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CONTROL EQUATIONS FOR THE PROPAGATION OF NONLINEAR WAVES IN VISCOUS FILM
FLOWS WITH A MASS SOURCE
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The paper devotes to theoretical description and mathematical modelling the nonlinear modes of liquid
film flows in the presence of possible mass sources, in the case of film condensation as a sample. The
main new scientific result of the study is a theoretical description of the influence of the mass source on
the characteristics of nonlinear waves arising during the flow of a viscous condensate film over a non-
1sothermal surface. The study was carried out within the framework of the long-wave approximation. The
conditions for the existence of solutions describing the propagation of single nonlinear waves in condensate
films are determined, and equations are derived for calculating the evolution of their wave characteristics.
Relationships are obtained for estimating the scale of the propagation length of nonlinear waves in liquid
films with variable flow rate. The conclusions of the work can be useful in design work and in developing
process and apparatus control systems in the chemical and pharmaceutical industries.

Keywords: liquid films flows, mass sources, non-linear wave propagation, control parameters, govern
evolution equation.
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By 3epTTey KyMbIChI CYMBIK, IJIEHKA aFbIHIAPbIHBIH CI3BIKTHIK EMEC PEXXKUMIEPIH TEOPHUSIIBIK, CUTIATTAY
KOHE MaTeMAaTUKAJIBIK, MOJIeJIbJIEyre apHaJIFaH, YJIrl PeTiH/e TUIEHKA KOH/IEHCAIUSACH KaFIalblHIa bIKTH-
MaJI Macca KesJiepi. 3epTTey/iH Heri3ri KaHa FhUIBIMA HOTHKECI-TYTKBIP KOHJICHCAT KAOBIKITACBIHBIH 130~
TEPMUSIIBIK, eMec OeTKe arybl Ke3iHJe maiaa OOaThIH ChI3BIKTHI €MeC TOJIKBIHIAPIBIH CHITaTTaMalapbiHa
Macca Ke3iHiH 9CepiHiH TeOpHUsUIbIK, CUMATTaMachl. 3epTTey Y3bIH TOJKBIHABI KYBIKTAY IIeHOEpiHIe KYP-
rizingi. Konpencar kaOblkimanapbiHaa Oip ChI3BIKTHL €MEC TOJKBIHIAPBIH TaPATYblH CUIIATTANTHIH EpiTiH-
AUIepaiH 00y MapTTaphl AHBIKTAIBII, OJAPIBIH TOJKBIH/BIK, CUIIATTAMAIAPBIHBIH BOJIIOIUSCHH €CerTey
VIIiH TeHaeyIep aabiHaap. KaTeiHacTap aFbIHHBIH ©3repMelti KbUIIaAMIBIFBl Oap CYHBIK, KAOBIKIaIapIarbl
CBI3BIKTHI €MeC TOJIKBIHIAP/BIH Tapaly Y3bIHIBIFBIHBIH IKAJAChIH Oarajiay YINiH ajibiHaAbl. KyMBICTBIH
HOTUXeJIepl XuMUsl kKoHe (papMalleBTUKa 6HepKaCciOiHeri anmnapaTypaiapabl ecenTeyae KoHe TeXHOIOTU-
SUTBIK, TIpoLiecTepi OacKapy/ia maiaaaaHbLTybl MYMKiH.

TyifiiH ce3/1ep: CybIK IJICHKA aFbIHIAPBI, MACCAIBIK, KO3/IEP, ChI3BIKTHI €MeC TOJKBIHIAPIBIH TAPATYhI,
OakpUIay TapamMeTpIiepi, SBOJIOIKS TeHAEYiH OacKapy.
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Cratbs NOCBSIIEHA TEOPETUYECKOMY OITMCAHUI0 U MATEMAaTUUYECKOMY MOJIEJIMPOBAHUIO HEJIMHENHBIX pe-
’KMMOB TUIEHOYHBIX TEUEHUN KUIKOCTH IIPY HAIMYMU BO3MOXKHBIX UICTOYHHMKOB MAacchl, B CIy4ae IJIeHOY-
HOH KOHZIEHCAllMM B KauyecTBe 00pasia. OCHOBHBIM HOBBIM HAYUHBIM PE3yJIbTaTOM MCCIIEJOBAHUS SBIISIET-
Csl TEOPETHUUYECKOE OIUCAHKUE BJIMSHMS UCTOYHMKA MAcChl HA XapaKTEPUCTUKU HEJIMHENHBIX BOJIH, BO3HU-
KaIOLIMX MPU 0O0TEKaHUM TUIEHKH BSA3KOTO KOHJEHCAaTa HEM30TEpPMHUUECKOM MOBEPXHOCTHIO. ViccienoBanue
MIPOBOAMJIOCH B PaMKaXx JJIMHHOBOJHOBOTO NpuomkeHus. OnpeiesieHbl YCJIOBHS CYIIECTBOBAHUS pellie-
HUI1, ONKMCBHIBAIOLIMX PACIPOCTPAHEHHE OIMHOYHBIX HEJIMHEMHBIX BOJIH B IJICHKaX KOHJEHCATa, U BbIBE/ICHBI
YPaBHEHHUS JIUIs1 pacyeTa SBOJIIOLMH UX BOJHOBBIX XapaKTepUCTUK. [TorydeHsl COOTHOIEHUs 1Sl OLEHKH
Macuitaba JUIMHbl PaCpOCTPAHEHUs] HEJIMHENHBIX BOJH B IUIEHKAX JKUJIKOCTH C NEPEMEHHbIM PAaCXOIOM.
BbiBozbI 3TOM pabOTHl MOTYT OBITh MOJIE3HBI IPU MPOEKTUPOBAHUM U pa3pabOTKe CUCTEM YIPaBJIECHUS MPO-

LIECCAMU Y anmnapaTypoi B XMMUUYECKOU MPOMBIIIJIEHHOCTH.

KuroueBble ciaoBa: TeueHHs IUICHOK XUJIKOCTH, UICTOUHUKM MAcChl, HEJIMHENMHOE pachpOoCTpaHeHHe
BOJIH, YIIPaBJISIOIIME TApaMeTPbl, YPABHEHUE SBOJIIOLUU YIIPABJISIOMIUX BOJIH.

Introduction. The problem of theoretical
description of wave processes in condensate films,
despite the well-known works [1-4], is far from
exhausted, which is explained by a wide variety
of manifestations of nonlinearity and dispersion
effects during wave motions of films, especially
in processes, the course of which is complicated by
heat and mass transfer, or various phase transitions
(solid phase - liquid or liquid - vapor) [2, 5, 6].
When modeling such processes, it is fundamentally
important to take into account the presence of
heat and mass sources, changes in the physical
characteristics of the interacting media due to non-
isothermality or variable concentration of individual
components.

In a number of works it was established, for
example, that the stationary Nusselt problem
may not have a solution for non-isothermal
film flows even for small Reynolds numbers.
This circumstance leads to the emergence and
propagation of non-linear waves of complex
configuration in the dissipative system [7]. Another
problem complicating the process of mathematical
modeling is the complexity of the linkage of the
equations that form the system [8, 9]. The main
difficulty is that since in the presence of mass
sources the flow rate of film flows changes in time
and space, it is difficult to isolate a component
constant of the solution that could then be subjected
to an asymptotic analysis taking into account
disturbances [10, 11].

Known works in this area [11] do not allow us to
answer questions about how the intensity of the mass
source affects the conditions for the occurrence of
wave flows and the characteristics of the resulting
nonlinear waves. At the same time, this question is
of fundamental importance, since the stability of the
wave-free flow regime depends significantly on the
changing fluid flow rate, which leads to a changing
film thickness [12, 13, 14].

The purpose of this theoretical work and its
main scientific contribution is the derivation of
general control equations for the flow of a viscous
liquid film in the presence of a mass source. The
derivation is specified using the example of the
process of film condensation on a flat surface
[15, 16]. The novelty of the work also lies in
the fact that the developed mathematical model is
subjected to asymptotic analysis [17, 18, 19], which
allows us to identify the main control parameters
and study the features and dependencies of the
wave characteristics of the resulting nonlinear waves
on the identified control parameters. The results
obtained as a result of the theoretical studies carried
out can find wide application in the calculation
of technological processes, design of corresponding
schemes and installations, as well as in methods and
schemes for controlling technological film processes
operating in modes of variable flow rate and the
presence of mass sources.

Materials and methods. The main research
method in this work was theoretical research,
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construction of mathematical models and their
asymptotic analysis.

Previously, the method of integral relations was
used to obtain a basic system of equations for film

thickness and flow rate in flows with mass sources,

aj fo j2
AR (E'ﬂ o

It is important to note that in the studied problem
there is a parameter /, which is a control parameter
characterizing the intensity of the mass source in the
system.

The intensity of the condensation process
decreases with increasing thickness of the
condensate film. Therefore, at a sufficiently large
distance from the initial point, the intensity of the
mass source can be considered small [21]. At the

(f3V —

in particular during film condensation [12].

The general form of the evolutionary equation in
this case can be represented in the following form
[12, 20]
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K
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surface waves, we can introduce a small parameter
e = 1j/ jAO, into the model, where is the average
velocity of the condensate flow in the unperturbed
film in the area under consideration. With the help
of such a small parameter, it becomes possible
to scale the model by introducing slow variables
t = et and z = ex, as well as a fast phase variable

=q(z,t)/e.

The following system of evolutionary equations

same time, since we are talking about films of small reads

thickness compared to the characteristic length of
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A solution to the basic system can be presented in the form of expansions in powers of a small parameter

N
Z 7- % 17 + 5]\]—~_1R1N<7-7 Z5 1, 6) (3)
i=0 n=2
N .
h=Y eHyr,zn)| +eN " Ryn(r,2n,¢) 4)
i=0 =2

The zeroth order of the system reads
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Next, we sequentially obtain recurrence relations
for the following orders of expansion. Note that all
systems, except the first, are linear with respect to
the sought functions and are decoupled.

Results and discussion. Proceeding to a more
detailed analysis, it is important to note that, unlike
[22, 23], the systems can be decoupled without the
additional assumption of a constant phase velocity.
It follows from relations (5)

0z
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From the physical meaning of the problem under
consideration, Y (¢,z) = 0, which leads to the
following equation for H,
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The systems for subsequent approximations can
be similarly decoupled. Moreover, there is a quasi-
linear relationship between the flow rates and
thicknesses as functions of fast and slow variables.
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The analysis of the model allows us to conclude
that the surface pressure gradient along the film
flow, caused by the variable curvature of the surface,
contributes to the dispersion of waves only in the
zero order, since waves of higher orders evolve
under the influence of the effects of variability of
physical characteristics. Literature analysis shows
that the value of the coefficient K is different,
namely: ¢ of or 2, for different liquids depending
on the type of liquid [24]. Therefore, in this paper,
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it is proposed to introduce a correction H, into
the solution of equation (8) to evaluate the effect
of surface tension, taking into account the effect of
surface tension: H = H,; + H,. In this case, the

inequality Hy, << H; 1s valid.

As a result, we obtain the following equation for
Hy,

a6\ > ) 90/0r
kil H B ==L
(87’) (A—1)- 0H,, B 01T 00/0z (10)
99 on Hy,
0z
The resulting equation has an obvious traveling wave solution
Hy, = \/(ng@h)) + Sy) exp (2955(n — 19)) — 54 (1D
Here
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Discarding terms of the second and higher orders of smallness with respect to the correction, H, we

obtain the equation
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Let’ s supposed the first term is of higher order The last inequality relates the integral

of smallness in the right-hand side, that leads to
homogeneous equation. As it is shown in [12] the
Wronskian of a homogeneous equation of such
type is zero, because of the absence of second
derivative 877 92 [12]. From this it follows that
resulting equation does not contain monotonically
increasing solutions. So, for the possibility of the
appearance of oscillating solutions in the form of a
distortion of the wave profile of the ripple type, the

following condition must be satisfied

a0
(A—1y5—<0

z

(14)

0(z,7,¢) = B(r,€) (2 + p(T,€)) + By(7,€) (2 + ¢(7,¢))”

characteristics of the velocity profile in the film,
depending on the varying temperature across the
film thickness, and the wave number of the carrier
wave. If inequality (14) is not satisfied, then we can
expect that a small disturbance of the carrier wave
profile will be smoothed out by capillary forces [12].

From inequality (14) it follows the condition
A <1,

Since the wave number and frequency in a film
of variable flow rate change with time, at least two
terms in their expansion in a Taylor series should be
saved.

15)
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Thus, the following evolution equation reads
dp
8 (5

2
67)

In order for building mathematical models for the
evolution of wave disturbances of the condensate
film profile, the methods of the century-old
perturbation theory should be used [12].

0H,

With the help of supposition of the stationary flow
regime nearby the stability boundary, the process
can be considered as quasi-stationary.

Under the condition of the slowness of the

(A-=1)- . ¢ — K, 3°H,

O3H, dp B
o ar H,
functions j, and h, describing stationary solutions,
it should be valid a certain relation to j;, = L(hy)
be valid, where j; << j, and hy << hg are
disturbances of the stationary solution of the film
condensation problem, and is also a slow function.
Unlike [24], to describe the evolution of the wave
packet in the weakly nonlinear approximation, we
leave the second-order terms.

= GepHg + (16)

As a result, the following relation is correct

aj aj oh 93h 0j Oh .
< Y ay—— +ag 31 + ayjy + azh 51]1 jl + Bohy = + Bsjt + B4hT (A7)
ot L ox Ox ox Ox
oh dj
The coefficients of resulting system (17), (18) of equations play the role of control parameters:
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Let us introduce new stretched variables X =cx, T =ctandn = e(i’T) a fast variable .
Then we can look for a solution to the system (17), (18) in the form
hy = Hexp(n), j, =Jexp(n) (22)

Then, dividing the terms of the equations by powers of the small parameter and discarding rapidly
oscillating components of small amplitude of the type H? exp(2n) and J2 exp(27), we arrive at an approx-

imate linear system for the amplitudes
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For the solvability of system (23), (24), the dispersion relation must be satisfied
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From this it follows the desired representation for J = L(X,T)H, where
a6
0T —z
L(X,T) = 25 (26)
oxX

Considering L(X,T') that is a function of slow variables, and substituting the last relation into the
original system, we arrive at a zero-order equation for the function that is the film thickness simulation:

+<a1+ (a +%>

In the resulting equation, it is convenient to switch to a moving coordinate system:

oh,
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As a result, the following govern equation has been derived
piL + ﬁ oh as;  O3hy ( a5) ( 54>
=— -5 L hi 29
ot 0414—0‘2 Log  ag+ %2 063 at g Pl + 29)

The resulting equation is close in structure to
the Korteweg-de-Vries equation [12, 25] with a
nonlinear perturbation of the right-hand side and
slowly changing coefficients. The presence of such
a perturbation leads to the fact that the dispersion
relation of the last equation (29) contains a nonzero
imaginary part, and an undamped wave solution can
exist only on the neutral line and in the region of
increasing amplitudes.

Conclusion. A mathematical model of
propagation of long-wave nonlinear surface waves
with small amplitude in flowing condensate films

has been developed. When deriving the flow
equations, the dependence of the liquid viscosity
on the temperature of the supporting surface has
been taken into account. Asymptotic analysis of the
model has made it possible to estimate the degree of
influence of variable viscosity and disturbances of
the mass source intensity on the wave characteristics.
The paper presents the general structure of the
perturbed wave equation, which can be used for
solving problems of propagation of nonlinear
waves in condensate films under various boundary
conditions.
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