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A B S T R A C T

The study of logic mining has gained significant attention for its ability to interpret behavior of the datasets. 
However, existing logic mining models face limitations such as reliance on single optimal logic, insufficient focus 
in attribute selection methods and a tendency to overfit especially when dealing with imbalanced datasets. To 
address these challenges, this paper introduces a versatile and flexible logic mining model based on Conditional 
Random 2 Satisfiability. The proposed model is structured into three main phases: pre-processing, learning and 
retrieval. By utilizing a multi-objective retrieval phase, the model improves its classification performance by 
retrieving a final neuron state that is optimally diversified. A different pathway in generating the best logic 
expands the search space leading to the production of a set of induced logics using different confusion matrixes. 
As a result, the logic mining model moves beyond a rigid dependency on the single best logic and thus offers 
flexibility in interpreting the behavior of the datasets. Additionally, the similarity analysis enhances the attribute 
selection method by calculating the distance between attributes and dataset outcomes. This evaluation considers 
the distribution of both positive and negative entries across independent and dependent attributes. Comparative 
experiments conducted on real-world datasets demonstrate the superiority of the proposed logic mining model, 
achieving an average ACC = 0.8275, PRE = 0.9116, SPE = 0.9994, MCC = 0.5221 and MCR = 0.1758. These 
results consistently outperform baseline logic mining models across all evaluation metrics.

1. Introduction

Artificial Intelligence (AI) focuses on creating systems capable of 
performing tasks with human-like intelligence. Artificial Neural Net
works (ANNs) is a subset of AI which are inspired by the human brain 
and are designed to process data, learn from it and use the acquired 
knowledge to make decisions. Due to their adaptability and learning 
capabilities, ANNs are widely used across various fields including speech 
recognition [1], medical natural language processing [2], medical im
aging [3] and financial forecasting [4]. Building on the strengths of 
ANNs, researchers have started combining symbolic logic with compu
tational intelligence to tackle classification challenges. These challenges 
often involve handling complex datasets with different patterns, which 
makes tools like logic mining valuable for improving classification, ac
curacy and interpretability. This approach has opened new opportu
nities for developing models that are not only effective but also 
interpretable.

Among various types of ANNs, the Discrete Hopfield Neural Network 
(DHNN) is widely used for optimization problems. However, as a black 
box model, DHNN has limitations in terms of output interpretability. 
One of its well-known applications is the Travelling Salesman Problem 
(TSP) [5], which is historically regarded as a classical benchmark due to 
its suitability for combinatorial optimization. Although this demon
strates the effectiveness of DHNN in structured optimization tasks, its 
applications are primarily restricted to numerical optimization with 
limited interpretability. Therefore, implementing the symbolic logic into 
the DHNN model can enhance its interpretability by providing a deeper 
understanding of intelligence and a clearer interpretation of the output. 
According to [6], symbolic logic plays a key role in DHNN as it governs 
the neuron representation. In his early study, he proposed embedding 
satisfiability logical rules into DHNN and the value of the synaptic 
weight is obtained by comparing the cost function with the Lyapunov 
energy function. This approach is referred to as the Wan Abdullah 
method (WA method), which ensures the convergence of the network 
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and eventually guarantees the global solution. Subsequent research such 
as [7] and [8] explored different logical rules like 2 Satisfiability (2SAT) 
and 3 Satisfiability (3SAT) to enhance neuron interpretability. The 
structure of 2SAT contains two literals per clause and achieved a high 
global minima ratio. While 3SAT with three literals per clause faced 
challenges due to exponential growth of associative memory in DHNN.

Recent advancements in DHNN have expanded the type of logical 
rules into non-systematic logical rules. Sathasivam et al. [9] introduced 
Random 2 Satisfiability (RAN2SAT) which combines first-order and 
second-order logic allowing for a flexible and dynamic number of literals 
per clause. However, experimental results showed that first-order 
clauses introduced more logical inconsistencies compared to 
second-order clauses. This limits the ability of DHNN to complete the 
learning phase and thus lead to a suboptimal retrieval phase. To address 
these challenges, [10] proposed Y-Type Random 2 Satisfiability 
(YRAN2SAT) a hybrid logical rule offering five flexible pathways. 
YRAN2SAT demonstrated its ability to optimize synaptic weights and 
increase neuron state variability across solution spaces. Despite these 
advances, the distribution of the negative literal in the logical rules re
mains random. Therefore, [11] introduced Weighted Random 2 Sat
isfiability (r2SAT) to control the distribution of negative literals through 
a logic phase that generates non-systematic structures based on a spec
ified number of negative literals. However, this approach increased the 
complexity of the existing DHNN [12]. To address this, [12] proposed 
Weighted Systematic 2 Satisfiability (rS2SAT), which controls the dis
tribution of negative literals, promotes diversification and encourages 
the learning of negative neuron connections. Meanwhile, [13] empha
sized the high appearance of negative literals in their Negative-Based 
Higher-Order Systematic Satisfiability (NR3SAT), but their approach is 
limited to systematic logic. Further research is needed to explore 
non-systematic logical rules, particularly to understand the significance 
of the high appearance of negative literal without relying on an addi
tional logic phase to strategically position these literals.

The study of DHNN in the field of AI has gained significant interest 
due to its unique capabilities including logic mining which extract 
logical rules and patterns [14] define logic mining as a subset of data 
mining that analyzes the behavior of dataset through logical rules, 
producing SAT-induced logic to enhance classification and 
decision-making. Logic mining relies on three key components: the 
computational power of ANNs, symbolic SAT rules and reverse analysis 
(RA) methods [15] pioneered this field by proposing RA method using 
HORNSAT logic to extract logical rules representing student perfor
mance. However, progress in identifying the most optimal induced logic 
remains limited. Building on earlier work, [16] and [17] introduced the 
2 Satisfiability based Reverse Analysis method (2SATRA) and 3 Satisfi
ability based Reverse Analysis method (3SATRA), respectively. 
Furthermore, [18] developed the Energy-based 2 Satisfiability Reverse 
Analysis (E2SATRA) which uses an energy operator to transform final 
neuron states with global minimum energy into induced logic. A com
mon issue across logic mining models is the random attribute selection, 
which reduces the interpretability of induced logic since the selected 
attributes may not represent the overall behavior of the dataset. To 
address this, [19]proposed 2 Satisfiability-based Reverse Analysis with a 
Permutation Operator (P2SATRA), introducing a logical permutation 
operator to improve compatibility, accuracy, and competitiveness over 
conventional 2SATRA. However, their approach focused solely on per
mutation without incorporating a specific method for attribute 
selection.

Previous logic mining models often rely on random attribute selec
tion methods, which can lead to unreliable and insignificant patterns in 
datasets. To address this issue, several studies have focused on 
improving attribute selection methods. For example, [20] introduced 
the Supervised Logic Mining model with Correlation analysis 
(S2SATRA) which uses correlation to identify the best attributes for 
dataset representation. By eliminating unnecessary attributes before 
embedding them into DHNN, S2SATRA achieved superior accuracy and 

precision compared to existing models. Furthermore, [21] proposed the 
Supervised Logic Mining model with Log-linear analysis (A2SATRA) to 
select optimal attributes. However, supervised methods do not account 
for similarity between attributes and logical outcomes. To overcome 
this, [14] employed the Jaccard similarity index for feature selection. 
This method is effective but only considers positive entries and may 
overlook significant relationships in negative entries. Hence, incorpo
rating both positive and negative entries is essential for a more 
comprehensive understanding of dataset relationships. Another issue 
with logic mining models is their reliance on generating the best logic 
based solely on true positive outcomes. This approach often prioritizes 
clauses with the highest frequency of positive results which lead to 
biased solutions particularly for imbalanced datasets.

The best logic refers to the optimal logic used to be trained by the 
network to learn the behaviour of the dataset [22] and [23] introduced 
multi-unit logic mining models that select the best logic based on true 
positive and true negative outcomes which outperform existing logic 
mining models. However, these models still face limitations during the 
learning phase, as they rely on trial-and-error algorithms which remain 
suboptimal learning phase. Current logic mining models such 2 Hybrid 
Exhaustive Search Reverse-based Analysis (2HESRA) by [24] and 
Weighted Random 2 Satisfiability Modified Reverse-based Analysis 
(r2SATMRA) by [14] include modifications in the learning phase by 
utilizing multi-objective learning algorithms and multiple CAMs to 
improve the quality of CAM. However, these models primarily focus on 
maximizing true positive and true negative outcomes to generate the 
best logic and produce a single induced logic for knowledge extraction. 
To address these limitations, [12]introducing the Weighted Systematic 2 
Satisfiability based Reverse Analysis Method (U2SATRA) which pro
vides an alternative pathway for generating the best logic. U2SATRA 
learns the behaviors of the dataset from various perspectives and gen
erates different sets of induced logics that consequently offer flexibility 
in doing classification tasks. The effectiveness of U2SATRA is further 
enhanced by an optimized learning phase and a multi-objective retrieval 
phase. Despite these advancements, U2SATRA remains most effective in 
the context of systematic logic and has limited capacity to independently 
validate patterns of the datasets. In contrast, [25] introduced a new 
flexible logic mining model. However, the evaluation of best logic fo
cuses primarily on maximizing true positive and true negative outcomes.

Motivated by the identified limitations and informed by insights 
from the prior literature review, the following research questions are 
proposed for further investigation. 

1. What is an alternative method for attribute selection that can effec
tively measure the relationship between positive and negative 
distributions?

2. How does the implementation of a multi-objective function impact 
the quality of the final neuron state?

3. What approach can be implemented into the current logic mining 
model to ensure that a set of induced logics obtained from different 
confusion matrixes is effective in doing classification tasks?

4. How effectively does the proposed logic mining model generate a set 
of induced logics and perform on benchmark datasets based on 
various performance metrics?

In response to these research questions, we propose a versatile logic 
mining model that offers flexibility in performing classification tasks 
and extracting knowledge from various datasets domains. This proposed 
model is based on a new method for attribute selection and imple
menting multi-objective optimization during the retrieval phase. We 
also introduce different pathways for generating the best logic and 
produces a set of induced logic based on different confusion matrixes 
that accurately represent classification outcomes for both positive and 
negative classes. Thus, the main contributions of this work are outlined 
as follows: 
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To propose a new method for attribute selection by introducing 
Rogers Tanimoto Feature Selection Method. This method utilizes 
similarity analysis to compute the distance between attributes and 
dataset outcomes which focus on the distribution of both negative 
and positive states.
To enhance the retrieval phase by implementing a multi-objective 
function for the Hybrid Binary Whale Optimization Algorithm. 
This approach aims to optimize the final neuron states with aims of 
retrieved diversified and optimal final neuron states with more 
negative states which will be good influenced in the context of logic 
mining.
To propose a multi-unit Conditional Random 2 Satisfiability Reverse 
Analysis method which consider five different confusion matrixes in 
generating the best logic and produce a set on induced logics capable 
of performing classification and knowledge extraction from the 
datasets.
To evaluate the performance of the proposed logic mining model and 
analyze the significance of generated induced logics using the 
Friedman Test.

This paper is structured as follows: Section 2 discusses the motivation 
and related work that support the contributions outlined above. Section 
3 explains the logical structure which acts as the neuron representation 
in DHNN and forms the main component of the logic mining model. 
Sections 4 and 5 provide a detailed description of the proposed meth
odology. Section 6 outlines the experimental setup, including the re
pository datasets used in the experiments. Section 7 discusses the 
findings from all logic mining models and Section 8 concludes the paper 
by summarizing the key findings.

2. Motivation and related work

The current literature highlights several limitations, creating op
portunities for the development of a new logic mining model. Based on 
the identified motivations and related works, this paper addresses key 
challenges in current research to develop an effective logic mining 
model that captures significant relationships between attributes and 
outcomes.

2.1. Lack of understanding significance of the negative literal in non- 
systematic logic

According to [26], SAT tends to produce positive literals which limits 
the appearance of negative literals in the logical rule. Although various 
types of non-systematic logic have been proposed such as RAN2SAT [9] 
and YRAN2SAT [10], the significance of a high appearance of negative 
literals within the second-order clauses remains uncertain. This uncer
tainty arises from the random generation of positive and negative literals 
in logical rules. Some studies, such as r2SAT [11] and S-TypeRAN2SAT 
[26] focus on distributing negative literals. For instance, r2SAT uses a 
metaheuristic algorithm to distribute negative literals, but this increases 
the complexity of DHNN [12]. S-TypeRAN2SAT employs a probabilistic 
logic phase to position positive and negative literals within clauses. 
Despite these efforts, the significance of having a high appearance of 
negative literals within the second-order clauses remains uncertain and 
requires further investigation. Therefore, it is essential to implement a 
mechanism that ensure the appearance of at least one negative literal in 
second-order clauses. In this paper, we introduce restricted conditions 
within non-systematic second-order logic to closely examine the role of 
negative literals.

2.2. Limitations in diversifying negative final neuron state

During the retrieval phase, the final neuron state generated by the 
DHNN is evaluated to determine whether the solution is a global or local 
minima solution. The retrieved final neuron state is updated 

asynchronously using the synaptic weights stored in the CAM. However, 
most studies overlooked the quality assessment of the final neuron state 
because the primary focus is typically on reaching the final state [27] 
enhanced the retrieval phase using the Estimation of Distribution Al
gorithm (EDA). However, as the number of neurons increases, the final 
neuron state is trapped in suboptimal states due to the use of Exhaustive 
Search (ES) during the learning phase of DHNN. Additionally, [27] has 
concentrated solely on the quality of the final neuron state without 
considering the variability in negative states. Although [28] improved 
the updating rule of DHNN by implementing Smish activation function, 
but the impact on the variability of negative state remains unclear. 
Similarly, although [13] proposed multi-objective functions during the 
retrieval phase, their approach was limited to systematic logic. In this 
paper, we propose utilizing the Election Algorithm (EA) from Sathasi
vam et al. (2020) to achieve an optimal learning phase. The quality of 
the retrieved final neuron state will be optimized to improve diversifi
cation and achieve optimal states with a specific focus on increasing 
negative states. This enhancement will significantly benefit the field of 
logic mining.

2.3. Limitation of non-systematic logic mining in generating the best logic

In logic mining models, generating the best logic is crucial because 
these logical rules are trained by the network to extract the behaviour of 
the datasets. Additionally, the best logic also represents the optimal 
connections between neurons with the correct synaptic weight. In pre
vious logic mining models [20,21] the best logic was typically based on 
clauses with the highest frequency of positive outcomes in the learning 
data. However, this approach can lead to bias solutions especially when 
dealing with imbalanced datasets. To address these issues, some re
searchers have introduced new approaches that consider the summation 
of both true positive and true negative classifications when generating 
the best logic [14,24]. However, relying on single induced logic may 
limit the search space for finding an optimal best logic that fully rep
resents the behaviour of the dataset. To overcome this limitation, [23] 
and [22] proposed a multi-unit DHNN logic mining model that generates 
ten best logics to be learned by the network. However, their logic mining 
model only focuses on maximizing the summation of both true positive 
and true negative classifications. Since most datasets suffer from im
balances, [12] proposed generating multiple best logics that consider 
both true and false classifications to obtain significant induced logic that 
accurately represents the overall behavior of the dataset. However, the 
proposed logic mining model by [12] is based on systematic logic. In this 
paper, we propose a different pathway for generating the best logic 
based on non-systematic logic. This represents the first attempt to 
implement non-systematic logic as a rule for logic mining.

2.4. Challenges in generating induced logic with high similarity between 
attributes and outcome

Induced logic is crucial in logic mining where it is used to extract 
patterns from real-life datasets particularly for classification tasks. While 
most previous research has focused on producing a single best-induced 
logic, [12] attempted to produce a set of induced logics. However, the 
interpretability of these logics has been questioned due to a lack of 
consideration for the similarity between attributes and outcomes. 
Despite retrieving a set of induced logics through various metrics, their 
interpretability remains limited due to weak relationships between at
tributes and the outcomes. While generating a set of induced logic is 
essential, optimal attribute selection is equally important for ensuring 
relevant classification tasks. Existing logic mining models use both su
pervised and unsupervised attributes selection methods [12,14,20,21], 
but these methods often overlook the relationship between positive and 
negative attributes and the outcome thus limit the comprehensiveness of 
the relationships. Even though logic mining models can produce sets of 
induced logic, selecting optimal attributes that accurately represent the 
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behavior of the dataset remains crucial. In this paper, we propose using 
similarity analysis for attribute selection to ensure that only significant 
attributes with strong relationships to the outcome are selected. This 
approach helps eliminate irrelevant attributes and extract relevant 
patterns, making it particularly suitable for complex and imbalanced 
real-life datasets.

Based on these identified limitations, this paper proposes a logic 
mining model designed to address the limitations of existing ap
proaches. The proposed framework focuses on improving the repre
sentation of negative literals, enhancing the quality of retrieved neuron 
states through multi-objective optimization, and enabling more flexible 
logic generation using multiple evaluation criteria. In addition, a 
similarity-based attribute selection strategy is incorporated to ensure 
more relevant feature representation. These improvements collectively 
enhance the effectiveness of the model, particularly for imbalanced and 
real-world datasets.

3. Conditional random 2 satisfiability into DHNN

This section provides the theoretical background of all the elements 
involved in the proposed logic mining, including the formulation of non- 
systematic logic, the implementation of non-systematic logic into DHNN 
as well as the utilization of multi-objective function that optimize the 
retrieved final neuron state. First, this section discusses the formulation 
of the non-systematic structure of Conditional Random 2 Satisfiability 
(CRAN2SAT). The basic components of the proposed CRAN2SAT are as 
follows: 

(a) A set of m second-order clauses where each clause contains 
exactly two literals is represented as C(2)

1 , C(2)
2 , ..., C(2)

m such that 
C(2)

m = (Bi ∨ Di), m ∈ Z+.

(b) A set of n first-order clauses where each clause contains exactly 
one literal is represented as C(1)

1 , C(1)
2 , ..., C(1)

n such that C(1)
n =

(Ai), n ∈ Z+.

Note that i represents the independent literals. The C(2)
m and C(1)

n 
denote the second-order and first-order clauses, respectively where a set 
of literals can be either positive or negative literal such Bi ∈ {Bi,¬Bi}, 
Di ∈ {Di,¬Di} and Ai ∈ {Ai,¬Ai}. CRAN2SAT is a logical formulation 
that introduces conditional randomness in the generation of clauses 
within the DHNN framework. According to [28], the structure of 
CRAN2SAT allows DHNN to govern at least one negative neuron 
connection within the second-order clauses. This is because CRAN2SAT 
excludes both positive literals in the second-order clauses and does not 
impose any restrictions on the first-order clauses. As a result, possible 
combinations of second-order clauses that consist of both positive lit
erals are disregarded from the logical structure of CRAN2SAT. From a 
logical perspective, classical logical structures such as 2SAT and 
RAN2SAT, which allow all possible combinations of literals. In contrast, 
CRAN2SAT imposes a structural constraint that excludes second-order 
clauses containing only positive literals. The general formulation of 
CRAN2SAT denoted as PCRAN2SAT is presented in Eq. (1) and the defini
tion of the clauses in PCRAN2SAT is provided in Eq. (2): 

PCRAN2SAT = ∧m
i=1 Ci

(2)∧n
i=1 Ci

(1), (1) 

C(k)
i =

{
(Bi ∨ Di), k = 2

Ai, k = 1 (2) 

Note that m represents the total number of the second-order clauses, 
n denotes the total number of first-order clauses, and k indicates the 
order of the clauses. In this paper, the randomized distribution structure 
of CRAN2SAT will act as a neuron representation in DHNN. Thus, the 
general implementation of CRAN2SAT into DHNN (or referred as 
DHNN–CRAN2SAT) is described based on the process involved during 

the learning and retrieval phase of DHNN.
During the learning phase, the objective is to determine the optimal 

value of the synaptic weight which represent the strength of neuron 
connections. This phase focuses on minimizing the logical inconsistency 
of PCRAN2SAT which corresponds to the minimization of the cost function 
of CRAN2SAT(EPCRAN2SAT ). According to [30], the value of EPCRAN2SAT is 
proportional to the number of unsatisfied clauses in PCRAN2SAT. Thus, an 
increase in unsatisfied clauses results in a higher value of EPCRAN2SAT .

Achieving a zero-cost function (EPCRAN2SAT = 0) indicates that the logical 
inconsistency of PCRAN2SAT has been fully minimized show that all 
clauses in PCRAN2SATare satisfied. The cost function is formulated as 
shown in Eqs. (3) and (4): 

EPCRAN2SAT =
∑m

i=1

(
∏2

j=1
Qij

)

+
∑n

i=1

(
∏1

j=1
Qij

)

, (3) 

Qij =

⎧
⎪⎪⎨

⎪⎪⎩

1
2
(1 − SX), if ¬X

1
2
(1 + SX), if X

. (4) 

The notation of SX in Eq. (4) represents the neuron state in a clause 
where X and ¬X are positive and negative literal, respectively for which 
Xconsist of arbitrary literals of {Ai,Bi,Di} within PCRAN2SAT. The 
computation of the synaptic weights is obtained by using WA method 
[6] by comparing the coefficient of EPCRAN2SAT with the Lyapunov energy 
function of DHNN 

(
HPCRAN2SAT

)
formulated as in Eq. (5): 

HPCRAN2SAT = −
1
2
∑N

i=1,i∕=j

∑N

j=1,i∕=j
W(2)

ij SiSj −
∑N

i=1
W(1)

i Si (5) 

The factor 1
2 prevents counting the same neuron interaction twice 

because the synaptic weights are symmetric 
(
Wij = Wji

)
. Under this 

condition, the Lyapunov energy function decreases monotonically dur
ing neuron updates, ensuring that the DHNN converges to a stable 
equilibrium state. These support the convergence of the network to a 
stable state [5]. Based on Eq. (5), W(2)

ij and W(1)
i represent synaptic 

weights for the second-order and first-order, respectively whileSj refers 
to neuron state in PCRAN2SAT . In this paper, the Election Algorithm (EA) is 
utilized to ensure that the network achieves an optimal learning phase 
which consequently leads to optimal synaptic weights [13]. Two 
important characteristics of synaptic weights in DHNN are symmetric 
weights such that Wij = Wji and there is no self-connection such that 
Wii = Wjj = 0. Furthermore, the generated values of W(2)

ij and W(1)
i are 

stored in Content Addressable Memory (CAM) in matrix form which 
allows DHNN to memorize the optimal neuron connections. These 
weights are subsequently used in local field computations during the 
retrieval phase.

During the retrieval phase, the aims is to retrieve an optimal final 
neuron state. To achieve this, the computation of local field (hi) of 
DHNN which utilizes the value of W(2)

ij and W(1)
i stored in CAM is 

calculated using Eq. (6): 

hi =
∑N

j=1,j∕=i
W(2)

ij Sj +W(1)
i (6) 

Subsequently, the activation function is applied to squash the value 
of hi into bipolar state, either 1 or − 1 as illustrated in Eq. (7): 

Sf
i (t) =

{
1, if g(hi) ≥ 0
− 1, otherwise . (7) 

Based on the Eq. (7), the g(hi)is computed using the Smish activation 
function which is shown in Eq. (8) where the values of α and β are 
learnable parameters. Based on work by [28], Smish activation function 
able to maintain partial sparsity and thus increase the variation between 
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the retrieved final neuron state. The parameters α and β follow the 
configuration adopted in the previous CRAN2SAT–DHNN [28] and 
remain fixed throughout the experiments to ensure consistency with the 
original model. 

g(hi) = αhi⋅tanh[In(1+ sigmoid(βhi))] (8) 

When the final neuron states are updated correctly, these states will 
converge towards the global minimum energy which consequently leads 
to a global minima solution. Therefore, the retrieved final neuron state 
(

Sf
i (t)
)

will be used to evaluate the final energy
(
HPCRAN2SAT

)
of the 

network by using Eq. (9). The HPCRAN2SAT is calculated by using the 
updated value of Sf

i (t) and Sj represents the neuron state in PCRAN2SAT as 
shown in Eq. (9): 

HPCRAN2SAT = −
1
2
∑N

i=1,i∕=j

∑N

j=1,i∕=j
W(2)

ij Sf
i Sj −

∑N

i=1
W(1)

i Sf
i (9) 

Furthermore, the minimum energy of the network denoted as 
Hmin

PCRAN2SAT 
is computed using Eq. (10) where m and n represent the number 

of second-order clauses and first-order clauses in PCRAN2SAT, respectively. 

Hmin
PCRAN2SAT

= −

(
m + 2n

4

)

(10) 

The minimum energy in Eq. (10) is obtained from the energy 
contribution of each clause in PCRAN2SAT . Each satisfied second-order 
clause contributes − 1

4 to the network energy, while each satisfied first- 
order clause contributes − 1

2. The quality of the Sf
i (t) that is retrieved 

by DHNN–CRAN2SAT model is examined using Eq. (11), whereby Tol is 
the tolerance value used as an indicator in evaluating the quality of Sf

i (t). 
⃒
⃒
⃒HPCRAN2SAT − Hmin

PCRAN2SAT

⃒
⃒
⃒ ≤ Tol. (11) 

If Eq. (11) is satisfied, Sf
i (t) that is retrieved by the 

DHNN–CRAN2SAT is considered a global minima solution, otherwise 
Sf

i (t)is classified as a local minima solution. Although EA ensures the 
optimal state of Sf

i (t) and Smish activation function enhances diversifi
cation between the states, the retrieved states may present high simi
larity to the benchmark states. To address this, implementing a multi- 
objective function during the retrieval phase of DHNN could further 
improve the quality of the retrieved final neuron states. Therefore, the 
retrieval phase is formulated as a multi-objective optimization problem 
where the decision variable is the final neuron state Sf

i (t) and the 
objective is to optimize diversification, global optimality, and similarity 
minimization simultaneously. In the retrieval phase of the DHNN, the 
multi-objective functions are defined as indicated in Eq. (12): 

Obj
(
fD, fZ, fSI

)
, (12) 

where fD is represents the fitness for the diversification of the final 
neuron state, fZ is denotes the fitness for the global state and fSI is in
dicates the fitness for minimizing the similarity indices. The first 
objective function, Obj1(fD) defined as in Eq. (13) aims to maximize the 
diversification of the final neuron state. 

Obj1(fD) = max[fD], 0 ≤ fD ≤ F. (13) 

This diversification of the final neuron state is measured by the 
variation of negative neuron states within the clauses of CRAN2SAT. 
Consequently, the fitness evaluation for the diversified neuron states is 
subject to Eq. (14): 

Obj1(fD) : fD =
∑m

i=1
fC (2)

i
(14) 

where fC (2)
i 

is fitness of second-order clause for i = 1, 2, ...,m. The fitness 

evaluation for fD is only measured based on the second-order clauses of 
the logical rule PCRAN2SAT . The second objective function, Obj2(fZ) is 
defined as in Eq. (15) which aims to achieve a final neuron state with the 
maximum number of global minima solution 

Obj2(fZ) = max[fZ], 0 ≤ fZ ≤ F, (15) 

subject to 

Obj2(fZ) : fZ =
∑m

i=1
fC (2)

i
+
∑n

i=1
fC (1)

i
. (16) 

According to Eq. (16), the fitness evaluation for fZ is evaluated based 
on the logical rule PCRAN2SAT where fC (2)

i 
represents the fitness of the 

second-order clause for i = 1, 2, ...,m and fC(1)
i 

represents the fitness of 

the first-order clause for i = 1, 2, ..., n. Based on Obj1(fD) and Obj2(fZ), F 
represents the maximum solution obtained from the product of the 
number of trials and the number of neuron combinations. This setting 
ensures sufficient exploration during the retrieval phase.

Finally, the objective function, Obj3
(
fSI
)

defined as in Eq. (17) en
sures minimal similarity between the optimized final neuron state and 
the benchmark state. In this context, the benchmark neuron state rep
resents the initial neuron state that is generated by the logical rule 
PCRAN2SAT . 

Obj3
(
fSI
)
= min

[
fSI
]
, (17) 

where 

Obj3
(
fSI
)
: fSI ≤ σ, σ ∈ [0, 1] . (18) 

Based on Eq. (18), the fitness evaluation for fSI will be determined 
using similarity indices where the obtained values are less than σ which 
is generated by a respective formulation of similarity indices. To fulfil all 
the multi-objective functions outlined in Eq. (12), a Hybrid Binary 
Whale Optimization Algorithm (HBWOA) is designed to optimize the 
final neuron state retrieved by DHNN. Fig. 1 shows a schematic diagram 
illustrating how the retrieved final neuron state is embedded into 
HBWOA during the retrieval phase of DHNN.

As illustrated in Fig. 1, each whale represents a candidate of neuron 
state in the DHNN retrieval phase. The binary representation corre
sponds to the bipolar neuron states, where each element denotes the 
state of a neuron. The fitness of each candidate is evaluated using the 
proposed multi-objective functions, and HBWOA iteratively updates 
these states through its exploration and exploitation mechanisms to 
obtain an optimal final neuron state.

4. The proposed hybrid binary whale optimization

The Whale Optimization Algorithm (WOA) is a nature-inspired 
metaheuristic that mimics the hunting and social behavior of hump
back whales. WOA was introduced by [31] and has demonstrated strong 
performance across a range of optimization tasks. To adapt WOA for 
discrete optimization tasks, [32] proposed two binary variants of WOA, 
namely BWOA-S and BWOA-V. Despite their potential, the application 
of these variants in DHNN remains unexplored. WOA updates solutions 
through two mechanisms, namely the exploitation of the best solution 
and the exploration of random candidates which provides strong po
tential in optimizing logical representations. However, the effective 
application of BWOA in logic representations requires a well-balanced 
exploitation strategy. Uncontrolled exploration may lead to the evalu
ation of irrelevant solutions that do not satisfy the criteria of 
multi-objective optimization. Therefore, a well-designed optimization 
operator is essential for guiding the search toward high-quality final 
neuron states. To address this issue, the proposed work implements a 
Hybrid Binary Whale Optimization Algorithm (HBWOA) in the retrieval 
phase of DHNN–CRAN2SAT. The goal is to optimize the final neuron 
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state that satisfies all multi-objective functions outlined in Eq. (12). The 
first-order clauses are excluded from the optimization process because 
changes in their neuron states directly affect the satisfiability of 
PCRAN2SAT . Small changes in these states may immediately influence 
clause satisfaction and affect the retrieval process. Therefore, first-order 
clauses are treated as fixed logical constraints during the HBWOA 
optimization. This allows the search to focus on second-order clauses 
while maintaining the satisfiable interpretation of PCRAN2SAT and 
ensuring stable and effective multi-objective optimization [33].

4.1. Initialization

The HBWOA process begins with initializing the whale population as 
shown in Eq. (19) where g(hi) is generated using the value of local field, 
hi which is transformed into a bipolar state using the Smish activation 
function in Eq. (8). 

Whalei

(
Sf

i

)
=

{
1, ifg(hi) ≥ 0
− 1, otherwise . (19) 

4.2. Fitness evaluation

After initializing the whale population, the fitness of each whale is 
evaluated based on the three objective functions in Eq. (12). Diversifi
cation of the final neuron state is essential to avoid repetitive states. The 
percentage of negativity denoted as Q is used as an indicator for 
achieving diversification. Therefore, the fitness evaluation for the 
diversified neuron state (fD)is formulated in Eq. (20): 

fD = Q

(
∑m

i=1
fC (2)

i

)

, Q = [0, 1] (20) 

(
fC (2)

i

)
=

{
0, if

(
Sf

Bi
, Sf

Di

)
= (1, 1)

1, Otherwise
. (21) 

The 
(

Sf
Bi
, Sf

Di

)
refers to the optimized final neuron state for the 

second-order clause with Bi and Di representing the literals within the 

clauses. If a clause in Whalei

(
Sf

i

)
contains at least one negative state, the 

algorithm counts this as achieving diversity denoted by 1. If diversity is 
not achieved, it is counted as 0. The fitness evaluation for the global state 
(fZ) is given by Eq. (22): 

fZ =
∑m

i=1
fC (2)

i
+
∑n

i=1
fC (1)

i
, (22) 

(
fC (2)

i
, fC (1)

i

)
=

{
1, ifEPCRAN2SAT = 0
0, Otherwise , (23) 

where fC (2)
i 

represents the fitness of the second-order clause for i = 1,2,

...,m and fC(1)
i 

denotes the fitness of the first-order clause for i = 1,2, ..., n.

Based on Eq. (23), if the first and second-order clause of PCRAN2SAT 
achieve a satisfied interpretation, then it will evaluated as a satisfied 
clause denoted as EPCRAN2SAT = 0. Furthermore, the fitness evaluation for 
minimizing similarity indices 

(
fSI
)

is given by Eq. (24): 

fSI ≤ σ, σ ∈ SI (24) 

The fitness evaluation for fSI is determined using similarity indices 
(SI) where the obtained values are less than σ generated by the respec

tive SI formulation. Each Whalei

(
Sf

i

)
then undergoes a fitness evaluation 

to identify the best solution denoted as Whale∗i
(

Sf
i

)
which achieves the 

highest fitness as described in Eq. (12).

Fig. 1. Schematic diagram of optimizing retrieval phase of DHNN.
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4.3. Primary selection

In the primary selection stage, the Whale∗i
(

Sf
i

)
with the highest 

fitness value as defined in Eq. (12) is selected. This mechanism, inspired 
by the cloning operator in CSA by [17]. The cloning operator is imple
mented in the HBWOA to enhance exploration by expand the solution 

space and improve the search for optimal neuron states. Whale∗i
(

Sf
i

)
is 

cloned based on a clone rate CR = [0, 1]. The number of clones 

n
(

Whale∗i
(

Sf
i

))
is determined as shown in Eq. (25): 

n
(

Whale∗i
(

Sf
i

))
= CR⋅Pop

(
Whalei

(
Sf

i

))
(25) 

The total whale population, Pop
(

Whalei

(
Sf

i

))
increases with the 

addition of copies of the best whale solutions. This new population, 

PopNew
(

Whalei

(
Sf

i

))
moves to the next stage where each whale updates 

its position using either the shrinking encircling mechanism or the spiral 
update.

4.4. Update position

The position of each whale, Whalei

(
Sf

i

)
is updated based on a 

simultaneous behavior where a random choice with a 50% probability is 
made between the shrinking encircling mechanism and the spiral update 
[31]. The random probability plies within [0, 1], while b a constant 
defining the shape of the logarithmic spiral, is set to b = 1[34]. Addi
tionally, l is a random number within [− 1, 1]. This behavior is mathe
matically represented in Eq. (26): 

Whalei

(
Sf

i (t+1)
)
=

⎧
⎨

⎩

Whalei

(
Sf

i (t)
)
− A⋅Di, if p < 0.5

Di
∗⋅ebl⋅cos(2πl) + Whalei

∗
(

Sf
i (t)
)
, otherwise

.

(26) 

When p ≥ 0.5, the position of each whale is updated using a spiral 
pattern with the distance D∗

i between the best whale and the current 
whale calculated using Eq. (27): 

Di
∗ =

⃒
⃒
⃒Whalei

∗
(

Sf
i (t)
)
− Whalei

(
Sf

i (t)
)⃒
⃒
⃒ (27) 

If p < 0.5, Whalei

(
Sf

i

)
is updated using the shrinking encircling 

mechanism which depends on the coefficient A in Eq. (32). When |A| ≥
1, the mechanism emphasizes exploration, allowing the WOA to perform 
an extensive search by utilizing a randomly selected whale from the 

current population, Whaleirand

(
Sf

i

)
. The distance (Di) and update states 

are also calculated based on Whaleirand

(
Sf

i

)
as shown in Eqs. (28) – (29): 

Di =

⃒
⃒
⃒C⋅Whaleirand

((
Sf

i (t)
))

− Whalei

((
Sf

i (t)
))⃒
⃒
⃒, (28) 

Whale
((

Sf
i (t+1)

))
= Whalerand

((
Sf

i (t)
))

− A⋅Di. (29) 

For |A| < 1, the update states are based on Whalei
∗

(
Sf

i

)
as shown in 

Eqs. (30) – (31): 

Di =

⃒
⃒
⃒C⋅Whalei

∗
(

Sf
i (t)
)
− Whalei

(
Sf

i (t)
)⃒
⃒
⃒, (30) 

Whalei

(
Sf

i (t+1)
)
= Whalei

(
Sf

i (t)
)
− A⋅Di. (31) 

Note that, the value of A and C are mathematical coefficients 
expressed by Eqs. (32) and (33): 

A = 2⋅a⋅r1 − a (32) 

C = 2⋅r2 (33) 

a = 2 −
2t

maxIter
(34) 

As shown in Eqs. (32) and (33), r1 and r2 are random vectors in the 
range [0, 1]. The convergence factor a decreases gradually from 2 to 
0 over iterations. The variable t represents the current iteration and 
maxIteris the maximum number of iterations.

4.5. Transfer into bipolar

After updating the position of Whalei

(
Sf

i (t + 1)
)

, the states are 

converted to bipolar values of 1 or − 1 using the sigmoid function as 
describe in Eq. (35): 

S
(

Whalei

(
Sf

i (t)
))

=
1

1 + e− Whalei(Sf
i (t+1))

(35) 

The bipolar update is performed based on the value obtained from 

S
(

Whalei

(
Sf

i (t)
))

. The bipolar update for each whale in the population 

is shown in Eq. (36): 

Whalei

(
Sf

i (t+ 1)
)
=

{
1, if S

(
Whalei

(
Sf

i (t)
))

≥ rand

− 1, otherwise
(36) 

Although Eq. (36) involves a probabilistic element in updating the 
final neuron state, this equation does not represent a purely random or 
exhaustive search. Eq. (36) serves as a guided transfer mechanism 
influenced by the Whale’s solutions updates through Eqs. (19) – (35). 
This mechanism enhances the ability of Whale’s solutions to converge 
toward an optimal solution within the discrete domain. The updating 
process only involves the second-order clause of the CRAN2SAT logical 
rule with the first-order clause remains unchanged. The effectiveness of 
the updated states is evaluated through the fitness function in Eq. (12). If 

the updated Whalei

(
Sf

i (t + 1)
)

solution does not satisfy the multi- 

objective functions, the neuron states proceed to the next stage called 
greedy mutation.

4.6. Greedy mutation

The HBWOA introduces a greedy mutation mechanism that applies 

random changes within Whalei

(
Sf

i (t+1)
)

to enhance diversity and 

improving overall performance. By focusing on localized search opera
tions, greedy mutation identifies the desired state through iterative 
adjustments until the conditions in Eq. (12) are met. This mechanism is 
applied exclusively to the second-order clauses of CRAN2SAT as first- 
order clauses are excluded from the optimization process. The highest 

fitness value of the solution strings for Whalei

(
Sf

i (t)
)

is carried forward 

to the next stage, where these neuron states serve as the initial popu
lation for the next generation. The Gower and Legendre similarity index 
(GLI) will be used to measure similarity of negative values between the 

optimized final neuron state Whalei

(
Sfa

i

)
with the benchmark state 

Whalei(Si) representing the initial neuron state of logical rule PCRAN2SAT .

a =

{
1, if

(
S i, S fa

i

)
= (1, 1)

0, otherwise
(37) 

b =

{
1, if

(
S i, S fa

i

)
= (1, − 1)

0, otherwise
(38) 
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c =

{
1, if

(
S i, S fa

i

)
= (− 1,1)

0, otherwise
(39) 

d =

{
1, if

(
S i, S fa

i

)
= (− 1, − 1)

0, otherwise
(40) 

The range of GLI is between (0, 1) with the lowest value indicating 
low similarity in negative values. Eq. (37) – (40) show the computation 
of similarity between the states while Eq. (41) presents the GLI formu
lation for measuring the similarity of negative values between 

Whalei

(
Sfa

i

)
and Whalei(Si).

GLI =
a + d

a + 0.5(b + c) + d
(41) 

One of the fitness evaluations aims to minimize the similarity indices 
(
fSI
)

as stated in Eq. (17) subject to Eq. (41). In Eqs. (37) – (40), S i 

represents the initial neuron state of logical rule PCRAN2SAT while Sfa
i de

notes the final neuron state optimized using HBWOA. The optimization 
using HBWOA continues until the stopping criteria are met, either when 
the maximum number of generations is reached or when the solution for 

Whalei

(
Sfa

i

)
achieves the fitness specified in Eq. (12). Whalei

(
Sfa

i

)
is 

considered optimal if it meets the fitness evaluation as represented by: 

Fig. 2. Illustrative example of operator in HBWOA.
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Sfa
i →Obj

(
fD, fZ, fSI

)
. (42) 

Although HBWOA offers flexibility by updating solutions based on 
both the best solution (Equation ((26)) and random solution (Eq. (29)), 
there remains a potential risk of overfitting, especially when HBOWA 
primarily focuses on exploiting the best solutions during the search 
process. To address this issue, the final solutions are guided by a mini
mum GLIsimilarity threshold which promotes diversity and helps reduce 
the risk of overfitting.

Fig. 2 illustrates the process of HBWOA in optimizing the retrieved 
final neuron state within the DHNN where whales symbolically repre
sent neurons. The red dotted box highlights the operator used to update 
the neuron state based on the second-order clause while the first-order 
clause remains unchanged throughout the process. While Algorithm 1
presents the pseudocode of HBWOA in the retrieval phase of 
DHNN–CRAN2SAT.

5. The proposed logic mining model

This section explains the proposed logic mining model in doing 
classification tasks. Classification is a fundamental task in machine 
learning where the goal is to train a computational model on a labelled 
dataset to accurately classify new unlabelled data. The previous section 
discussed the implementation of CRAN2SAT into DHNN with the Smish 
activation function, along with a multi-objective function that optimize 
the retrieved final neuron state. These mechanisms form the main 
component of the proposed logic mining model namely Conditional 
Random 2 Satisfiability Reverse Analysis Method (CR2SATRA). 
CR2SATRA consists of three main phases: pre-processing phase, learning 
phase and retrieval phase of DHNN. Fig. 3 illustrates the key components 
of CR2SATRA.

Algorithm 1 
Pseudocode of HBWOA in the retrieval phase DHNN–CRAN2SAT.
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5.1. Pre-processing

During the pre-processing phase, the data preparation involves three 
main steps. First, the attributes of the raw data entries 

(
eij
)

are trans
formed into bipolar representation using the k-mean clustering method 
[19] as formulated in Eq. (43): 

Si =

{
1, if eij ≥ Ai
− 1, otherwise (43) 

Based on Eq. (43), eij represent the values within the attributes while 
Ai referred to the mean value of each attribute within the dataset. After 
all the eij have been transformed into bipolar representation, the sig
nificant attributes are selected based on the proposed attribute selection 
method.

Effective attribute selection is crucial especially for datasets with 
many attributes, as it helps to identify the most significant attributes that 
best represent the behavior of the dataset. In this paper, the Rogers 
Tanimoto Feature Selection Method (RTFSM) is used to eliminate 
irrelevant attributes with low similarity to the class of the dataset. 
RTFSM calculates the distance between the positive and negative entries 
of each attribute to assess their relevance to the outcome of the datasets. 
This method uses similarity indices as the foundation for attribute se
lection where a similarity index is a formula used to measure the dis
tance between two objects. In this context, the focus is on both positive 
and negative states, specifically the states between any attribute and the 
dependent attribute of the dataset. By calculating this distance, 
RTFSMidentifies the attributes with the highest similarity index which 
indicates a strong relationship with the class of the dataset and depen
dent attribute. Since RTFSM considers both positive and negative entries 
in bipolar data representation, it provides a more balanced assessment of 
the relationship between attributes and the dataset outcomes which is 
particularly important for imbalanced datasets. Moreover, it aligns well 
with the bipolar representation used in the DHNN framework.

The following equation expresses the formulation of RTFSM with ei 
representing the raw data entries with respect to the attributes of Ei and 
the Pi denoting the decision or actual outcome of the dataset. 

ai(ei) =

{
1,
0,

if(Ei, Pi) = (1, 1)
otherwise , (44) 

bi(ei) =

{
1,
0,

if(Ei, Pi) = (1, − 1)
otherwise , (45) 

ci(ei) =

{
1,
0,

if(Ei, Pi) = (− 1, 1)
otherwise , (46) 

di(ei) =

{
1,
0,

if(Ei,Pi) = (− 1, − 1)
otherwise , (47) 

RT =

∑n
i=1ai +

∑n
i=1di

∑n
i=1ai + 2

( ∑n
i=1bi +

∑n
i=1ci

)
+
∑n

i=1di
, (48) 

Ei ∈ max[RT]. (49) 

Noting that ai, bi, ci, di denote the scoring mechanism for the sim
ilarity differences between the ith entry of the independent attribute and 
the ith entry of the dependent attribute with n representing the total 
number of entries. Consequently, based on Eq. (49), the maximum value 
of RTwill be chosen as the attribute selection. In the final step of the pre- 
processing phase, the selected attributes(Ei) including the outcome of 
the dataset (Pi) will be divided into a learning dataset (Plearn) and a 
testing dataset (Ptest). Additionally, during the process of splitting the 
dataset, k-fold cross validation is employed to helps the model explore a 
broader search space [24] and then the average of all k-fold will be taken 
as the final result for CR2SATRA.

5.2. Learning phase

After the splitting dataset, the logic mining model proceeds to the 
learning phase of DHNN as described below. In the learning phase of 
CR2SATRA, a maximum number of unique logical rule combinations for 
the proposed model (UniqueCR2SATRA) is generated as shown in Eq. (50): 

UniqueCR2SATRA =
(
2k − 1

)m⋅
(
2k)n

. (50) 

Based on the Eq. (50), generally, the possible combination of clauses 
is denoted as c = 2k where k is denote the order of the clauses. The 
computation of 

(
2k − 1

)m in Eq. (50) is generalized for the second-order 
clauses of PCRAN2SAT where m represents the number of second-order 
clauses in CR2SATRA. While 

(
2k
)n is generalized for the first-order 

clauses of PCRAN2SAT where n represents the number of first-order clau
ses in CR2SATRA. Each UniqueCR2SATRA is embedded in Plearn to compare 
the actual class with the predicted class to obtain the classification for 
the confusion matrix. The unique structure of the proposed logical rule 
PCRAN2SAT enhances the ability of CR2SATRA to capture the majority of 
the patterns within Plearn and expanding the search space while avoiding 
learn redundant logical rules.

Existing logic mining models often identify the best logic based on 
the highest frequency of clauses associated with a positive outcome, 
max[TP]. However, this approach can be biased with imbalanced data
sets where the frequency of clauses might not accurately reflect the 
actual relationships of the datasets, posing challenge for real-world 
applications. Additionally, existing logic mining models retrieve a sin
gle induced logic for knowledge extraction, limiting their ability to 
effectively address a wide range of real-world datasets. To overcome 
these issues, CR2SATRA introduces a new method for identifying the 
best logic 

(
Pbest

CR2SATRA
)

during the learning phase. By using different 
pathway in generating the best logic by utilizing different confusion 
matrixes. This approach expands the search space and producing a 
different set of induced logics that enhance flexibility in doing classifi
cation tasks.

The developed CR2SATRA is based on multi-unit DHNN model that 
employs five confusion matrixes such as Accuracy (ACC), Precision 
(PRE), Specificity (SPE), Matthews Correlation Coefficient (MCC) and 
Misclassification Rate (MCR) to generate multiple best logic for the 
Pbest

CR2SATRA. These metrics were selected because they collectively capture 
critical aspects of both majority and minority class performance, 
providing a comprehensive view of classification behavior without bias 
toward the majority class, which is essential for addressing imbalanced 
datasets. In the proposed logic mining model, multiple best logics are 
generated using different confusion matrixes. Each confusion matrixes 
emphasizes different aspects of classification performance, capturing 
both positive and negative outcomes. This allows the model to analyze 
the dataset from multiple perspectives rather than relying on a single 

Fig. 3. Components of CR2SATRA.
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evaluation criterion. By considering multiple best logics, the proposed 
approach reduces bias toward majority-class and enhances flexibility in 
representing classification behavior, particularly for imbalanced data
sets. The first metric used to generate Pbest

CR2SATRA is ACC as shown in Eq. 
(51) with its formulation in Eq. (52): 

Pbest
CR2SATRA = max[ACC] (51) 

ACC =
TP + TN

TP + TN + FP + FN
(52) 

Generating Pbest
CR2SATRA using ACC no longer focuses solely on positive 

outcomes. But this approach will utilize both TP and TN classifications 
enabling to a more comprehensive evaluation of both positive and 
negative outcomes. Medical datasets often suffer from class imbalance, 
where the majority class represents negative or healthy patients (TN)

which consequently results in a limited amount of data for the minority 
class representing positive or sick patients (TP). Therefore, generating 
best logic based on both TP and TN classifications as measured by ac
curacy is crucial for enhancing the performance of logic mining models.

The second metric proposed for generating Pbest
CR2SATRA is PRE formu

lated as in Eq. (53) and the computation of PRE as shown in Eq. (54). The 
UniqueCR2SATRA with the highest PRE value will be selected as Pbest

CR2SATRA. 
By maximizing PRE, CR2SATRA improves knowledge extraction by 
accurately identifying a higher proportion of positive instances within 
the dataset. 

Pbest
CR2SATRA = max[PRE] (53) 

PRE =
TP

TP + FP
(54) 

A high precision value ensures that Pbest
CR2SATRA accurately learns from 

the data and effectively predicts positive outcomes by minimizing the 
false positive (FP) classification. The third metric for generating 
Pbest

CR2SATRA is SPE as shown in Eq. (55) with its formulation in Eq. (56). 
Selecting Pbest

CR2SATRA based on the maximum SPE value highlights the 
ability of CR2SATRA to effectively learn from the dataset by correctly 
predicting TN while minimizing false positives. 

Pbest
CR2SATRA = max[SPE], (55) 

SPE =
TN

TN + FP
(56) 

As highlighted by [35], minimizing FP is particularly important in 
the cases where misclassifying a positive instance is more costly than 
misclassifying a negative one. For example, in medical diagnosis, mis
classifying a healthy patient as sick can lead to serious consequences. 
Similarly in fraud detection, accurately identifying authorized trans
actions is crucial for minimizing unnecessary investigations.

The fourth metric proposed for generating Pbest
CR2SATRA is MCC as pre

sented in Eq. (57) and formulated in Eq. (58). The UniqueC2SATRA 

achieving maximum MCC value is selected as Pbest
CR2SATRA during the 

learning phase. The MCC metric which considers all TP, TN, FP and FN 
predictions provide a comprehensive measure of classifier performance. 
A high MCC value indicating better prediction accuracy for both positive 
and negative instances. 

Pbest
CR2SATRA = max[MCC], (57) 

MCC =
TPTN − FPFN

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(TP + FP)(TP + FN)(TN + FP)(TN + FN)

√ (58) 

MCC is valuable because it evaluates the overall classifier perfor
mance across all outcomes [36],[37] describes MCC as an effective 
metric for representing model quality especially with imbalance classes. 
Additionally, [14] highlight that MCC helps determine whether the logic 
mining model performs better, worse, or similarly to a random classifier.

The final metric proposed for generating Pbest
CR2SATRA is MCR presented 

in Eq. (59) with its formulation in Eq. (60). While generating Pbest
CR2SATRA 

using ACC is important, minimizing MCRis particularly crucial in cost- 
sensitive fields like medical diagnosis and fraud detection. As empha
sized by [35], misclassifying a positive instance in medical diagnosis 
often carries a higher cost than misclassifying a negative one. For 
example, in cancer prediction, failing to diagnose cancer in a patient 
who has cancer (a false negative) is far more dangerous than mis
diagnosing a healthy individual. This highlights the importance of cost 
sensitivity in medical decision-making. 

Pbest
CR2SATRA = min[MCR], (59) 

MCR =
FP + FN

TP + TN + FP + FN
(60) 

Misclassifications can lead to delayed treatment and loss of life, 
highlighting the importance of accurate diagnostics in saving lives. 
Therefore, generating the best logic based on MCR helps determine if a 
logic mining model can function as a cost-sensitive classifier. For each 
performance metric, ρ number of Pbest

CR2SATRA with optimal values are 
selected as the best logic, where ρ denotes the number of best logics 
trained by DHNN. These Pbest

CR2SATRA for each confusion matrixes are then 
trained by EA in DHNN to obtain the synaptic weights. Each confusion 
matrixes are treated separately, resulting in a multi-unit DHNN where 
each unit corresponds to a specific confusion matrix. Since Pbest

CR2SATRA is 
based on five metrics, the DHNN is executed five times, with each unit 
corresponding to a specific confusion matrix.

5.3. Retrieval phase

By utilizing the synaptic weights stored in CAM, the local field hi for ρ 
number of Pbest

CR2SATRA corresponding to each confusion matrix is 
computed by using Eq. (6). The value of g(hi) is then squashed to the 

final neuron state 
(

Sf
i

)
using the Smish activation function in Eq. (8)

resulting in a value of either 1 or − 1 based on the condition in Eq. (7). 
Unlike other existing logic mining models, Sf

i retrieved by CR2SATRA is 
optimized using the proposed multi-objective optimization with 
HBWOA as shown in Eq. (12). The optimized Sf

i is then transformed into 
the logical rule, producing the induced logic 

(
Pinduced

CR2SATRA
)
as shown in Eq. 

(61): 

Sinduced
i =

⎧
⎨

⎩

Ai, ifSf
i = 1

¬Ai, if Sf
i = − 1

. (61) 

where Ai and ¬Ai represent positive and negative literal respectively.
Similar to the learning phase, the production of Pinduced

CR2SATRA is 
embedded into Ptest to compare the actual and predicted classes gener
ating the classification of the confusion matrix. The Pinduced

CR2SATRAwith the 
highest value based on the performance metrics used to generate 
Pbest

CR2SATRA during the learning phase is selected as the best induced logic 
(
Pinduced

best
)

that will be used in knowledge extraction of the datasets. The 
implementation of CR2SATRA is presented in Fig. 4.

6. Experimental setup

The experimental setup for evaluating the proposed CR2SATRA en
sures a comprehensive assessment of its performance in doing classifi
cation tasks and knowledge extraction. This section outlines the key 
components of the framework, including datasets, performance metrics, 
baseline logic mining models for comparison, and parameter settings 
utilized during experimentation. The setup is designed to ensures reli
able and reproducible results while demonstrating the flexibility and 
effectiveness of the proposed model.
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6.1. Dataset description

To evaluate the proposed logic mining model, this paper uses 20 
repository datasets retrieved from two reputable machine learning re
positories: the UCI Machine Learning Repository (https://archive.ics.uci 
.edu/datasets) and Kaggle (https://www.kaggle.com/datasets). These 
datasets commonly used in classification and prediction tasks.

Table 1 summarizes the datasets used in the experiment and presents 
the data distribution for each dataset, including the number of positive 
and negative outcomes. This provides quantitative insight into the class 
imbalance characteristics of the datasets. Several datasets show different 

levels of class imbalance allowing the proposed logic mining model to be 
evaluated under different imbalance conditions. To minimize potential 
biases common to specific fields, the 20 datasets were chosen from a 
different range of disciplines including Health, Medicine, Economics, 
Business, Physics, Chemistry, Social Sciences, Computer Science and 
Education. Several criteria were considered when in choosing these 
datasets for logic mining analysis.

First, the dataset must have at least 11 features or variables to ensure 
optimal attribute selection [20]. Second, the dataset must contain at 
least 100 instances. According to [20], a minimum of 100 entries is 
required to preserve the statistical properties of the data distribution. 

Fig. 4. The overall flowchart of CR2SATRA.

Table 1 
The datasets used in the experiment.

Dataset 
Code

Name of Dataset Attributes Instances Missing 
Value

Type of Data Field No. of Positive 
Outcome

No. of Negative 
Outcome

D1 Autistic Disorder 21 292 No Mixed Health 150 142
D2 Body Signal of Smoking 26 5143 No Mixed Health 1890 3253
D3 Real Estate Data Set 14 511 Yes

(0.98%)
Mixed Economics 208 303

D4 Hungarian Chickenpox 21 522 No Quantitative Health 192 330
D5 Ionosphere 35 351 No Quantitative Physics and 

Chemistry
225 126

D6 Adult 15 32,561 No Mixed Social Sciences 7841 24,720
D7 Airline Passenger Satisfaction 21 1004 Yes

(0.01%)
Mixed Social Sciences 459 545

D8 Divorce Predictor 55 170 No Quantitative Social Sciences 84 86
D9 Autism Screening 21 704 Yes

(0.28%)
Mixed Medical 189 515

D10 Bank Marketing 21 4119 No Mixed Business 451 3668
D11 Cylinder Bands 37 541 Yes

(0.18%)
Mixed Physics and 

Chemistry
229 312

D12 Leaf 16 340 No Quantitative Computer Science 169 171
D13 Behaviour of Urban Traffic 18 135 No Mixed Computer Science 56 79
D14 Asianpaint 11 5306 Yes

(0.19%)
Mixed Investing 2825 2480

D15 Brain Stroke 11 4980 No Mixed Medical 248 4732
D16 Diabetes Classification 15 390 No Mixed Medical 60 330
D17 Predict Students’ Dropout 37 4424 No Mixed Education 3003 1421
D18 IBM HR Analytics Employee 

Attrition
35 1470 No Mixed Business 237 1233

D19 Room Occupancy Estimation 17 10,129 No Quantitative Computer Science 1901 8228
D20 Image Segmentation 17 210 No Mixed Computer Science 51 159
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Datasets with small entries may limit the training capability and per
formance assessment of the logic mining model. This experiment was 
conducted in a discrete manner, where dataset entries were stored in 
neurons using bipolar representations { − 1,1}. The Statistical Package 
for Social Sciences (SPSS) software was used to convert datasets into 
bipolar form. For categorical attributes, frequency distribution analysis 
was applied to transform qualitative data into bipolar representations. 
For numerical attributes, values were assigned 1 or − 1 based on average 
thresholds determined using k-means clustering in SPSS, following the 
approach in [16] and [17]. The missing values were handled by 
replacing them with 1 or − 1 based on the lowest frequency in the bipolar 
representation as described in [22]. This strategy helps reduce bias 
introduced by incomplete entries, particularly in imbalanced datasets. 
To minimize the impact of missing values on logic generation, datasets 
with minimal missing entries were prioritized. For a fair comparison 
with existing logic mining models, a train-test split method was 
employed using 60% of the dataset for learning and 40% for testing. 
Cross-validation was also applied to repository datasets to explore a 
broader search space [24]. Following [14], five-fold cross-validation 
was used with the average across all folds representing the result for all 
metrics. The next section details the performance evaluation of the 
proposed multi-unit logic mining model.

6.2. Performance metrics

In this section, the performance metrics used to assess the effec
tiveness of the proposed multi-unit logic mining model will be discussed 
[38] mentioned that a confusion matrix for discrete classification is a 
two-by-two table that captures the four possible outcomes of a discrete 
classifier. Therefore, this paper focusses on the confusion matrix as the 
primary performance evaluation metric. The outcomes of the confusion 
matrix in term of TP, TN, FP and FN will be used in both learning phase 
and retrieval phase. Various performance metrics can be calculated 
based on the confusion matrix using TP, TN, FP and FN. It is worth 
noting that the first work that utilized various performance metrics in a 
logic mining approach is proposed by [20].

In evaluating the performance of the logic mining model, this paper 
uses five performance metrics to measure the robustness of the proposed 
logic mining model compared to existing logic mining models. The 
effectiveness of the proposed logic mining model in performing classi
fication tasks is assessed through metrics such asACC,PRE,SPE,MCC, and 
MCR. ACC metric is a widely used performance metric and is calculated 
using Eq. (62) which divides the number of correct predictions (true 
predictions) by the total number of samples predicted by the model [39], 
[40] also describe ACC as the ratio of correct predictions to total pre
dictions. The range value of ACC ranges from 0 to 1 with higher values 
indicating that the model correctly predicts the majority TP and TN.ACC 
is a commonly used across various research fields [22,38,40], repre
senting the overall accuracy of a model by considering both true posi
tives and true negatives. 

ACC =
TP + TN

TP + TN + FP + FN
(62) 

While the formulation of ACC considers both true outcomes, the 
formulation of PRE in Eq. (63) focuses solely on one outcome, which is 
the true positive predictions. PRE also known as Positive Predictive 
Value which quantifies the accuracy of the positive prediction (TP)
obtained by the model [41]. The range value of PRE ranges from 0 to 1,
where a higher PRE indicates that the model is effective at making true 
positive predictions (TP) while minimizing the false positive predictions 
(FP).

PRE =
TP

TP + FP
(63) 

In classification problems, PRE and SPE are important metrics for 
evaluating performance of the model. This is because both PRE and SPE 

focus on specific types of outcomes. While PRE focuses on the TP, SPE 
focuses on true negative predictions (TN). SPE also known as True 
Negative Rate, which measures the ability of the model to accurately 
identify TN. The formulation of SPE in Eq. (64) represents the ratio of TN 
to the total number of TN and FN. The range value of SPE ranges from 
0 to 1, where a higher SPE indicates that the model effectively predicts 
true negative predictions (TN) while minimizing the false positive pre
dictions (FP). 

SPE =
TN

TN + FP
(64) 

Another important metrics for analyzing the performance of the logic 
mining model is MCC. By using MCC, the performance of the logic 
mining model is evaluated based on eight key ratios derived from the 
combination of all components of the confusion matrix as shown in Eq. 
(65). MCC is considered as a good metric that represents the overall 
quality of the model and can be applied to classes of different sizes [37]. 
According to [14], the purpose of MCC analysis is to determine whether 
the logic mining model performs similarly to, worse than or better than 
the random classifier model. 

MCC =
TPTN − FPFN

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(TP + FP)(TP + FN)(TN + FP)(TN + FN)

√ (65) 

Lastly, the Misclassification Rate (MCR) measures incorrect pre
dictions through false positive predictions (FP) and false negative pre
dictions (FN). According to the research conducted by [42] on the 
classification of Diabetic Retinopathy using Convolutional Neural Net
works, a lower MCR indicates a better performance in accurately clas
sifying fundus image data. This demonstrates that the model effectively 
reduces the errors in prediction where true outcomes are incorrectly 
classified as false positives or false negatives. Additionally, according to 
[40], MCR is the ratio of incorrect predictions to the total predictions 
with values ranging from 0 to 1. A lower MCRdemonstrates the ability of 
the model to reduce misclassifications of outcomes as (FP) and (FN). The 
formulation of MCR as shown in Eq. (66): 

MCR =
FP + FN

TP + TN + FP + FN
(66) 

To provide a comparative analysis and highlight the superiority of 
CR2SATRA, the next section will introduce and discuss a selection of 
baseline logic mining models. These baseline logic mining models will 
serve as benchmarks for evaluating the performance of CR2SATRA.

6.3. Baseline model

In this paper, the proposed logic mining model CR2SATRA is 
compared with several baseline logic mining models. To ensure a fair 
comparison in generating induced logics, baseline models that employ a 
single Content Addressable Memory (CAM) unit within the DHNN 
framework are selected. Although [22] and [23] introduced advanced 
multi-unit logic mining models that select the best logic based on the 
maximization of TP+ TN, these approaches primarily focus on this 
single evaluation criterion. In contrast, CR2SATRA evaluates the best 
logic using five different confusion-matrix. This allows multiple induced 
logics to be generated from different evaluation perspectives, providing 
greater flexibility in representing dataset behavior. It should also be 
noted that this paper excludes comparisons with r2SATMRA [14] and 
2HESRA [24], as these models utilize multiple CAM units within DHNN, 
whereas the proposed CR2SATRA employs a single CAM unit. This re
striction ensures that the comparison focuses on the effectiveness of the 
proposed CR2SATRA rather than differences in computational capacity. 
Based on these considerations, the performance of CR2SATRA is eval
uated against the following baseline logic mining models. 

(a) RA [15]: RA is a logic mining model that used Horn Satisfiability 
(HornSAT) logical rules to extract logical rules from real-life 
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datasets. To ensure the comparability of the results, modifications 
were made to the conventional RA. Instead of assigning a neuron 
to each instance, as in the original model, this paper assigns 
neurons to attribute. Consequently, the WA method is employed 
to determine the synaptic weight of the neuron responsible for 
the final induced logic. In RA, the induced logic must satisfy the 
HornSAT condition, requiring each clause to contain both a 
positive and a negative literal.

(b) 2SATRA [16]: The 2 Satisfiability Reverse Analysis method 
(2SATRA) is based on the 2SAT logical rule. In 2SATRA, random 
attribute selection is used to represent the 2SAT logical rule. 
2SATRA is the first logic mining model that attempt to obtain the 
best logic during the learning phase by maximizing the frequency 
of clauses with an outcome of 1, max[TP]. Consequently, WA 
method is used to determine the optimal value of the synaptic 
weight for generating the best induced logic.

(c) P2SATRA [19]: P2SATRA is a logic mining model that in
corporates a permutation operator. This operator expands the 
solution space during the DHNN retrieval phase by allowing 
various arrangements of attributes. This approach increases the 
probability of obtaining an optimal induced logic with high Ac
curacy. The model permutes the attribute arrangement while 
ensuring that the attributes remain non-redundant.

(d) E2SATRA [18]: E2SATRA is a logic mining model that uses an 
energy-based approach to determine final neuron states that 
correspond to global minimum energy. During the retrieval phase 
of DHNN, an energy operator transforms final neuron states into 
induced logic focusing solely on those achieve global minimum 
energy. Unlike other models, E2SATRA does not use a permuta
tion operator. Additionally, this model utilizes random attribute 
selection to choose the attributes representing the logical rule.

(e) 3SATRA [17]: 3SATRA is a higher-order logic mining model that 
uses 3SAT logical rules to extract patterns from real-life datasets. 
The logic mining model of 3SATRA does not employ permutation 
operators and relies on random attribute selection to represent 
logical rules. In addition, the learning phase of 3SATRA is uti
lizing Clonal Selection Algorithm (CSA) as a training algorithm 
and the selection of the best induced logic is obtained by the 
highest Accuracy value.

(f) S2SATRA [20]: S2SATRA is the first supervised logic mining 
model that utilizes statistical analysis and correlation to identi
fying the most relevant attributes for dataset representation. The 
Pearson chi-square associations between variables are analyzed 
to ensure that attributes with strong correlations are selected 
before being processed in DHNN. As an extension of existing logic 
mining models, S2SATRA which capitalize second-order logical 
rule employs a permutation operator and focuses solely on 
induced logic that achieves highest accuracy value.

(g) A2SATRA [21]: A2SATRA is another supervised logic mining 
model that employs log linear analysis to determine which at
tributes should be selected for representing second-order logical 
rules before they can be learned by the network. By using log 
linear analysis, only attributes that have strong association be
tween the attributes will be selected to represent the logical rules. 
Additionally, it is also worth noting that A2SATRA also imple
ments permutation operator in its logic mining process.

The next section will present a detailed evaluation of the proposed 
logic mining model focusing on the key parameters used to assess the 
performance of CR2SATRA. Additionally, to provide a comparative 
analysis and highlight the strengths and superiority of CR2SATRA, the 
next section will discuss the performance analysis as compared to 
baseline logic mining models.

6.4. Parameter assignment

An optimized learning phase increases the probability of getting 
satisfied interpretation of PCRAN2SAT leading to an optimal value of the 
synaptic weights. EA has shown a successful result as learning algorithm 
which can effectively minimize the cost function of the network and 
consequently lead to an optimal final neuron state. Thus, this paper 
implements EA as a learning algorithm to secure the optimal retrieved 
neuron state. The parameter settings for optimizing DHNN–CRAN2SAT 
are shown in Table 2. The parameters of HBWOA, including the number 
of generations and clone rate are adopted from previous studies where 
the algorithm demonstrated stable and effective performance. These 
settings are retained to ensure consistent and reliable optimization 
within the DHNN-based logic mining framework.

This section outlines the parameters used to evaluate the perfor
mance of CR2SATRA as compared with baseline logic mining models. 
Table 3 lists the parameters for CR2SARTRA versus the baseline logic 
mining models. The parameter setup ensure comparability with the 
baseline logic mining models and various configurations are applied to 
preserve their originality. During the pre-processing phase, all models 
follow similar configurations within a 5-fold cross-validation scheme to 
minimize potential bias. In each fold, the dataset is divided into 60% 
training data and 40% testing data. Both the training and testing par
titions change across folds to ensure that all instances are evaluated 
during the validation process. The baseline logic mining models use ES 
as the learning algorithm and do not apply optimization during the 
retrieval phase of DHNN. In contrast, CR2SATRA uses the Smish acti
vation function as the updating rule and utilizes multi-objective opti
mization in the retrieval phase. Instead of generating best logic based 
solely on the highest frequency of clauses with an outcome of 1, denoted 
as Plearn = 1 or max[TP], CR2SATRA enhances the search space by using 
different pathway in generating the best logic.

Moreover, while other models focus on training a single best logic, 
CR2SATRA generates multiple top-performing best logics 

(
Pbest

CR2SATRA
)

based on five different confusion matrixes (ρ = 5). CR2SATRA also 
undergoes an optimization process using HBWOA during the retrieval 
phase, unlike the baseline models. The simulation runs 100 trials to 
produce a list of induced logics 

(
Pinduced

CR2SATRA
)
, from which the best induced 

logic 
(
PI

best
)
is selected based on the highest values of ACC, PRE, SPE,

MCC and MCR. In contrast, baseline models typically select the best 
logic based solely on the highest ACC value. The following section 
presents a comparative performance analysis of CR2SATRA against 
selected baseline logic mining models. In the next section, the effec
tiveness of the proposed logic mining model is compared through the 
analysis of different performance metrics.

7. Results and discussion

This section evaluates the performance of the proposed CR2SATRA 
using benchmark datasets. The results are compared with baseline logic 
mining models to highlight the superior performance of CR2SATRA in 
doing classification task and knowledge extraction. Optimal results will 
demonstrate CR2SATRA as a robust classification model. By employing 
a new approach in generating the best logic and utilizing RTFSM for 

Table 2 
Parameter settings for optimizing PCRAN2SAT using HBWOA.

Setting Parameter Value

Learning algorithm EA [29]
Activation function Smish activation function [43]
Updating the neuron state involved Second-order clause
Number of generations in HBWOA 100
Clone rate (CR) 0.5 [17]
Percentage of negativity 50%
Transfer function Sigmoid function
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attribute selection method, the performance of CR2SATRA is evaluate 
across five performance metrics including ACC, PRE, SPE, MCC and 
MCR.

7.1. Accuracy

The result in Table 4 show the ACC values obtained by CR2SATRA 
through 5-fold cross-validation compared to baseline logic mining 
models. The (*) in the brackets indicates no ratio of improvement since 
the respective dataset has no valueACC. High ACC values imply that 
CR2SATRA accurately predicts both TP and TN entries. As shown in 
Table 4, CR2SATRA achieves a significant advancement with an average 
ACC of 82.75% across 20 datasets outperforming baseline models in 19 
out of 20 datasets. The improvement ratio in Table 4 demonstrates how 
CRAN2SAT enhances the retrieval of true outcomes. The main difference 
between CR2SATRA and baseline models lies in generating the best 
logic. CR2SATRA selects the top five highest ACC values to determine 
the best logic, whereas existing models rely on the highest frequency of 
TP clauses. This can result in biased solutions in imbalanced datasets. In 
contrast, the approach in CR2SATRA expands the search space and 
avoids the limitations of training only a single best logic which improves 

Table 3 
The list of parameters in CR2SATRA versus baseline model.

Parameter Logic mining model

CR2SATRA RA 2SATRA 3SATRA E2SATRA P2SATRA S2SATRA A2SATRA

Attribute selection method RTFSM Random Random Random Random Random Correlation Log-linear
Types of logical rule Non-systematic Systematic Systematic Systematic Systematic Systematic Systematic Systematic
Criterion to select Pbest max[ACC], max[PRE], max[SPE], max[MCC], 

max[MCR]
max[TP] max[TP] max[TP] max[TP] max[TP] max[TP] max[TP]

Best logics trained by 
DHNN

5 1 1 1 1 1 1 1

Number of attributes 9 6 6 9 6 6 6 6
Learning algorithm EA ES ES ES ES ES ES ES
Retrieval algorithm HBWOA NA NA NA NA NA NA NA
Number of trial 100 10,000 100 100 10,000 100 100 100
Neuron Combination 253 100 100 100 100 100 100 100
Permutation Operator 10 NA NA NA NA 100 100 100
Criterion to select best 

Pinduced
best

ACC, PRE, SPE, MCC, MCR ACC ACC ACC ACC ACC ACC ACC

Table 4 
The values of ACC for all logic mining models. The brackets indicate the improvement ratio and the negative ratio indicate that baseline model outperformed the 
proposed model.

Dataset CR2SATRA 2SATRA P2SATRA E2SATRA RA 3SATRA S2SATRA A2SATRA

D1 0.7778 0.7538 (0.0318) 0.7538 (0.0318) 0.7231 (0.0756) 0.4923 (0.5799) 0.6530 (0.1911) 0.7658 (0.0157) 0.7726 (0.0067)
D2 0.7038 0.4837 (0.4550) 0.6912 (0.0182) 0.5048 (0.3942) 0.4165 (0.6898) 0.5433 (0.2954) 0.6976 (0.0089) 0.6976 (0.0089)
D3 0.8284 0.5137 (0.6126) 0.8029 (0.0318) 0.6157 (0.3455) 0.4775 (0.7349) 0.7029 (0.1785) 0.8000 (0.0355) 0.7108 (0.1654)
D4 0.7608 0.7225 (0.0530) 0.7512 (0.0128) 0.6938 (0.0966) 0.3895 (0.9533) 0.6986 (0.0890) 0.7397 (0.0285) 0.7091 (0.0729)
D5 0.7886 0.6414 (0.2295) 0.7657 (0.0299) 0.7343 (0.0739) 0.6946 (0.1353) 0.7757 (0.0166) 0.7814 (0.0092) 0.7614 (0.0357)
D6 0.7883 0.6842 (0.1521) 0.7418 (0.0627) 0.7301 (0.0797) 0.3761 (1.0960) 0.6135 (0.2849) 0.7444 (0.0590) 0.7458 (0.0570)
D7 0.7781 0.4900 (0.5880) 0.7443 (0.0454) 0.5990 (0.2990) 0.3284 (1.3694) 0.5697 (0.3658) 0.7781 (0.0000) 0.6567 (0.1849)
D8 0.9824 0.6588 (0.4912) 0.9735 (0.0091) 0.7882 (0.2464) 0.1029 (8.5471) 0.8971 (0.0951) 0.9794 (0.0031) 0.9706 (0.0122)
D9 0.8904 0.4206 (1.1170) 0.7149 (0.2455) 0.4206 (1.1170) 0.6021 (0.4788) 0.7050 (0.2630) 0.8191 (0.0870) 0.8376 (0.0630)
D10 0.8960 0.5291 (0.6934) 0.7924 (0.1307) 0.5143 (0.7422) 0.4354 (1.0579) 0.4970 (0.8028) 0.8748 (0.0242) 0.8507 (0.0533)
D11 0.7010 0.5648 (0.2411) 0.6380 (0.0987) 0.5333 (0.3145) 0.4722 (0.4845) 0.5213 (0.3447) 0.6843 (0.0244) 0.6722 (0.0428)
D12 0.7603 0.5162 (0.4729) 0.7471 (0.0177) 0.5765 (0.3188) 0.5338 (0.4243) 0.5838 (0.3023) 0.6721 (0.1312) 0.6868 (0.1070)
D13 0.7000 0.5926 (0.1812) 0.6704 (0.0442) 0.4111 (0.7027) 0.4037 (0.734) 0.4222 (0.6580) 0.6852 (0.0216) 0.6741 (0.0384)
D14 0.7771 0.5330 (0.4580) 0.6406 (0.2131) 0.5961 (0.3036) 0.5324 (0.4596) 0.6463 (0.2024) 0.6927 (0.1218) 0.7239 (0.0735)
D15 0.9755 0.5241 (0.8613) 0.9142 (0.0671) 0.6032 (0.6172) 0.4337 (1.2493) 0.3236 (2.0145) 0.9175 (0.0632) 0.9502 (0.0266)
D15 0.9755 0.5241 (0.8613) 0.9142 (0.0671) 0.6032 (0.6172) 0.4337 (1.2493) 0.3236 (2.0145) 0.9175 (0.0632) 0.9502 (0.0266)
D16 0.9192 0.8769 (0.0482) 0.8936 (0.0286) 0.8769 (0.0482) 0.1654 (4.5574) 0.6013 (0.5287) 0.8910 (0.0316) 0.8936 (0.0286)
D17 0.8195 0.6750 (0.2141) 0.6814 (0.2027) 0.6714 (0.2206) 0.3486 (1.3508) 0.6597 (0.2422) 0.8189 (0.0007) 0.6773 (0.2100)
D18 0.8408 0.6701 (0.2547) 0.7422 (0.1328) 0.6398 (0.3142) 0.4922 (0.7082) 0.3952 (1.1275) 0.7554 (0.1131) 0.7578 (0.1095)
D19 0.9054 0.8436 (0.0733) 0.9816 (− 0.0776) 0.8228 (0.1004) 0.2033 (3.4535) 0.8851 (0.0229) 0.9936 (− 0.0888) 0.9928 (− 0.0880)
D20 0.9571 0.2952 (2.2422) 0.8262 (0.1584) (*) 0.2952 (2.2422) 0.4071 (1.3510) 0.8833 (0.0836) 0.8301 (0.1517)
(+ / = / − ) ​ 20/0/0 20/0/0 20/0/0 20/0/0 20/0/0 18/1/1 19/0/1
Max 0.9824 0.8769 0.9816 0.8769 0.6946 0.8971 0.9936 0.9928
Min 0.7000 0.2952 0.6380 0.4111 0.1029 0.3236 0.6721 0.6567
Average 0.8275 0.5995 0.7734 0.6345 0.4098 0.6051 0.7987 0.7786

Fig. 5. The values of ACC for all logic mining models.
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the quality of the induced logic.
Fig. 5 shows high ACC values across of imbalanced datasets indi

cating that generating the best logic based on the top five highest ACC 
values trained by the network is effective. This approach expands the 
search space during the learning phase of the DHNN and enhances the 
generalization of optimal synaptic weights. Additionally, CR2SATRA 
uses EA as a learning algorithm ensuring an effective learning phase led 
to an optimal synaptic weight. In contrast, the baseline logic mining 
models use ES as a learning algorithm which limits their ability to 
retrieve optimal induced logic. By utilizing the optimal synaptic weights 
from different best logics, CR2SATRA can retrieve the most effective 
induced logic. Furthermore, the updating rule within DHNN is more 
effective with the Smish activation function, which improves the map
ping of symbolic induced logic to testing data, minimizing FP and FN.

This improvement is due to the capability of Smish activation function to 
retrieve a diversified final neuron state. In contrast, baseline logic 
mining models use HTAF which leads to less diversified final neuron 
states due to the vanishing gradient problem [44].

[45] state that a high ACC value reflects the ability of the model to 
accurately predict true outcomes. CR2SATRA achieved perfect accuracy 
across 20 datasets outperforming existing models such as E2SATRA, 
3SATRA, 2SATRA and RA These models which do not include a per
mutation operator and rely on random attribute selection, limit the 
interpretability of neuron connections within the trained logical rules in 
DHNN. Therefore, their induced logic tends to produce mis
classifications, which results in higher FP and FN. Despite the success of 
CR2SATRA, baseline logic mining model of A2SATRA, S2SATRA and 
P2SATRA. achieved higher ACC values for dataset D19 due to its high 
ratio of negative outcomes. Additionally, since CR2SATRA emphasizes 
the non-systematic logic of second-order and first-order clauses, 
particularly the presence of the first-order clause increased the chances 
of false negatives, eventually reducing the ACC values. Notably, 
CR2SATRA achieved the highest ACC value of 98.24% indicating its 
ability to predict the majority of TP and TN in the testing datasets. This 
demonstrates the superior ability of CR2SATRA to handle imbalanced 
datasets when compared to baseline models. However, relying 

exclusively on ACC does not provide a complete performance evaluation 
of the logic mining model, [46], emphasize that ACC is not an ideal 
metric for evaluating the classification outcomes TP, TN, FP and FN in 
imbalanced datasets.

7.2. Precision

The PRE results for all logic mining models analyzed across 20 
datasets using 5-fold cross-validation are presented in Table 5. The 
bracket indicates in these tables show the improvement ratio indicating 
how CRAN2SAT enhances the accurate classification of positive in
stances compared to baseline models. CR2SATRA demonstrates the 
highest PRE for most datasets with an average value of 91.16%. Ac
cording to [47]PRE values help researchers assess the reliability of a 
model in classifying positive instances. By generating the best logic 
based on the top five highest PRE values, CR2SATRA outperforms 
baseline models by achieving PRE = 1 for 12 out of 20 datasets. A PRE =

1signifies that the model accurately classifies all positive instances, 
minimizing FP and ensuring no negative instances are misclassified. 
High PREvalues also correlate with high TNvalues, highlighting the 
effectiveness of CR2SATRA in correctly identifying negative outcomes.

One of the possible reasons why CR2SATRA achieves high classifi
cation of TN is caused by the non-systematic structure of PCRAN2SAT 
which utilizes first-order and second-order clauses. The existence of 
first-order clauses will disrupt the classification process because the 
first-order clauses have high tendency of getting negative outcomes. 
This statement is supported by Zamri et al. (2024), when PRE = 1, the 
first-order logic will influence the retrieved induced logic boosts the 
interpretability of the logic mining model. These findings support the 
idea that the non-systematic component of the logical rule provides 
advantages over those used in other logic mining models. The flexibility 
of using different orders within each clause allows CR2SATRA to better 
capture dataset behaviour. Additionally, the combination of different 
orders influences the values of TP and TN resulting in low FP and high 
TN. This enables CR2SATRA to effectively identify attributes that make 
significant contributions to the outcome. As shown in Fig. 6, CRAN2SAT 

Table 5 
The values of PRE for all logic mining models. The brackets indicate the improvement ratio and the negative ratio indicate that baseline model outperformed the 
proposed model.

Dataset CR2SATRA 2SATRA P2SATRA E2SATRA RA 3SATRA S2SATRA A2SATRA

D1 1.0000 0.8942 (0.1183) 0.8942 (0.1183) 0.7535 (0.3271) 0.6752 (0.4810) 0.9235 (0.0828) 0.9135 (0.0947) 0.9041 (0.1061)
D2 0.9793 0.3978 (1.4618) 0.9537 (0.0268) 0.4095 (1.3915) 0.4198 (1.3328) 0.7036 (0.3918) 0.9513 (0.0294) 0.9513 (0.0294)
D3 1.0000 0.4146 (1.4120) 0.5656 (0.768) 0.4997 (1.0012) 0.4619 (1.1650) 0.8500 (0.1765) 0.5906 (0.6932) 0.4235 (1.3613)
D4 1.0000 0.5852 (0.7088) 0.6398 (0.5630) 0.5770 (0.7331) 0.3428 (1.9172) 0.5676 (0.7618) 0.6062 (0.6496) 0.5786 (0.7283)
D5 1.0000 1.0000 (0.0000) 0.9057 (0.1041) 0.8254 (0.2115) 0.8384 (0.1927) 0.9183 (0.0890) 0.8745 (0.1435) 0.8830 (0.1325)
D6 0.9242 0.1960 (3.7153) 0.3273 (1.8237) 0.1497 (5.1737) 0.4463 (1.0708) 0.8234 (0.1224) 0.6424 (0.4387) 0.1730 (4.3422)
D7 1.0000 0.6494 (0.5399) 0.7522 (0.3294) 0.6341 (0.577) 0.3978 (1.5138) 0.7904 (0.2652) 0.8059 (0.2408) 0.5341 (0.8723)
D8 0.8000 0.4794 (0.6688) 0.9779 

(− 0.1819)
0.7013 (0.1407) 0.2881 (1.7768) 0.9463 (− 0.1546) 0.9706 

(− 0.1758)
0.9693 
(− 0.1747)

D9 1.0000 0.9949 (0.0051) 0.9698 (0.0311) 0.9949 (0.0051) 0.6587 (0.5181) 0.9118 (0.0967) 0.8855 (0.1293) 0.7319 (0.3663)
D10 1.0000 0.5297 (0.8879) 0.0765(12.0719) 0.5083 (0.9673) 0.5492 (0.8208) 0.6410 (0.5601) 0.1072 (8.3284) 0.1928 (4.1867)
D11 1.0000 0.4440 (1.2523) 0.4966 (1.0137) 0.4019 (1.4882) 0.5924 (0.6880) 0.8270 (0.2092) 0.2365 (3.2283) 0.300 (2.3333)
D12 0.8000 0.5154 (0.5522) 0.7128 (0.1223) 0.4037 (0.9817) 0.5775 (0.3853) 0.9186 

(− 0.1291)
0.6745 (0.1861) 0.7559 (0.0583)

D13 1.0000 0.2774 (2.6049) 0.4290 (1.3310) 0.4583 (1.1820) 0.5699 (0.7547) 0.9826 (0.0177) 0.4440 (1.2523) 0.3702 (1.7012)
D14 0.8588 0.9990 

(− 0.1403)
0.8134 (0.0558) 0.6117 (0.4040) 0.9984 

(− 0.1398)
0.8392 (0.0234) 0.7239 (0.1864) 0.7750 (0.1081)

D15 0.4000 0.9571 
(− 0.5821)

0.1856 (1.1552) 0.8014 
(− 0.5009)

0.4773 
(− 0.1620)

0.8233 (− 0.5142) 0.1335 (1.9963) (*)

D16 1.0000 0.9044 (0.1057) 0.5444 (0.8369) 0.9044 (0.1057) 0.4720 (1.1186) 0.7078 (0.4128) 0.4668 (1.1422) 0.5444 (0.8369)
D17 1.0000 0.9668 (0.0343) 0.9938 (0.0062) 0.9106 (0.0982) 0.2097 (3.7687) 0.9167 (0.0909) 0.9205 (0.0864) 0.9685 (0.0325)
D18 0.8889 0.2169 (3.0982) 0.1027 (7.6553) 0.4323 (1.0562) 0.5986 (0.4850) 0.7823 (0.1363) 0.2273 (2.9107) 0.1792 (3.9604)
D19 1.0000 0.9465 (0.0565) 0.6443 (0.5521) 0.7856 (0.2729) 0.8222 (0.2162) 0.8973 (0.1145) 0.9327 (0.0722) 0.9296 (0.0757)
D20 0.5812 0.9875 (− 0.4114) 0.025 (22.2480) (*) 0.9875 

(− 0.4114)
0.9938 
(− 0.4152)

0.5500 (0.0567) 0.0250(22.2480)

(+ / = / − ) ​ 16/1/3 19/0/1 19/0/1 17/0/3 16/0/4 19/0/1 19/0/1
Max 1.0000 1.0000 0.9938 0.9949 0.9984 0.9938 0.9706 0.9693
Min 0.4000 0.1960 0.0250 0.1497 0.2097 0.5676 0.1072 0.0250
Average 0.9116 0.6678 0.6005 0.6191 0.5692 0.8382 0.6329 0.5889
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minimizes FP without misclassifying the negative samples.
The superiority of CR2SATRA in generating best logic using PRE is 

attributed to the logical structure of PCRAN2SAT . By incorporating at least 
one negative literal within the second-order clauses, PCRAN2SAT effec
tively handles datasets with a high proportion of negative outcomes. In 
contrast, baseline models use a randomized distribution of positive and 
negative literals which can impact their performance. Additionally, the 
use of HBWOA to optimize the final neuron states enhances the capa
bility of CR2SATRA in knowledge extraction. This results in induced 
logic with highly diversified neuron states which improve the ability of 
CR2SATRA to accurately classify negative outcome. As supported by 
Zamri et al. (2024), diversifying final neuron states is crucial for un
derstanding all dataset entries. CR2SATRA uses the Smish activation 
function to improve the mapping between the symbolic induced logic 
and testing data which in turns lead to a minimizing both FP and 
FN.While 3SATRA achieves the second-highest average of PRE at 
83.82%. The main difference between 3SATRA and CR2SATRA lies in its 
logical structure and the absence of a permutation operator. Although 
the structure of 3SATRA increases the likelihood of TP, the absence of a 
permutation operator limits connectivity between attributes and reduce 
the quality of the induced logic. This limitation affects the ability of 
3SATRA to minimize FP and FN which impacting its overall perfor
mance. The results show that CRAN2SAT competes with existing logic 
mining model E2SATRA, 3SATRA, 2SATRA and RA on datasets D14, 
D15 and D20. These baseline models share a systematic logical rule 
which provides optimal neuron connections for positive classifications 
that lead to high TP and low FP. Despite this competition, CR2SATRA 
outperforms these models, E2SATRA, 3SATRA, 2SATRA and RA on the 
remaining datasets. By generating the best logic based on the top five 
highest PRE values, CR2SATRA effectively visualizes the reliability of its 
positive classifications.

7.3. Specificity

Fig. 7 illustrate the SPE values of the induced logic obtained by 
CR2SATRA compared to other models. CR2SATRA outperforms the 
baseline models with the highest average specificity of 99.94%. Ac
cording to a [48], SPEvalues reflect the accuracy of the model in iden
tifying TN. CR2SATRA achieves SPE = 1 for 16 out of 20 datasets which 
highlighting its superior performance. One reason for this high TN 
classification is because of the non-systematic structure of PCRAN2SAT in 
CR2SATRA model which utilizes first-order and second-order clauses. 
The existence of first-order clauses will disturb the classification process 
because the first-order clauses have high tendency of getting negative 
outcomes. This is supported by the nature of the benchmark datasets 

used in this paper, with a majority of negative outcomes ( − 1)and a 
minority of positive outcomes (1). Even though not all datasets are 
highly imbalanced, CR2SATRA demonstrates a strong ability to 
correctly classify TN rather than misclassifying them as positive, FP.

To maximize SPE, a logic mining model must accurately classify a 
high TN while minimizing FP. Despite of the non-systematic logical 
structure of PCRAN2SAT , the superiority of CR2SATRA in SPE is also due to 
the effectiveness of HBWOA in generating diversified final neuron state, 
with at least 50% of the clauses PCRAN2SAT containing at least one 
negative literal. The inclusion of more negative literals enables 
CR2SATRA to identify more TN leading to a higher SPEvalue. As shown 
in Fig. 7, CR2SATRA outperforms baseline models in SPE achieving 
overall wins across all datasets with a minimum value of SPE = 0.9951.
The optimization of the final neuron state through HBWOA results in 
induced logic with a higher distribution of negative literals improving 
the ability of CR2SATRA to correctly classify TN.

The interaction between diversified neuron states and the predomi
nance of negative outcomes in the data, enhances the logical represen
tation in classified TN. Compared to baseline models, A2SATRA and 
S2SATRA are the closed competitor of CR2SATRA, which has differences 
in their attribute selection methods. Although both A2SATRA and 
S2SATRA use supervised attribute selection, CR2SATRA outperforms 
them in SPE results. This demonstrates the effectiveness of unsupervised 
RTFSM during the pre-processing which enhance the performance of 
CR2SATRA in generating high SPE values. Additionally, it emphasizes 
the importance of using SPE metrics for generating the best logic. As 
shown in Fig. 7, CR2SATRA outperforms all baseline models where the 
use of SPEmetrics for generating best logic contributes to the optimal 
induce logic in retrieving TN.

7.4. MCC

Table 6 present the MCC values achieved by CR2SATRA in com
parison with the baseline logic mining models across 20 datasets. Note 
that (*) indicates no ratio of improvement since no MCC values for the 
respective datasets. Bold values represent the highest values, while the 
bracket with positive ratios indicates that CR2SATRA outperforms the 
baseline models and the negative ratio show the opposite. While other 
performance metrics focus on specific component of confusion matrix 
such as TP and TN, MCC accounts for all four components, making it a 
more reliable measure of performance. Using MCC values to generate 
the best logic provides a more balanced view of TP, TN, FP and FN 
which is essential to avoid a random classifier. According to [36], an 
MCCvalue of 0.14 or lower indicates performance similar to or worse 
than a random classifier. Table 6 highlights the significant advance
ments of CR2SATRA which outperforms all baseline models with an 

Fig. 6. The values of PRE for all logic mining models. Fig. 7. The values of SPE for all logic mining models.
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average MCC value of 0.5221 across all datasets. CR2SATRA achieved 
the highest MCC in 16 out of 20 datasets. Importantly, CR2SATRA stands 
out by not having any datasets with MCC values of 0.14 or below, unlike 
S2SATRA has two datasets, A2SATRA has five datasets, and both 
2SATRA and RA have eleven datasets.

According to [14], MCC quantifies the balance between TP and TN. 
To achieve this, the induced logic must effectively represent both posi
tive and negative outcomes by accurately capturing entries that lead to 
TP and TN. The proposed CR2SATRA model, with its combination of 
first-order and second-order clauses, benefits from the implementation 
of HBWOA, which enhances diversification by ensuring 50% negated 
states within clauses. Furthermore, the uses of the Smish activation 
function force the local field to generate induced logic with a higher 
distribution of negative literals. This enables CR2SATRA to effectively 
capture entries that lead to negative outcomes. With more negative lit
erals, CRAN2SAT improves its ability to detect negative outcomes, 
resulting in higher TN values. This allows CR2SATRA to consistently 
generate induced logic that demonstrates high TP and TN. In contrast, 
the baseline logic mining models rely on systematic logical structures 
that limit the number of literals in each clause, reducing their flexibility 
in capturing overall trends of the dataset. While these structures have a 
high probability of achieving satisfied interpretations, leading to 
increased TP, they lack the ability to balance outcomes effectively. This 
is evident from the PRE results, where 3SATRA achieved the 
second-highest average PRE value indicating its strong tendency to 
produce positive outcomes. However, the higher-order systematic 
structure of 3SATRA prioritizes positive outcomes over preserving 
negative ones, resulting in difficulty maintaining high TN values. 
Consequently, 3SATRA struggles to achieve a balance between TP and 
TN leading to decreased MCC values across all repository datasets. 
Although CR2SATRA achieves the highest average MCC across datasets, 
certain datasets show higher MCC values for 2SATRA (D15), S2SATRA 
(D2 and D6), and A2SATRA (D16). These models employ a systematic 
second-order logical structure which may provide stronger consistency 
in representing attribute relationships for specific dataset. In such cases, 
the systematic second-order logical structure can lead to higher MCC 
values. Despite these variations, CR2SATRA achieves the highest 
average MCC and outperforms other models in 16 datasets 

demonstrating stable performance across different datasets.
RA recorded the lowest average MCC at 17.65%, followed by 

2SATRA at 22.27% and E2SATRA at 24.94%. Table 6 highlights the 
performance differences between CR2SATRA, 2SATRA and RA. The 
lower performance of 2SATRA and RA is due to their reliance on true 
outcomes, leading to biased classification and overlooking minority 
classes with insufficient data for learning [22]. This bias contributes to 
the decline in MCC values. Furthermore, the attribute selection method 
in RA, 2SATRA, and E2SATRA is random and these models do not utilize 
a permutation operator which limits their ability to balance the distri
butions of TP, TN, FP and FN. Consequently, these models behave like 
random classifiers. In contrast, CR2SATRA employs a permutation 
operator that enhances connectivity among optimally selected attributes 
using unsupervised RTFSM.This ensures that only the most relevant at
tributes are included in the logical rule representation of the model. As 
shown in Table 6, CR2SATRA achieved the highest MCC values of 
0.9903 for dataset D8 and 0.9774 for dataset D19, demonstrating its 
ability to produce optimal induced logic with balanced classification of 
TP, TN, FP and FN. These results demonstrate the effectiveness of un
supervised RTFSM during pre-processing in improving performance of 
CR2SATRA and highlight the importance of using MCC as a metric for 
generating the best logic.

7.5. MCR

The results of MCR for all logic mining models analyzing 20 datasets 
with 5-fold cross-validation are reported in Fig. 8. Based on the findings 
in Fig. 8, CRAN2SAT has reduced the incorrectly classified FP and FN 
compared to the baseline logic mining models. It is shown that 
CR2SATRA achieved the lowest MCR for the majority of the datasets 
with an average value 17.58%. The lowest value of MCR indicates that 
the model is capable of making accurate classifications with minimal 
misclassification. According to a study by [49], if there is no mis
classified between the predicted and actual outcome of the data entries, 
then the MCR will be centered at zero. CR2SATRA outperforms baseline 
logic mining models by achieving a low MCR in 16 out of 20 datasets. 
This demonstrates the effectiveness of CR2SATRA in minimizing mis
classifications of outcomes as FP and FN.

Table 6 
The values of MCC for all logic mining models. The brackets indicate the improvement ratio and the negative ratio indicate that baseline model outperformed the 
proposed model.

Dataset CR2SATRA 2SATRA P2SATRA E2SATRA RA 3SATRA S2SATRA A2SATRA

D1 0.6146 0.5233 (0.1745) 0.5233 (0.1745) 0.4608 (0.3338) 0.042 (13.6333) 0.3493 (0.7595) 0.5528 (0.1118) 0.5591 (0.0993)
D2 0.4753 0.0617 (6.7034) 0.4952 (− 0.0402) 0.0292(15.2774) 0.1643 (1.8929) 0.1543 (2.0804) 0.5021 (− 0.0534) 0.5021 (− 0.0534)
D3 0.5804 0.0855 (5.7883) 0.5020 (0.1562) 0.2426 (1.3924) 0.0953 (5.0902) 0.4313 (0.3457) 0.5083(0.1418) 0.3283 (0.7679)
D4 0.4834 0.4406 (0.0971) 0.4829 (0.0010) 0.3706 (0.3044) 0.0906 (4.3355) 0.421 (0.1482) 0.4686 (0.0316) 0.4358 (0.1092)
D5 0.5542 0.3005 (0.8443) 0.4990 (0.1106) 0.4401 (0.2593) 0.4006 (0.3834) 0.5167 (0.0726) 0.5357 (0.0345) 0.4691 (0.1814)
D6 0.3612 0.0400 (8.0300) 0.2424 (0.4901) 0.0905 (2.9912) 0.1748 (1.0664) 0.3178 (0.1366) 0.3876 (− 0.0681) 0.1448 (1.4945)
D7 0.5624 0.0043 (129.79) 0.4891 (0.1499) 0.2022 (1.7814) 0.3384 (0.6619) 0.1905 (1.9522) 0.5588 (0.0064) 0.3033 (0.8543)
D8 0.9903 0.8690 (0.1396) 0.9058 (0.0933) 0.8040 (0.2317) 0.8595 (0.1522) 0.5506 (0.7986) 0.9264 (0.0690) 0.9063 (0.0927)
D9 0.7167 0.2494 (1.8737) 0.5249 (0.3654) 0.2494 (1.8737) 0.2112 (2.3935) 0.4777 (0.5003) 0.6213 (0.1535) 0.5956 (0.2033)
D10 0.3008 0.0364 (7.2637) 0.0376 (7.0000) 0.0149(19.1879) 0.0178 

(15.8989)
0.0749 (3.016) 0.2102 (0.4310) 0.1159 (1.5953)

D11 0.2473 0.1376 (0.7972) 0.1182 (1.0922) 0.0541 (3.5712) 0.0554 (3.4639) 0.1498 (0.6509) 0.2054 (0.204) 0.0864 (1.8623)
D12 0.4397 0.0657 (5.6925) 0.3551 (0.2382) 0.0011 (398.72) 0.004 (108.925) 0.1121 (2.9224) 0.2952 (0.4895) 0.2937 (0.4971)
D13 0.4060 0.0372 (9.9140) 0.2597 (0.5633) 0.1486 (1.7322) 0.1285 (2.1595) 0.0606 (5.6997) 0.3331 (0.2189) 0.2913 (0.3938)
D14 0.3243 0.014(21.5208) 0.0123(25.3659) 0.1735 (0.8692) 0.0018 (179.16) 0.1869 (0.7352) 0.1888 (0.7177) 0.3044 (0.0654)
D15 0.1779 0.2406 (− 0.2606) 0.1544 (0.1522) 0.1928 (− 0.0773) 0.0199 (7.9397) 0.0938 (0.8966) 0.1221 (0.4570) (*)
D16 0.6174 0.6020 (0.0256) 0.6612 (− 0.0662) 0.6020 (0.0256) 0.5443 (0.1343) 0.1923 (2.2106) 0.5052 (0.2221) 0.6612 (− 0.0662)
D17 0.5774 0.0305(17.9311) 0.0532 (9.8534) 0.1075 (4.3712) 0.1560 (2.7013) 0.0611 (8.4501) 0.5684 (0.0158) 0.0533 (9.833)
D18 0.2982 0.0261(10.4253) 0.0358 (7.3296) 0.0899 (2.3170) 0.0530 (4.6264) 0.082 (2.6366) 0.0727 (3.1018) 0.0609 (3.8966)
D19 0.9774 0.5405 (0.8083) 0.8728 (0.1198) 0.4639 (1.1069) 0.0240 

(39.7250)
0.6099 (0.6026) 0.9419 (0.0377) 0.9397 (0.0401)

D20 0.7379 0.1483 (3.9757) 0.0138 (52.471) (*) 0.1483 (3.9757) 0.2459 (2.0008) 0.4094 (0.8024) 0.0123(58.9919)
(+ / = / − ) ​ 19/0/1 19/0/1 19/0/1 20/0/0 20/0/0 18/0/2 18/0/2
Max 0.9903 0.8690 0.9058 0.8040 0.8595 0.6099 0.9419 0.9397
Min 0.1779 0.0043 0.0123 0.0011 0.0018 0.0606 0.0727 0.0123
Average 0.5221 0.2227 0.3619 0.2494 0.1765 0.2639 0.4457 0.3718
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Although MCR and ACC are generally complementary measures of 
classification performance, the generation of the best logic using 
different metrics does not consistently lead to a complementary result. 
The ACC values demonstrates the capability of the model to accurately 
classify outcomes as TP and TN. While the MCR demonstrates the 
effectiveness of the model in minimizing misclassifications of outcomes 
as FP and FN. When generating best logic based on MCR, the proposed 
CR2SATRA demonstrates the ability to produce induced logic with low 
FP and FN.This is evident from the comparison of CR2SATRA with 
baseline logic mining models as shown in Fig. 8. The results indicate that 
CR2SATRA outperforms E2SATRA, 3SATRA, 2SATRA and RA across all 
20 datasets. Although E2SATRA, 3SATRA, 2SATRA and RA employ a 
systematic logic, these logic mining models generate induced logic with 
high value of FP and FN leading to high value of MCR.This is attributed 
to the absence of neuron connectivity across the attributes. These 
models do not employ a permutation operator and depend on a random 
attribute selection method, which limits the interpretability of the 
neuron connections in the trained logical rule within DHNN. According 
to [19], utilizing neuron permutation is crucial for obtaining accurate 
induced logic. Furthermore, incorrect attribute selection leads the 
DHNN to learn suboptimal synaptic weights and thus resulting in sub
optimal induced logic [22].

Unlike the JFSM by [14], which considers only the distance of pos
itive entries of the attributes to the outcome, the attribute selection 
method in CR2SATRA based on RTFSM. RTFSM takes into account the 
distances of both positive and negative attribute entries to the outcome. 
This allows RTFSM to provide a more comprehensive understanding of 
the relationship between the attributes and the outcomes. Consequently, 
the implementation of the logical permutation along with the use of 
unsupervised RTFSM for attribute selection enhances the capability of 
CR2SATRA to produce induced logic that can effectively minimizes FP 
and FN. Despite achieving a good result, CR2SATRA consistently loses 
for dataset D19 as compared to A2SATRA, S2SATRA and P2SATRA. As 
mentioned in the previous discussion, the dataset D19 contains a high 
ratio of negative outcomes. Therefore, the induced logic generated by 
CR2SATRA tends to misclassify these outcomes as FP and FNleading to a 
high MCRvalues. In comparison with the baseline logic mining models 
A2SATRA, S2SATRA and P2SATRA, one of the reasons for CR2SATRA 
generates high FP and FN is influenced by the non-systematic logic of 
second-order clauses and first-order clauses. Unlike the A2SATRA, 
S2SATRA and P2SATRA which is a systematic logic of second-order 
clauses.

The flexible structure of PCRAN2SAT results in higher MCR for datasets 
with a high ratio of negative outcomes making it difficult for CR2SATRA 
to minimize FP and FN. However, CR2SATRA generates induced logic 
with a high distribution of negative literals due to uses of the Smish 

activation function and the implementation of HBWOA. As a results, the 
induced logic of CR2SATRA enhances its ability to minimize mis
classifications leading to more accurate classification particularly in 
challenging cases of distinguishing between positive and negative in
stances, [50] conducted research on cost sensitive model for IVF dataset 
to check the total cost associated with the misclassification of FP and FN. 
IVF decisions made by clinicians are prone to wrong decision if FP are 
not addressed. This highlights the importance of minimizing both FP and 
FN for more accurate predictions. A low value of MCR indicates a better 
performing classifier which can significantly improve accuracy.

The improvement ratio is computed as the relative difference be
tween the performance of the proposed model and the baseline model. 
Positive values indicate that the proposed model outperforms the 
baseline, while negative values indicate performance degradation rela
tive to the baseline.

7.6. Pareto analysis of multi-objective optimization

The retrieval phase has been enhanced by implementing multi- 
objective optimization using HBWOA which focuses on achieving 
diversified and global states while minimizing similarity indices. Multi- 
objective optimization is typically associated with Pareto optimality, 
where a Pareto front represents a set of non-dominated solutions in 
which improving one objective may reduce the performance of another. 
According to [51], the points on the Pareto front illustrate optimal 
trade-offs between competing objectives. In the proposed framework, 
the objectives are designed to be complementary, aiming to improve 
diversification, global optimality, and similarity minimization simulta
neously during the retrieval process. Therefore, Pareto analysis is used 
to examine the improvement of these objectives across simulations. This 
is clearly illustrated in Fig. 9, where all objectives show consistent 
improvement across simulations. This behavior occurs because the ob
jectives are designed to be complementary within the HBWOA retrieval 
framework. Consequently, the optimization process seeks solutions that 
improve diversification, global optimality, and similarity minimization 
simultaneously.

7.7. Ablation study

Furthermore, an ablation study was conducted on the proposed logic 
mining model, CR2SATRA to assess the capability of CR2SATRA in 
doing knowledge extraction with and without implementing HBWOA. 
This ablation study evaluates the contribution of HBWOA in achieving a 
multi-objective function which is expected to improve the logic mining 
model in doing classification task. The ablation study aims to investigate 
whether the implementation of HBWOA enables CR2SATRA to produce 
optimal induced logic with a ND and NG. Table 7 illustrates the quali
tative analysis of CR2SATRA with and without HBWOA. The findings 
indicate that utilizing HBWOA enhances the optimization of the final 
neuron state, significantly contributing to the achievement of both ND 
and NG. As a result, this contributes to the production of optimal induced 

Fig. 8. The values of MCR for all logic mining models.

Fig. 9. Pareto superiority in multi-objective improvement.
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logic retrieved by CR2SATRA 
(
Pinduced

CR2SATRA
)
. This aligns with recent find

ings by [12]. In their study, multi-objective optimization was imple
mented during the retrieval phase of DHNN to enhance the logic mining 
process particularly in producing optimal induced logic for classification 
tasks. Their approach aimed to generate diversified and globally optimal 
solutions with low similarity indices which consequently improved the 
overall effectiveness of the model. In this qualitative analysis, a tick 
mark (✔) indicates that the implementation of HBWOA enables 
CR2SATRA retrieved induced logic that achieve ND and NG leading to a 
more effective logic mining model. While a cross mark (х) indicates that 
without implementation of HBWOA, CR2SATRA is unable to retrieved 
induced logic that achieve both ND and NG.However, without HBWOA, 
the induced logic that is retrieved by CR2SATRA fails to achieve both ND 
and NG. Thus, this ablation study verifies that HBWOA significantly 
improves the capabilities of the proposed logic mining model.

7.8. Friedman test

Statistical tests were performed to assess the impact of different 
metrics in generating the best logic, in comparison to baseline logic 
mining models. The Friedman Test was performed with a 95% confi
dence interval (α=0.05) and a degree of freedom df = 7. Table 8 illus
trates the null hypothesis versus the alternative hypothesis for all 
metrics used to generate the best logic. As mentioned by [52], the 
Friedman Test evaluates whether there are significant differences in the 
performance of different methods. A p-value< α results in rejecting the 
null hypothesis (H0) otherwise, H0 is not rejected. The results were 
analyzed using the Statistical Package for the Social Sciences (SPSS) and 
the average rank demonstrates the superiority of specific metrics in 
CR2SATRA over other baseline logic mining models. For metrics with a 
maximum value of 1, the highest average rank indicates the dominance 
of the logic mining model in terms of those specific performance metrics. 
Conversely, for metrics like misclassification rate where best value of 0, 
the lowest average rank indicates the dominance of the logic mining 
model in terms of this metrics.

Table 9 highlights the detailed findings of each respective Friedman 
test in terms of various performance metrics. The capabilities and 
effectiveness of the proposed logic mining model, which emphasizes 
different metrics in generating the best logic will be discussed based on 
the rank analysis of the Friedman Test for each metric. From Table 9, 
CR2SATRA displays the highest average rank of 7.76 for ACC. Addi
tionally, the p-value for ACC value is 5.1676 × 10–21 which is <0.05. As 
a result, the null hypothesis indicating no significant difference in per
formance among all logic mining model in obtaining ACC is rejected. 
This indicates that the logic mining models perform differently in 
retrieving induced logic with high TP and TN. Thus, this highlighting the 
superiority of CR2SATRA in terms of ACC metric

For the metric PRE with a p-value of 1.6237 × 10–7, the H0 is 
rejected. This indicates that there is a significant difference in perfor
mance among all logic mining models in obtaining PRE. The proposed 
logic mining model, CR2SATRA displays the highest average rank of 

7.39 which highlight the dominance of CR2SATRA in terms PRE. As 
compared to the baseline logic mining models, CR2SATRA is superior in 
accurately classifying positive instances which acknowledge the effec
tiveness of the proposed PRE metrics in generating the best logic. This 
consequently leads to high PRE value. The rank analysis from the 
Friedman Test in Table 9 shows that CR2SATRA obtained the highest 
average rank for SPE which is 7.97. The p-value is 3.8881 × 10–14 which 
is <0.05 leading to the rejection of H0. The statistical significance of the 
SPE values in Table 9 for each logic mining model shows that they do not 
perform equally in maximizing TN values, which impacts the resulting 
SPE. In terms of SPE, CR2SATRA is superior to the baseline logic mining 
models.

Furthermore, the p-value for MCC is 9.7719 × 10–14 which is <0.05. 
Therefore, the decision is to reject H0. This indicates that the perfor
mance of all logic mining models in terms of MCC show a significant 
difference. With an average MCC rank of 7.67, CR2SATRA stands out for 
its ability to generate induced logic that maintains a balanced propor
tion of TP and TN, surpassing the baseline models. Based on the ranks 
analysis from Friedman Test in terms of MCR in Table 9, CR2SATRA 
obtained the lowest average rank of MCR which is 1.32. The p-value is 
7.1418 × 10–21 which is also <0.05 leading to the rejection of H0. The 
MCR values in Table 9 are statistically significant for each logic mining 
model, indicating that the models perform differently in minimizing 
false classifications FP and FN which directly impacts theMCR values. As 
a result, CR2SATRA stands out for its ability to achieve lower MCR 
values, surpassing the performance of the baseline logic mining models.

7.9. Computational complexity analysis

The computational complexity of logic mining models primarily 
depends on the number of initialized solution strings, where the number 
of neurons denotes the number of initializations. The proposed 
CR2SATRA introduces key enhancements that influence both the 
learning and retrieval phases. During the learning phase, CR2SATRA 
selects ρ best logics and trains each ρ using DHNN which leads to 
increased computational complexity compared to baseline models that 
rely on a single logic. In the retrieval phase, CR2SATRA applies HBWOA 
to optimize the retrieved neuron state. This iterative optimization pro
cess further increases the complexity but significantly improves diver
sification resulting in a more effective logic mining model for 
classification tasks. In contrast, baseline logic mining models do not 
incorporate iterative optimization during the retrieval phase and rely on 
the single best logic in the learning phase. Consequently, their overall 
computational complexity is O(N) which is significantly lower compared 
to CR2SATRA. The computational complexity of each logic mining 
model is analyzed with respect to the number of generated best logics 
(ρ), the number of neurons (N) and the number of trials (NT) which is 
shown in Table 10.

Table 7 
Ablation study on CR2SATRA.

Pinduced
CR2SATRA With HBWOA Without HBWOA

Diversified states (ND) ✔ х
Global states (NG) ✔ х

Table 8 
The null hypothesis vs alternative hypothesis for Friedman Test.

Null hypothesis, (H0) There is no significant difference among all logic mining 
models for metrics ACC, PRE, SPE, MCR and MCR.

Alternative 
hypothesis, (H1)

There is a significant difference among all logic mining 
models for metrics ACC, PRE, SPE, MCR and MCR.

Table 9 
The average ranks and p-value for Friedman Test.

Logic mining 
model

Average Rank based on Performance metric

ACC PRE SPE MCC MCR

CR2SATRA 7.76 7.39 7.97 7.67 1.32
A2SATRA 6.00 3.47 4.63 5.17 3.00
S2SATRA 6.47 4.18 5.18 6.47 2.45
P2SATRA 5.53 4.37 4.95 4.89 3.47
E2SATRA 2.95 3.21 3.42 2.83 6.05
3SATRA 3.05 5.68 4.79 3.83 5.95
2SATRA 2.92 4.37 3.68 2.58 6.08
RA 1.32 3.32 1.37 2.56 7.68
p-value 5.1676 ×

10–21
1.6237 ×
10–7

3.8881 ×
10–14

9.7719 ×
10–14

7.1418 ×
10–21
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8. Conclusion

This paper contributes to the field of logic mining by presenting a 
new approach which forms the foundation of CR2SATRA, including the 
pre-processing, learning, and retrieval phases of DHNN. CR2SATRA 
generates a set of induced logics that offer flexibility to interpret the 
behaviour of the dataset based on induced logic from different confusion 
matrix. CR2SATRA addresses the challenge of imbalanced datasets by 
expanding the search space for optimal best logic that generates based 
on different pathways. In this context, CR2SATRA outperforms baseline 
logic mining models in retrieving both negative and positive classifica
tions. CR2SATRA demonstrating higher average ACC = 0.8275, PRE =

0.9116, PRE = 0.9116, SPE = 0.9994, MCC = 0.5221and MCR =

0.1758. The flexibility of CR2SATRA in interpreting the behavior of the 
dataset using set of induced logics from different confusion matrix is a 
key advantage over baseline logic mining models, which rely on a single 
best logic. Furthermore, the use of RTFSM for attribute selection is 
particularly beneficial for imbalanced datasets, as it considers the dis
tribution of positive and negative entries between the attributes with the 
outcomes. Despite the promising results, CR2SATRA has certain limi
tations. As discussed in Section 7.9, the computational complexity of the 
proposed model is higher than that of the baseline models. The paper 
also suggests future research directions to further improve logic mining 
models. Instead of relying solely on a single metric in generating the best 
logic [14,24], the logic mining model can be improved by introducing 
alternative approach in generating the best logic by having a combina
tion of confusion matrix such as ACC + PRE, PRE + SPE or ACC +MCR.
Additionally, a new method for selecting the induced logic could involve 
the process of minimizing the difference between the ACC of the best 
logic with the ACC of the induced logic. In the context of attribute se
lection methods, the integration of supervised and unsupervised ap
proaches can be explored to enhance the quality of selected attributes 
and improve overall model performance. These approaches will 
demonstrate consistently high performance across both learning and 
testing datasets and thus lead to the development of model that can 
efficiently handle different computational challenges. Additionally, 
future work will explore the applicability of the CR2SATRA model for 
real-time or large-scale analysis of online customer reviews, particularly 
in customer behavior analysis using the Booking.com dataset.
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