absolute stability region when the order of
the Adams explicit method is varied componentwise, we give the following
lemma.
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LEMMA. Let "A = (a,"ay,...,"a,) an s X s matriz where "a; is an R*
column vector. Then

det( Y TA) =) det("a;,"a,,...,"a,)
r=1 n®

where each r; € {1,...,m), j=1,..., s, that is the sum of all possible
determinants of the matrices formed by having the jth column of elements Taj
of A, r=1,..., m which is a permutation of n°.

Proor. Let G=XI A

r

M3

det(G) = det| Y "a;, Y "ay,...,
r=1 =1

a,|.
r=1
Then from the property of determinant, we have
s
det(G) = Y det( P)
i=1
where P, =("a,"qa,,..., a) and "a;, r,€{1,..., m}, j=1,..., s any

vector from the jth column of "A and has m possibilities from the m
matrices. Because P, had s elements of the vectors, therefore there are n’
different matrices P,. Hence the result.

The general multistep method of solving (2.1) is given by
p(E)z, = ho(E)f, (3.1)
where E is such that Fz, = z,,,, the forward operator and
k k
p(t) = L a;t"™' and o(t)= Y Bit* "
i=0 i=0
An important characterization of (3.1) is the existence of the region of

absolute stability. If A, is the eigenvalue of Jf/dy, then the stability
polynomial of (3.1) is given by (see [13], for a detailed discussion),

L(t) = p(t) — ha(t), h=ha, (3.2)

1
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The absolute stability region of (3.1) is then defined to be the region in the
h-plane for which the roots t, of (3.2) is such that || <1, j=1,..., k&
i=1,...,s

The standard approach for stability investigations is to consider the
constant coefficients linear system

y=Ay, yla)=m, yER. (3.3)

If (3.3) is to be solved for all equations in the systems by the explicit case of
the Adams method in (3.1), then the backward difference formulation of the
k-step method is given by

k-1
Ynv1 — Yn — h Z ‘Yivifn = 07 where Yo = 1 (3.4)

i=0
and the associated stability polynomial given in (3.2) can be rearranged as

L(t) = t" = 5 = RA(tF oy P2 - 1)+ oyt (- 1) 4

k-1
+7e-1(t = 1) )v

A an eigenvalue of A.

Now let (3.3) be solved with different Adams methods for each equation
in the system. Without loss of generality let the ith equation be solved by
the k-step Adams explicit method such that k, < k&, for i < m. Hence
k, = min (k,). Then the backward difference formulation for solving (3.3)
with the stated variable order multistep method is given by

Vo1 = Un + RA[ Y + ¥V, + V20, + oy YAy

+ h‘Al[‘YKvil Y, + o +'YK2—1VK2‘1yn] +o

+hA i, VR o e VET ] (3.5)
where
[ o 0 0
0 0 0
A, =
Gry1,1 Grerz "7 Opyyg
L a’s,l Qs 2 as,s J
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i.e., the matrix with the first r rows having zero elements and the last
(s — 7) rows with elements of A. The stability polynomial associated with
(3.5) is then given by L,(t) = det( B) where k = k, and

B= (= ) 1= hA[ 7 4yt (1= 1) +
oyt TR - 1)’“1‘1]
— hAl['Ykltk—kl‘l(t —_ l)kl 4 e +‘Yk2.,1tk_k2(t _ 1)’62—1]

— hAs—I[Yk(,_l)tk—k(s—n‘l(t —_ l)k(s-l) + --- +')’1C_1(t _ l)k_l],

(3.6)

Consider
By(t) = (tF = tF"H1, (3.7)

then the roots of det( By(t)) are the spurious root 0 of multiplicity (k¥ — 1)s
and the nonspurious root 1 of multiplicity s.
Now consider,

B(t) = (tF — =" )T — hAtF L. (3.8)

Since the root of a polynomial is a continuous function of its coefficients and
that the additional matrix term AhAt¥~! in (3.8) is O(h); then for small h
the nonspurious root of det( B,(#)) = 0 is of the form ¢ =1+ b h + b, h?
+ -+, However, we note that the determinant det(( B,(¢))t~*~) repre-
sents the Euler’s stability polynomial. Hence, the roots of det( B(¢)) = 0 are
given by (¢ 1)t — (1 + A RNt — (1 + AR (¢ — (1 + AR) =0,
where A, are the eigenvalues of A. Therefore, the region of stability is given
by lt#=1+ Akl <1 for i=1,...,s (In our discussion we ignore the
spurious roots near t = () because they cannot violate the stability condition
for small £). Next consider,

By(t) = B/(t) — hAy, tF2(t - 1). (3.9)

Again here the coefficients of the polynomial det( B,(#)) differ from det( B,(¢))
by the contribution of the matrix of O(h), namely —hdy, t¥~2(¢t — 1).
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Again by the argument of the continuity of the roots of the polynomial, the
principal root t* of det( B(¢)) = 0 is of the form.

t* =1+ ch+ ch> + ch® + -, (3.10)

where the ¢, are the constants.
Substituting t* in B(t) gives

B(t*) = (1 + ch + ok + ) (e h + e + - )1 = hA)

= (¢, 1= A)h+ ((c2+ cf(kI 1))1_ cl(kz 1)A)h2
ffovseelt 3

(aff5 ) (55 ) A

Also hAy**2(t* — 1) = hAy (1 + ch + B + ) eh + cy b
+ ) = Ay, h? + (e + ¢f[* 72 DA® + -+). Note that the contribution

of hAy,t**~2(t* — 1) is a matrix of O(A*). Hence

B t*) = ol k—1 k—1 2

(1) = (- Ah+letal™, I—-¢ ) + y((¢)) A) b
+((03+20102(k;1)+cf(k—2_1)1—c2(k11)+cf(k;1)

+71612(k12))/1)h3+..._ (3.11)
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Introduce the matrices B,(c;), which are functions of the coefficients c;,
where

Bf(ci) = CII_ A= (brlv"" balks)

Bf(c,) = (02+ cf(k; 1))1— (cl(kz 1) + ylcl)A = ()., B)
B (c,) = ((03+2clcz(k—1_ 1) + cf(’“; 1))1

-1 -1 -2
_("’Z(kl )”f(kz )”lcl(kl )A
=(b§1""7 gs)

In general, let B¥(c;) the coefficient of A’ in (3.11) be Bf(¢) = (b¥,..., b%)

where the b*, are s X 1 vectors. Then det( B(t*)) = det(hBf + h*B} +
R®B§ + --+). Using the lemma given earlier,

det( By(t*)) = h*( B,) + hBy + hBy + -+ +HB, + - (3.11)

where hB, = det(hB}), h** B, is the sum of determinants of each matrix
formed from combinations of (s — 1) column vectors hbY, of Bf and one
from R?B¥, h**? det( B;) is the sum of determinants of each matrix formed
using combinations of vectors hbf,, h?b%,, and h*bf_ such that the
determinant will factor out the h**? term, and so on for the others.

For det( B,(t)) = 0, then necessarily the coefficients of the powers of 4 in
(3.12) must vanish. This implies B; = 0 or det(¢,1 — A) must vanish, i.e.,
¢, = A. We note that B, = 0 involves coefficients ¢, and ¢,, hence it will
determine ¢,. Similarly B8; = 0 will determine c;, and so on. Hence the
contribution of the terms hAy,t* %(¢ — 1) in (3.9) is at most of O(h?).
Similarly consider

By(t) = By(t) — Ahy,t*3(t — 1), (3.13)
Then again letting the root of (3.13) be

t* =1+ dh+ dh* + dyh® + - (3.19)
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we have
*h—3( 4k 2 __ 20 3 al k— 2] ;3
T = 1) =7+ |2d,d, - 24} + 64 ] B+

Hence it is seen that the addition of the term Ahy, t**~%(¢* — 1)* in (3.13)
affects only the h’® coefficients of B,(t*). We have, By(t*) = hB, + BB, +
hsB + - where B, = B(d) and B(d) = B*(d) B(d) = B*(d) and
B(d) = B¥(d) - dl-yzA

Hence by considering det( B,(t*)) = 0, we will get d, = ¢, = A, d, = ¢
but d, will in general differ from ¢,. In general, if

By ., = By — hA,y, t* bt - 1)* (3.15)
where B, are the terms in (3.6) up to
hA,_ 1'Yk,—1tk—kr(t - 1) -

and further if the root of det( B, ,,) = 0is of the form in (3.14), and writing

det( B, ,,) = det(hD, + KD, + ---), (3.16)
then the D, will consists of combinations of d(i=1,...,m), vy (i=
1,...,m — 1), and the matrices A, associated with 7y, Expanding the

right-hand side of (3.16) by using the previous lemma and equating to zero
the coefficients of h' of the resulting expansion will determine the d,.

If for the stability polynomial det( B, ), the principal zero is of the form
t* =1+ d*h+ dih* + -+, then it can be seen that d, = df, d,
d3,...,d, = di but in general d; ,, # df ,,. In other Words the addl-
tlonal terms in (3.14), a matrix of O(h*r +1) affects the principal root at
O( hk +1)

In this way it is seen that for ¢ of the form in (3.10) to be a principal root
of det( B) = 0, then ¢, = A and the succeeding terms in (3.6) do not affect
this conclusion.

Hence for small A, the roots of L,(t) = 0 approximate to O(h?) the roots
of the Euler stability polynomial (3.8), thereby verifying that a region of
absolute stability exists for the method of (3.1). PECE with different orders
for different equations in the system will also have a region of stability. If
one examines the stability polynomial, one root (principal) will still be
t=1+ Ah + --- and the rest tend to zero as A — 0.
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In the case of a reliable code using different orders for each equation in a
system, the code then chooses the orders to maximize step lengths either for
optimum region or to satisfy the accuracy requirement, whichever is govern-
ing the behavior of the integration process. This may lead to computational
efficiency.
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