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ABSTRACT

In this paper we investigate the almost everywhere convergence properties of the
Riesz means of the eigenfunction expansions (multiple Fourier integrals), associated
with Laplace operator. The generalized principle of localization for the Riesz means
of the order s =(N-1)(1/p—1/2), 1< p<2, is proved.
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INTRODUCTION
We consider the N -dimensional Euclidean space R", whose
elements are denoted by x = (x;,%,,....Xy ),y = (¥, ¥5,...,¥y) and we put

(5 Y) =X +X,9, +ot XYy, I xI>= (x,x).

Let us consider the Laplace operator A:
0’ 0? 0’
u(x) N u(x) - u(x)

ox} ox; oxy

Au(x) = o u(e GCRY),
where C;’(R") denotes the space of functions with compact support that

are infinitely differentiable in R". The Laplace operator with the domain
D, = Cy (R") is symmetric and nonnegative:
) (—Au,v)=u,—Av),Vu,ve D,;
2) (Au,u)=(Vu,Vu)=||Vul? , >0,Vue D,.
Ly(RN)
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A well-known theorem of Fredrichs (Alimov, II'in and Nikishin,
(1976)) asserts that every symmetric semi-bounded operator has at least one

self-adjoint extension with the same lower bound. Let A bea self-adjoint

extension of the Laplace operator in L,(R"). By von Neumann's spectral
theorem, the operator A has a decomposition of unity {E;}, and can be
represented in the following form

A= TﬂdE,l.
0

The projections E, increase monotonically, are continuous on the left, and

tend strongly to the unit operator, that is,

}imHE/lf—f” =0.

L®Y)
The spectral decomposition of any arbitrary element fe L,(R") is
determined by the formula

Ef0=Co™" [ f&ede,

162 <A

where f is the Fourier transform of the function f:

f(&=0r™ j e D dx.
RN

The Riesz means of order s with R(s) >0, is defined by

2 N

1E% <A

which can be written as follows

Ejf (0= [0y Df(dy (1)

rN

where

2 N
@' (x,y,A)=Qx)™" I (p%} dOgE

12 <A
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For s=0 this kernel is called the spectral function of the Laplace operator

for the entire space R" . The Riesz means of the spectral function can be
computed explicitly by introducing polar coordinates, and take the form

Jﬁ Alx=yl
Q' (x,y,4) = 1) V2 T'(s + DAY - —2— -
Alx—yh2

The classical Riemann localization theorem (Alimov, Ashurov and
Pulatov, (1992)) states that the convergence or divergence of a one
dimensional Fourier series at a given point depends only on the behavior of
the function f e L, in an arbitrary small neighborhood of this point. If we
shift to the multidimensional case, the localization principle does not hold in
the class Ll(TN) for spherical partial sums, where T" is a N-dimensional

cube. The principle of generalized localization was introduced by Il'in (IIin,
1968)), where instead of the uniform convergence of the spectral
expansions, it is required the almost everywhere convergence.

We wish to investigate the general localization principle for multiple

Fourier integrals, which is related to the Laplace operator in R". In this
work we establish the principle of generalized localization for Riesz means
of order s=(N—1)(1/p—1/2). As starting point for such problems, is the

conjuncture: the sufficient conditions for localization can be weakened if we
consider the general localization problem.

We first give the definition of the principle of generalized
localization. Let Q be any open domain in R".

Definition 1.1. We say that the principle of generalized localization holds
for E;f(x) in L,, p21, ifforall functions fe L, (RM)

lim E; f(x) =0
A—ro0
almost everywhere on R™ \ supp(f).

We proceed to the formulation of the fundamental results of the paper.
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Theorem 1.2. Ler fe L, (R"),1< p<2, then the Riesz means at index

11
s=(N—- 1)(— —EJ of the Fourier integrals of the function f :
p
limE; f(x) >0
A—o0

almost everywhere on R" \ supp(f).

In other words, the theorem states that for the Riesz means of
multiple Fourier Integrals of the order s = (N —1)(1/p —1/2) the generalized

localization principle holds in classes L, (R"), 1< p<2. We note that, in

case of =0, p =2 the statement of Theorem 1.2 has been proved in Bastys,
(1973). For the partial integrals of Fourier integrals in the classes
L, (RY),2< p<2NI/(N 1), the principle of generalized localization is

proved in Carbery and Soria, (1988). The summability of the Fourier-
Laplace series by Cesaro means is investigated in the following works
(Anvarjon, (2009), Anvarjon, (2006), Bonami and Clerc, (1973), Bastys,
(1983) and Rakhimov, (2004)). The principle of generalized localization in
L, for the Fourier-Laplace series is established by Rakhimov (Rakhimov,

(2004)). In the work Anvarjon, (2009), following the ideas of interpolation
of an analytic family of linear operators, it is proved that the principle of
generalized localization is valid for Riesz means of the Fourier-Laplace
series, on the critical line. We note that the work Anvarjon, (2009) is first
result on critical line, all previous works were devoted to the investigation
on the above of the critical line. In current work, using the L, estimates in

Carbery and Soria, (1988) for partial integrals of the Fourier integral and
applying again interpolation theorem on analytic family of linear operators
(Yoram, (1969)) we have established the problem of generalized localization
on critical line for spectral decomposition of the Laplace operator in entire

R". For more information about the multiple Fourier integrals we refer to
Alimov, II'in and Nikishin, (1976) and Alimov, Ashurov and Pulatov,
(1992).

In the study of questions of almost everywhere convergence it is
convenient to introduce the maximal operator

E! f(x)=suplE;f(x)I. (2)

>0
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The investigation of the almost everywhere convergence of the Riesz
means E;f is based on estimates of E/f in L and L,, and on a
subsequent application of interpolation theorem.

Let 1 Al denote the Lebesgue measure of the set A. The following

statement establishes necessary estimate for E; f in L.

Theorem 1.3 Let f € L,(RN) and f(x)=0,xe QcR", then for the

Riesz means of the order s, R(s)=

Iral

L®Y)

and for any a >0,

1Q(\(x:E f(x)>a}I<C 3)

The statement of the Theorem 1.3 we use when p=1. In case of p=2 for
partial integrals we have

Theorem 1.4 Let fe LZ(RN) and f(x)=0,xe Qc R", then for partial
integrals of the Fourier integrals of the function f,

[P
| K[ Yix:E f(x)>a}i<C TZ : 4)

where K is any compact subset of Q.

PROOF OF THEOREM 1.3

This section is devoted to the proof of the estimation in L. To
establish the estimation for Riesz means in I, we use asymptotical
estimations of the spectral function and properties of the maximal functions
of the Hardy-Littlewood. Let f e L (R"). The following function

1
m, “*i‘iﬁ’mm{n'””'dy

is called the maximal function of the Hardy-littlewood of the f, where

B(x,r)={ye R" :lx—yl<r}.
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Lemma 2.1 Let fe LI(RN) and f(x)=0,xe Qc R". Then for any
xe Q,

E f(x)<SC-m/(x), m(s)zNz_l. (5)

Proof. Due to regularity of Riesz means it is sufficient to prove the

statement of the Lemma for the case %(s):NT_l. Assume that the

function fe L,(R") with the compact support vanishes in the domain

Qc R". For an arbitrary compact set K c Q, let denote & = dist(K,0Q).
Then for any xe K, and any ye Q, we have | x— y > d. Thus we obtain
Jy (Alx—=yl)

N —+s
Eif(0=CA> " [ —————f(ndy.
rRV\o Ix—yIEH

To estimate the absolute value we have
N

N
——R(s) ——R(s)
Ejfocar [ 10y Alx=yhlx=yl 2 f(y)ldy<
RN 2 '
E—ER s R —E—ER s R
<caz 2 Var, poo=clrar £,
) )

In the last integral integrating by parts gives

R
E f(x)<CrVF f(x)+CN j FVIE f(x)dr < Cm, (x).
)

Lemma 2.1 is proved.
Lemma 2.2 Let | be a given function defined on R

1) If feL,(RY),1<p<co, then the function m, is finite almost
everywhere.
2)If fe L(RY), thenforevery a>0

I{x:mf(x)>0!}|S£ J' | £(x)!dx.
o

rN

This lemma is proved in [16]. The proof of Theorem 1.3 can be established

as follows: for s with R(s)= _1, and for all xe Q, using the relation
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{x:E f(x)>a}tc{x:m,(x)>a} we obtain:

C
B f >} Cllaam (> ad SN -

Theorem 1.3 is proved.

PROOF OF THEOREM 1.4

Let fe L, (R"), and supp(f) c{xe R" :I xI>3}. We prove that for
every r <3 the following inequality holds:

[ supl B for ax<c, [ 170oP dx, 6)

i<y 470 X123

with 7:—c0 < T < oo,

Let jy,(t) be the characteristic function of the segment [-b,b] and
¢(t) be a smooth function defined for >0, such that

Xorn (D) <P < Xo5_,y3 (). Then we define y(x)=¢(x)—¢21xl) and
y/j(x)=y/(%) for j=1,2,.... We obtain ¢(lx)+ >y, (x)=1.
j>1
Let @7/ =0O7y,. If supp(f)c<{lx23}, then for all x:lxl<r we

have,

Ef f(x)=0f * f =) 07 * f(x),

j=1

because (@5¢(I-1)* £)(x)=0 if I xl< r,r < 3.

We investigate the Fourier transform of the "spectral function"
07/ (x). Let mf’j(§)=z®f’j)(§). When 7=0 we use notation m’, i.e.
m>! (&) =m! (E). For m! () we have,

Lemma 3.1 Forany t>0,e RY,j>1
im/ &< [ oy

IE—i<lyl2™d

This lemma is proved in Carbery and Soria, (1988).
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Lemma 3.2 For any positive integer n there exists a constant C such that

forany t>0,E¢e RY, j=1,2,... we have the following estimate

: c
lm* (E)E——————
&) A+ E1=127)"

Proof. We consider the following function:
)
. e .
(&) = [(1==)dm] (&),
. A

The integral we divide integral into two parts as follows

A 4
m! (&) = I <1—ﬁ>’”dm,f &)+ I <1—§>"”’de (=L + L.
0 A2

Estimation of 1,(A). Using the following formula

d ; N .
=l @ =—ml @+ [ V@I +ynydy
Iyl<2/
we obtain :

L @Eey [ gV y
1127 <lyl

Then for 7,(1) we have

|1(/1)|<—j j QG 1+ V() | (141 y )dydr <

A2g-12d <yl

oo

c2/J-J-

A2y 8- r|2/

drdt.

By changing the order of integration, and taking into account the relation
{(t,r): ARStSANE=127 <r <o} c{(t,r) NIEI=112) Sr<oo, | El—r <t I E+r)

N-1 I§I+r

|12(/1)|s%j T d jdnﬁ:%j T

7
Né-n24 (d+7) IS1-r (=Y

2
A (+IEI=A127)"

dr <

(1+7r)
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Now we consider [,(4). Using the integration by parts we obtain
an

. AR
_ t i j _ ! i an X ! i I j
hM%!O—z)wW@%4kz)MK@b+7i0—z)ﬂ—?5W@Ma

Using the inequality

im/ & [ 1y,

1<yl
we get
4 20a1’F
LD m,El+== [ [ 1§ dyar
0 NE1—1I<lyl

Similarly as in previous case we have

an Mo N
j j Il/?(y)ldydtSCj j i<
0 IEI-7I<lyl 0 ||§|—r|( +r)

C ! —
(+&, 1E1-A127)"

Consequently for 7,(4) we have

C
11,(A)I< —
1A (1+11E1=A127)"

Finally we obtain

[ralto) p—

1+ E1=-A120)"

The lemma is proved.

For the derivative of the function m*’ (&) we obtain

Lemma 3.3 For any positive integer n there exists a constant C such that
forany t>1 and £ R, j=1,2,...,
d o c2’
l—m™/ (&) K —
t (I+g NE1-2127)"

d

We proceed to the proof of Theorem 1.4.
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For the maximal operator we have

EF f(x)<supl ©F * £ 1<) sup @37 * f(x)].

A>0 j=1 >0

We see that it suffices to prove the estimate
sup | @f{j * f(x)I< C2_jJ‘ | f(x) I dx.

>0

To prove this inequality we follow the ideas of Alimov, Ashurov and
Pulatov, (1992):

A
107+ () P=2[105 £ (1) ©7 * £ () .
0

By the Cauchy-Schwarz inequality, we obtain
12

12
[supl@37 = Fo P de<al [ [1077 5 f(x)P didx le%@f’j*f(x) P drdx
RN O

A>0
RN RN O

We show that
12

jjl@f’f*f(x)lz didx | <C27 || f1l,,
RN O

and
12

=y
jjIEQ’/*f(x)lzdtdx <CIfl,,.

rRNO

By duality and Plancherel's theorem, it is not difficult to see that these
estimates are equivalent, respectively, to

j | Imf’f(f)g(f,t)dt P dE<C2? j j | g(&,0)dt P didé,

RN 0 RN O

and

j | ! %m,”j(f)g(f,t)dtlz dE<C j j | (&, 0)dt P dtdé.

rN RN O
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The last inequalities are easy consequence of the Lemma 3.2 and Lemma
3.3.

This completes the proof of Theorem 1.4.

INTERPOLATION THEOREM

For Riesz means we will apply interpolation theorem of an analytic
family. The classical Riesz-Thorin interpolation theorem was extended by
Hirchman, (1953) and Stein, (1956) to analytic families of operators.

Let F(z),z=x+iy, be analytic function in 0<R(z)<1 and
continuous in 0 <R(z)<1. F(z) is said to be of admissible growth if:

sup log| F(x+iy)I< Ae™

0<x<1

where a <. The significance of this notion is in the following lemma due
to Hirchman, (1953):

Lemma 4.1 If F(z) is of admissible growth and if

log | F(it) I< ay(2),
logl F(1+it)I< a,(2),
then

log| F(9 I j P,(8,1)a, ()dt + j P(8,0)a, (t)dt

where P,(0,1),j=1,2, are the values of the Poisson kernel for the strip on
R(z)=0, R(z»)=1.

We next define analytic families of linear operators: Let (M, ) and
(N,v) be two measure spaces. Let {7.} be a family of linear operators
indexed by z,0<R(z<1. So that for each z,0<R(z)<I1, the T, is a
mapping of simple functions on M to measurable functions on N.

The family of linear operators {7} is called an analytic family if for
any measurable set £ of M of finite measure, for almost every ye N , the

function ‘P‘y (2)=T,(x)(y) is analytic in 0<R(z)<1, continuous in
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0<R(z)<1, where g, is characteristic function of the set E. The analytic
family is of admissible growth if for almost every ye N, ¥ (z) is of
admissible growth.

We recall the notion of L, spaces. An exposition of these spaces

can be found in Hunt, (1966).

q

Let f be a measurable function defined on unit sphere. We assume
that f is finite valued almost everywhere. We denote,
E,={x!1f(0)I>a}, 4, (0)=1E,]I.

We assume also that for some & > O,/lf (@) < oo, We define
f @) =inf {4, (@) <1}.
a>0

N . . . *
L, (R") is the space of all measurable functions f for which PfP, <eo,

where
- 1/q
ij’ﬂ’f’“[f*(t)]th ., 0<p,g<os,
Py

£, ==4supt' £~ (@), 0< p<oo,q=co. (7

t>0

For p=gq these are the usual L, spaces, while for g =co we have

the so-called weak L, spaces, i.e. the spaces of functions which satisfy

A, (s) ssip.

Theorem 4.2 If {T,} is an analytic family of linear operators, which is of
admissible growth, and for all simple functions

T, WG, < AN, ®)
T, f |||’;ﬁ1 <SAMIf ||’;lq1 : )
where log A (f) < Ae™,a < rr, then for all #,0< ¥<1
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1-¢ -9 ¢
+—

90 q

1 1
t—.=
P g

l -8 1 1 1—19_'_2
p Po P q 90 9

we have for all simple function f

| T, f W< BA, || £,
where

logl A, I< J' P,(8,1)log A, (t)dt + J' P(8.1)log A, ()dt.

The proof of this theorem is given in Yoram, (1969).

Lemma 4.3 Let fe L,(RY),1<p<2, and f(x)=0,xe QcR", then for
Riesz means of the order s = (N —1)(1/p —1/2) one has

Y
Hx:E f(x)>a}l<| C a” . (10)

Proof. If fe Ll(RN), and f(x)=0,xe QcR", then for the Riesz means

of the order s = NT_I +it,7#0, we have:

WAl
(E! f(x)> a}I< Ay ™ ——1,
In qu sense, this is:
EfFCl < Aye™ || £, s=NT+ir,r¢0. (11

In case of L,, for any 7 we have

NEFfFON, gySeye™ | fIl VK cQ.
2 Ly(RY)
The weak estimation is

oY
Hx:EX f(x)>alls {BNe”"' HJCTLZJ :
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and in sense of qu we have:

NET f(x)Il, . <Bye™ || £, . (12)

We apply to (11) and (12) the interpolation theorem on an analytic
family of linear operators on L, space.

Let wu(x) be a measurable function on RY such as

0<u(x)<p, <o and s(z)=

z, 0<R(z)<1. We define an analytic

family of linear operators:

T.f(x)=E" f(x), 0<R(z)<1.

()

From (12) we have
T, f (O <HE™ f(x)Il,.< Be™ || f1I, . (13)
Secondly on the line z=1+iy, we have

| Ty f I SUESTD F O, <A™ | £ (14)
Here we can write (13) and (14) as follows:

I T, f )1 < Ky ILFI,, (15)
| Ty f OIS KD f I, (16)

where K,(y)<Ae™" and K,(y)<Be™" . Therefore by the interpolation
we get

NEfON, <K F1,,, (17)
where K, is given by
logK, < [@(1-t,)log Ky(»)dy + [@(t, »)log K, (),

and axt,y) is the Poisson kernel for the strip 0<¢<1,—o0 < y <oo. By the
properties of Poisson kernel, we have
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a(t,y) 20,

[oti-t.ydyst, [o,ydy<1

and

logK, <C.

Note that if,

1 1-t ¢t

p 2 1

then
N-1 N-1[2 1 1

st)=——t=——| —=1|=(N=-1)| ———|.
2 2 \p p 2

Hence (17) becomes
s(1) * *
|| E: S, .sCILfFI, .

1 1
This means for s = (N—l)(——EJ,1< p <2, we have
p

[ fi, J
Hx:Ef(x)>a}lik|C a" .

Lemma 4.3 is proved.
The proof of Theorem 1.2.

Let us denote by Af(x) the fluctuation of E; f(x):
Af (x) =llim supE; f (x) —lim inf E f (x)].

A—>00 A—>00

It is obvious, that
Af (x) L 2E; f(x).

From density of C” in L,,p 21, we have for any £>0 every function

f €L, can be represented as the sum of two functions:

F ()= fi(x)+ f,(x),
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where f,(x)e C”, and || f, ||, <&"". Then we have
P

H{x:Af (x)> €} =l{x:IlimsupE} f, (x) —1i£njnijf2 ) I>e}IL
A—>00 —>00

IRAPR
S{x:E:f(x)>§}|sc[ ELPJ <e.

Therefore almost everywhere Af(x) =0. Consequently for Riesz means of

1 1

order s = (N—l)(———}l <p<2, wehave
p 2

limE; f (x) =0,

A—>e0

almost everywhere in Q.
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