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ABSTRACT 

In this paper we proposed Spectral Homotopy analysis method to solve nonlinear 

Volterra integro-differential equations .Some examples are given to approve the 

efficiency and the accuracy of the proposed method. The SHAM results show that the 

proposed approach is quite reasonable when compared to homotopy analysis method 

and exact analytical solutions. 
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1. INTRODUCTION 

In recent years a growing interest can be seen in integro-differential 

equations (Karamete et al. (2002), Darania et al. (2007), Parand et al.(2011) 

and Pashazadeh et al. (2013)). integro-differential equations have described 

many problems of applied sciences. This kind of equations are usually 

difficult to solve analytically so mathematicians are interested to introduce a 

numerical method to obtain an efficient approximate solution. In (Liao 

(1997)) Homotopy analysis method was introduced by Liao. This method is 

based on topology and is power full for solving problem with strong 

nonlinearity.This method is more accurate and powerful than other 
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perturbation methods. In this method we can choose different base function 

to approximate a nonlinear problem. Spectral homotopy analysis method is a 

modification of homotopy analysis method. Motsa et al. (2010) combines the 

HAM with a numerical technique to solve higher order deformation equation 

and recalled Spectral homotopy analysis method. Some nonlinear ordinary 

differential equations were solved using this new approach by Motsa et al. 

(2010). Pashazadeh et al. (2012, 2013) applied this method for solving linear 

Volterra and nonlinear Fredholm integro-differential equations. In this paper, 

we apply spectral homotopy analysis method (SHAM) to solve nonlinear 

Volterra type of integro-differential equations. Volterra integro-differential 

equation is given by  

 

 ( )2
0 1

( ) ( ) ( ) ( , )[ ( )] ,
xj r

jj a x v x g x k x t v t dt 
    

( 1) (1) 0,v v         (1) 

 

The paper is organized in the following way: Spectral homotopy 

analysis method for solving nonlinear Volterra integro-differential equations 

is presented in next Section . Then some numerical examples are presented to 

show the accuracy and efficiency of this method. Finally, concluding remarks 

are given. 

 

 

2. SPECTRAL-HOMOTOPY ANALYSIS SOLUTION 

Consider the non linear Volterra integro-differential equation (1). A 

linear operator is defined as following  
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 where  ( ; )x q   is an unknown function and  [0,1]q   is the embedding 

parameter. The zeroth-order deformation equation is given by  

 

0(1 ) [ ( ; ) ( )] ( [ ( ; )] ( )),q L q v qh N q g             (3) 

 

h  is the non-zero convergence controlling auxiliary parameter and  N   is a 

nonlinear operator given by  
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Differentiating Eq.(3) m  times with respect to the embedding parameter  q   

and then setting  0q    and finally dividing them by  !,m  we have the so 

called  m  th-order deformation equation  

1[ ( ) ( )] ,m m m mL v v hR                     (5) 

 

 subject to boundary conditions  

( 1) (1) 0,m mv v         (6) 

 where  
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The initial approximation that is used in the higher-order equation (5) is 

obtained on solving following Equation  
2
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      (8) 

 

 subject to boundary conditions  

 

0 0( 1) (1) 0,v v         (9) 

 

Eqs (8)-(9) are solved using the Chebyshev pseudo-spectral method. In this 

method  0( )v    is approximated by a truncated series of Chebyshev 

polynomial of the following form  

0 0

0

ˆ( ) ( ) ( ), 0,..., ,
N

N
j k k j

k

v v v T j N  


                      (10) 

 where  kT   is the  k  th Chebyshev polynomials,  ˆ
kv   are coefficients and 

Gauss-Lobatto collocation points 0 1, , , ,N    which are the extreme of the  

N  th order Chebyshev polynomial, defined by  
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Derivatives of the functions  0( )v    at the collocation points are represented 

as  
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where  s   is the order of differentiation and  D   is the Chebyshev spectral 

differentiation matrix (Don et al. (1995)). Substituting Eqs (10)-( 12) into (8) 

will result in  

0 BV G     (13) 

 subject to the boundary conditions  

0 0 0( ) ( ) 0,Nv v      (14) 

 where  
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The values of  0( ), 0,...,iv i N    are determined from the equation  

1
0 ,V B G     (16) 

 

which is the initial approximation for the SHAM solution of the governing 

equation (1). The Chebyshev pseudo-spectral transformation is appliedon 

equations (5)-(7) and obtain the following result 

  

1 1( ) [ (1 ) ],m m m m mh h      BV BV S G   (17) 

 

 subject to the boundary conditions  

0( ) ( ) 0,m m Nv v       (18) 

 

 where  B   and  G   were defined in and  

0 1
1

[ ( ), ( ),..., ( )] , ( , )[ ] .T r
m m m m N m mv v v k t dt



   


  V S V  (19) 

 

To implement the boundary condition (17) we delete the first and the last 

rows of  1,mS  G  and the first and the last rows and columns of  .B  Finally 

this recursive formula can be written as follows  
 

1
1 1 1( ) [ (1 ) ],m m m m m mh h 
      V V B S G   (20) 

 

with starting from the initial approximation we can obtain higher order 

approximation  mV   for  1m   recursively. To compute the integral in 
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equation (19) we use the Clenshaw-Curtis quadrature formula: (Davis et al. 

(1970))  

1
0

( ) ( , , ) ( , , ).
N

m m j j m

j

k t dt w k


   




 S V V   (21) 

where the nodes  j   are given by equation (11) . 

 

3. NUMERICAL EXAMPLES 

In this section we apply the technique described in this paper Section 

3 to some illustrative examples of nonlinear Volterra integro-differential 

equations. 

Example 1. Consider the second order the nonlinear Volterra integro-

differential equation: 

1
( ) ( ) 3 ( ) ( ) ( ) ( ) ,

x

v x v x v x f x xtv t v t dt


         (22) 

( 1) (1) 0,v v    

 where  

6 4 22 2
( ) 3

5 3
f x x x x     

We employ SHAM to solve this example. In Figure 1, there is a comparison 

between exact solution and the 15th order approximate solution. In Table 1 is 

illustrated a comparison of absolute errors against the SHAM solutions. 

 

 
Figure1: Comparison of Exact solution and  y15 
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TABLE 1: Absolute errors of Ex.1 against the SHAM solutions with h=-1.8 

 

 
 

 

 

 

 

 

 

 

 

  

 

 

 

 

Example 2. Consider the second order nonlinear Volterra integro-differential 

equation: 

2

1
( ) 4 ( ) ( ) ( ) ,

x

v x v x f x xtv t dt


       (23) 

( 1) (1) 0,v v    

 where  

7 5 3 21 1 1 1
( ) 8 2

6 2 2 6
f x x x x x x        

We employ HAM and SHAM to solve this example. As it is illustrated in 

Figure 2 and Figure 3, the rate of convergence in SHAM is faster than HAM. 

In Figure 4, it is found that when  2 0h     and  1 0h   , the SHAM 

solution and HAM solution converge to the exact solution,  respectively. 

There is a comparison against the HAM and the SHAM solutions in Table 2. 

 Table   
TABLE 2: Numerical result of Example 2 against the HAM and the SHAM solutions with h=−1 

 

x 
SHAM 

15th order 

SHAM 

23th order 
Numerical 

0.1 7.9 ×10-5 2.7×10-7 0.99 

0.2 6.6×10-5 4.2×10-7 0.96 

0.3 5.7×10-5 5.0×10-7 0.91 

0.4 4.6×10-5 4.5×10-7 0.84 

0.5 3.7×10-5 1.7×10-7 0.75 

0.6 3.0×10-5 4.0×10-7 0.64 

0.7 2.6×10-5 1.2×10-6 0.51 

0.8 2.2×10-5 1.8×10-6 0.36 

0.9 1.5×10-5 1.8×10-6 0.19 

1.0 0.0 0.0 0.0 

x 
SHAM 

2nd order 
SHAM 

10th  order 
HAM 

12th order 
Numerical 

0.1 0.99000082 0.99000000 0.99000046 0.99 

0.2 0.96000066 0.96000000 0.96000060 0.96 

0.3 0.91000051 0.91000000 0.91000063 0.91 

0.4 0.84000039 0.84000000 0.84000051 0.84 

0.5 0.75000034 0.75000000 0.75000042 0.75 

0.6 0.64000038 0.64000000 0.64000055 0.64 

0.7 0.51000055 0.51000000 0.51000080 0.51 

0.8 0.36000087 0.36000000 0.36000084 0.36 

0.9 0.19000036 0.19000000 0.19000045 0.19 

1.0 0.0 0.0 0.0 0.0 
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Figure 2: The absolute errors of second order (Left) and seventh order, (Right) SHAM. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3: The absolute errors of fifth order (Left) and seventh order, (Right)  HAM. 

 

 

 

 

 

 

 

 

Figure 4: The graph of h-curve for 10th order (Left) SHAM, (Right)  HAM. 
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4. CONCLUSIONS 

 In this paper we presented the application of spectral homotopy analysis 

method(SHAM) for solving nonlinear Volterra integro differential equations. A 

comparison was made between exact analytical solutions and numerical results 

from the spectral homotopy analysis method and homotopy analysis method 

(HAM) solutions. The numerical results indicate that in SHAM the rate of 

convergence is faster than HAM. For example, in Example 2 we found that the 

seventh order SHAM approximation sufficiently give a match with the numerical 

results up to sixteenth decimal places. In contrast, HAM solutions have a good 

agreement with the numerical results in this order only up to seventh decimal 

places. As it is shown in the Figure 4 the range of admissible h values is much 

wider in SHAM than in HAM. 
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