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RINGKASAN

Di dalam kertas ini kami akan memberi gambaran geometri bagi Rekabentuk Sukatan Berulang
untuk bilangan subjek yang tak sama serawatan yang mempunyai kehilangan cerapan. Untuk pembentukan
geometri, kami menghadkan rekabentuk ini kepada tiga tahap bagi faktor A dan empat tahap bagi faktor
B. Tujuan kertas ini ialah untuk membentuk ujian statistik bagi hipotesis yang dikehendaki iaitu tiada
kesan utama A, tiada kesan utama B, dan tiada tindakan bersaling AB,

SUMMARY

In this paper, we will provide a geometric view of Repeated Measures Design for unequal number
of subjects per treatment that has missing observations. For our geometric development we restrict our
design to three levels of factor A and four levels of factor B. The purpose of this paper is to develop a test
statistics for hypotheses of interest i.e. no main effect A, no main effect B, and no AB interaction.

1. INTRODUCTION Yior Yoz Yia3 Yoo

Y D'
The data for a two-factor Repeated Measures 221 222 Y223 Y224
Design is collected and tabulated in a data
table as shown in Figure 1. Let Y.._ be the

Y Y Y Y
measurement made on subject i (1§i§%’. at level 131 132 133 134
. . k f
j (1<j<a) of factor A and level k (1 §b)_‘o PO AL L
factor B. For illustrative purposes, we leta=3, Ay
b=4, n,;=3, n,=2, n,=4. Yss1  Yasz Yasz  Yasa
Y431 Y432 Y433 Y434
By B, By B, . ‘
Figure 1: Data table for observations.
Y v
111 112 113 114 We arbitrarily set the observations Y113, Y312,
A, Yoi¢ Yzis Yo1a Ygia Y153 Y945, Yog32nd Y 34, as missing. We model
" our experiment as:
2 313 14 =
311 31 3 Yijk Ujk + Sij + Eijk (1.1)
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TABLE 1
Set of vectors that span the cell means space, C

w
Wia Wiz Wiy Wor  Waa Wag Wou 31 32 33 34

Wi1
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where f S‘.i, Eiik } are 9+30 = 39 mutually

independent normal random variables each having

mean zero, with Var(S.) = 02, Var(Eijk) =0§.

ij
Alternauvely we can write the model as

. 2 2
Yijk is N( Ujk’ o5 + og ) (1.2)
and
0 it orj#
Y s

1]
2
Og

Cov(Y..,,
ijk o b L '
i=i andj=j and k#k

2.  GEOMETRIC DEVELOPMENT

observational vector is written as:

’ e
Yiil’ Yijz’ Yija’ Yiig ] forij=21.22,18,43

Y

111’ 112’ Y

'
114 ]

Y Y

!
121’ 122’ “124 ]

Y

!
231’ 234]

311’ Y

331° H

Y=[Y,,.Y

!
313’ Y314 ]

S

!
Y333 ]

7
31,Y Y

332’

’
21’ Y

v
1:22

r

22’ Y

1.8° Y 23’

y

33’

r

I Y

’
s3]

Y is a vector in the Euclidean

dimension 30, R30.

space with

The cell means vector is written as:

3 4

E(Y)= Z 2

J=lk=1
Table 1

where w.. is defined

Ujk Wiy i in

The set of Wik vectors form a basis for the cell

means space, C, having dimension 12. If we
parameterized U, = U +a, + b+ (ab)’.k

subjected to the conditions

%aj =E b, = % (ab);) = E (ab);, =0
then the cell means space, C, has a basis the
set of vectors { 154, a;, a5, by, by, bg, (ab); ¢,
(ab)127 (ab)13’ (ab)zl’ (ab)zza (ab)23 } as
defined in Table 2.

Var(Y) = OIZEI + Ugj where I is the n.. x n..

identity matrix and J is a matrix defined in
Table 3.
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We now define subspaces of R3° which facilitate
the construction of test statistics. Let

A=span{a1,a2},

B = span { b,, by, by ¥,

AB = span { (ab); 45 (ab)12, (ab)la. (ab)zl, (ab ),
(ab)ys },

‘Within subject space’ , Wy = span { S110 Saps
S317 S12> Spas S1gs Sags S3gs Sag ) Where sy's
are defined in Table 4, and

T = WS E B H AB.

T is the smallest subspace containing both C
and WS' We defined the Error space, E, as
the space orthogonal both to C and W ie.
E = span { €15 €5 s €15 } Where e’s are defined

in Table 5.
3. HYPOTHESES TESTING

The hypotheses of interest are:

Hy: U =1,
Hpy: U= Uy
Hypt Up—= Upp = U = Ujops

In general, when there are missing observations
for subjects an exact test of H, is not available.

Why not have an exact test for HA?

The hypothesis for no main effect A in U ds

H U. = Ug

Al j. i,
<== a; = 0 <==> KA'U =0 <==> GA’E(Y)
=0 <==>E(Y) CW, =1,, BB BAB(3.1)

(K,, U, and G, are defined as in Table 6).

To assure a central F distribution when H, is

true, we need the numerator space for calculating

Sum of squares for A, N,, to be orthogonal to
2

If we want N,,

would define N, =T © [ BEHAB Bwg ].

But T = [ B @ AB B Wy ], therefore, N, =

A
{ }and we do not have test statistics. If
we want N, 1 W (as in the case when all ob-

servations on a subject are present), note that

to be orthogonal to Wy also we
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TABLE 2
After reparamaterization, altermative basis for C

(ab);, (ab);5 (ab)y; (ab)y, (ab)yg

(ab); 4

130
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J Matrix
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TABLE 4
A basis for the within subject space, Wy

Sa3

$33

S23

e

S92

S12

31

Sa21

S11

O
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TABLE 5
A basis for the error space, E

£t €2

€10

(== NN NN

[= =Nl NeNe

[=NeNoNeR=N-}

(===

(==l NeN-N-

oS o O

o

o
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o
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TABLE 6

The matrices used in formulating H,

TABLE 7
The spanning vectors for S = Wg S (19 A)

2 1 1
Yo Y2 1 1
Ya Y3 1 1
1 1
vy K,= -1 0
) Yo = 0
%3 Yy -1 0
Yy Ya =1 0
0 =1
A s 0 -1
%3 Ya 0 -1
Vs Y 0 -1
—Ya 0
—Y 0
% 0 u,,
G =
5 %0 Uiy
—Ya 0 Uy 3
=] 0 U14
—Ye 0
Uy
0 —Y% = Hz2
0 -1 (5.
0 Y%
0 —Y% Uzs
Usz;
0 %4 Us2
0 Y
? Uas
0 % Ugay
0 Y
0 —VYs
0 %
0 Y
0 Y
0 -

in general, there may not be any vectors in W
that are orthogonal to W, (although the last
vector, sg, in Table 7 is in Ws and
orthogonal to W, in our case). In addition,

Jh= 2PM2 + 3PM3 + 4PM4 behaves differently

on different vectors in W,. Thus no exact test
is available for testing H, .
The hypothesis for no main effect B in Ujk is

Hp : Uy = U

78

§ s SZ S3 S4 S5 SS
Y4 1 0 0 0 0
Vs 1 0 0 0 0
Y3 1 0 0 0 0

—Va 0 0 0 0 0

—Y 0 0 0 0 0

—Ya 0 0 0 0 0

—Ya 0 0 0 0 0
0 —1 0 0 0 0
0 —1 0 0 0 0
0 i 0 0 0 0
0 0 Y3 0 0 0
0 0 Y3 0 0 0
0 0 Ys 0 0 0
0 0 —Y 0 0 0
0 0 —Y 0 0 0
0 0 —Y 0 0 0
0 0 —Y% 0 0 0
0 0 0 Ya Ya 1
0 0 0 Y Ya 1
0 0 0 Ya Ya 1
0 0 0 Ya Yy 1
0 0 0 —Ye 0 0
0 0 0 Y 0 0
0 0 0 0 ] 0
0 0 0 0 —Ys 0

0 0 0 0 —V 0
0 0 0 0 0 —1
0 0 0 0 0 -1
0 0 0 0 0 -1
0 0 0 0 0 -1

==>b, =0 <==> K} U= 0<==>GJE(Y)=
=0<==>E(Y)CW_ =1, BAEHAB (3.2)
(Kg,and Gy are defined in Table 8).

Now G, CCCT and Gy L w, butg, L

W. Therefore, we take our numerator spaces as
Ny =TO [ Wy B AB ]. Then Np L Wp and
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TABLE 8
The matrices used in formulating Hy
Y Ys Ys 1 1 1
“B 0 0 -1 0 0
0 0 Y% 0 -1 0
0 0 -1
W Y Ya 1 1 1
Y% 0 0 K= =1 0 0
0 0 0 -1 0
0 0 —% 0 0 -1
1 ] 1
Yo Ys Ys -1 0 0
0 % 0 0 -1 0
0 0 Y 0 0 -1
Ya Y Ya
Yo 0 0
0 0 %
G .=
B Ya Y2 Yo
—Ya 0 0
0 -1 0
0 0 %
Y Ya Ya
—Y 0 0
0 - 0
0 0 —%
Ya Va Ya
0 0 %
Ya Ya Ya
Y% 0 0
0 0
Y % Y
— 0 0
0o % O
0 0 Y

N, 1L Wg. The sum of squares for B is defined
as Y’PNY ( the transpose of vector Y is to
B

multiply the orthogonal projection onto the Ng

space and then multiply again to the vector Y). Tosee

how sum of squares of B is distributed we let

{ b, } be the orthonormal basis for N,. Then
: bl o,

YP, Y=Z2 (bY)
B J=1

(3.3)
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We note that b'Y is distributed, as a Normal
random variable with mean bj E(Y), variance
! 2 2 = e s -
bj [ ?EI + 0gJ ]bj = UEs:mce ij =0, :
Cov(bj Y,bj,Y) = 0 for j#.. If we divide b, Y

by o

g» then the re,sult is a Normal random
variable with mean b; E(Y) and variance 1. There-

fore, Y'Py  Y/o2 is x*(b-1,\) (3.4)
B

and

It may appear that we are testing the hypothesis
Ny E(Y) = 0. However, we show below that

E(Y) L G, if and only’if E(Y) L Ny.
To show: E(Y)_| Gy <==> E(Y) L Ny

Note that E(Y) C C. Let v €C. Then v G,
if and only if v. | Ny .

Proof:
(only if) Let v A GB , thenv € Wg. Since
NB e W5 by defination, then v 1 Ng.

(if)

Let S =W, O (1,0 HA). Then S = span
§ 540 8y 5 sg } and S is linearly independent
of C. Let v e Tand v 4— N,. Then v € AB
®E W, = 130 EH A B AB @ S. Therefore, v =
klso + a + w + s where 1(130 € 130, a € Aw €

AB, and s € S. If v € C, then s =
WB => vy € GB.

0 and v €

The hypothesis for no AB interaction in Ujkis
H ag * U
<==
G /

AB
A BB

e = Ui = Uy — U,)K

(ably, = 0 <==> K, ;'U = 0 <=
E(Y) = 0 <==> E(Y) e W, = 1., @
(3.5)

(K, g+ and G, p are defined in Table 9).

As in the previous case, G, ; CC C T and G

4w, but G, W We will take N,
=TO [ Wg B B ] as the numerator space.
A1
Now N, . W,  and N, L w,.
The sum of square for AB is defined as Y'P ¥s
Nas
Let { m } be an orthonormal basis for N, ..
Then
!
Y PN

y = @1)b1)
AB z (

m,'Y)? (8.6)
k=1
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TABLE 9
The matrices used in formulating H, 5

Y Y Ys Y3 Ys Y5 1 1 1 1 1 1
—Ya 0 0 —Y 0 0 -1 -1 0 0 0 0
0 0 —Ys 0 0 —Y4 0 0o -1 -1 0 0
0 0 0 0 -1 -1
Ys s Ys Vs Ys Ya 1 0 -1 0 -1 0
—Ye 0 0 —Y 0 0 KAB= 1 0 0 0 0 0
0 —Va 0 0 —Ya 0 0 0 1 0 0 0
0 0 —4 0 0 —Ys 0 0 0 0 1 0
0 -1 0 -1 0 -1
% Vs % Ya. Ya Vs 0 1 0 0 0 0
0 — 0 0 —Y 0 0 0 0 I 0 0
0 0 —% 0 0 —% 0 0 0 0 0 1
—Ya —Ya —Ya 0 0 0
Yo 0 0 0 0 0
0 0 Yo 0 0 0
G =
AR —Ya —Ya —Ya 0 0 0
Y 0 0 0 0 0
0 | 0 0 0 0
0 0 Y2 0 0 0
0 0 0 —Y — —Y
0 0 0 Y 0 0
0 0 0 0 Ya 0
0 0 0 0 0 Ya
0 0 0 —Ya —Ya —Va
0 0 0 0 0 Y%
0 0 0 —Ya —Va —Va
0 0 0 Y3 0 0
0 0 0 0 Y 0
0 0 0 —Y4 —Va —Va
0 0 0 Y3 0 0
0 0 0 0 Yo 0
0 0 0 0 0 Y
With similar reasoning, mk'Y is N (mlglE(Y), 0;) We,, gan de;-fine it as 2
and  Cov (mk'Y’mk1'Y) =g fork 4 & A = E(Y) PNXE(Y) | 2 o for X =B, AB

' 2 . 2
Therefore, YPNA;[/ O 8 X'( (a-1)(b-1), X )

(3.7)

The noncentrality parameter is due to the non-
zero mean in the Normal random variable and

80

Both hypotheses share the same sum of square
for Error. Let { € } be an orthonormal basis for
E.

Then Y'P_ Y = t'ﬂbz'“‘-'a) (e, Y)? (3.8)
i=1

where t is the dimension of the observational
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Iz 2
space, n. = n, + n, + ng, ¢ Y is N(0, 0% ) .

1 2 E
Cov(ei’Y,ei,'Y) =0 foriti, Cov(ei'Y,bj'Y) =

0, and Cov(ei,Y,mk'Y) = 0.

Therefore, Y'PEY is x?dim E) (
The test statistics for Hx is

!
W = Y PXY | dfy

3.9)

where X = Ng, N, .

{}
Y'PLY [ dfg

W is distributed as a noncentral F with de and
df, as its degree of freedom and A as its
noncentrality parameter. When Hy is true, A
= 0 and thus W is distributed as central F. In this
case we can find a critical value W such that

Pr( reject Hy| Hy true ) = & and

Pr( reject Hy| Hy true ) > «a
Computation for sum of square:

Let us define some matrices as follows:
S =1 S117 Sz S330 B43 ]

AB = [ (ab);,, (ab); gseees (ab)y,, (ab)ys 1

B = [ bl, b2’ b3 ])

[ €15 €gs s €9 s

D = [ S|{ABIIB ]

I

The || operator produces a new matrix by
horizontally joining two matrices say A and B
which must have the same number of rows.

C=[Sl|AB],and G = [ S|IB ]

!
SSB = Y'Py Y
B
_ !
- YP[T@(AB B ws ]Y
1 !
=BT ~ TR0 WS)Y
- Y'p(0'D) 1D’y — Y'c(C'c)tc'yY
SSAB = Y'P Y
AB
_ '
=YPro (s ws>1Y
= xt ’
= Y'P,Y - YP, WS)Y
= Y'D('D)'D'Y — Y'G(G'G)'GY
!
SSE = Y'PLY

]

Y'E(E'E)'E"Y
=Y (- DOD)'D) Y

Table for Analysis of Variance

or

|lis symbol for concatenation.
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Source df SS MS F
A ——— not available ——
Error A ——— not available ——
B dim NB SSB MSB=SSB/dfy MSB/MSE

AB dim N,p SSAB MSAB=SSAB/df, , MSAB/
MSE

Error dim E SSE MSE=SSE/df;

( Note that the degree of freedom B, AB, Error is equal
to the dimension of NB’ NAB’ E respectively. )

REFERENCES

GRAYBILL, FRANKLIN A, (1976): Theory and appli-
cation of the Linear Models. New York: Holt,
Rhinehart, and Winston, Inc.

GREENHOUSE, S.W., GEISSER, S., (1959): On methods

in the analysis of profile data. Psychometrika 24-2:
95-112.

GREENHOUSE, S.W., GEISSER, S., (1958): An exten-
sion of Box’s results on the use of the F distribut-
tion in Multivariate Analysis. An, Math. Stat. 29:
885-891.

NETER, J., WASSERMAN, W. (1974): Applied Linear
Statistical Models. Homewood: Richard D. Irwin
Inc.

SCHWERTMAN, N.C., (1978): A note on the Geisser-
Greenhouse correction for incomplete data split

— plot analysis. Jour. Amer. Stat. Ass. 73:
393-396.

SEARLE, S.R., (1971): Linear Models. New York:
John Wiley and Sons, Inc.

SNEDECOR, G.W., COCHRAN, W.G., (1967): Statis-
tical Methods. The lowa State University Press,
Ames, Iowa.

STEEL, R.G.D., TORRIE, J.H., (9170): Principles and
procedures of statistics. New York: McGraw-Hill
Book Company, Inc.

TIMM N.H., (1975): Multivariate analysis with appli-
cations in Education and Psychology. Monterey:
Books/Cole publishing company.

WINER, B.J., (1971): Statistical principles in experi-
mental design. New York: McGraw-Hill Book
Company, Inc.

Received 16 December 1983



