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ABSTRACT

We study an infinite system of differential equations of the second order. Some
special cases of the system result from application of the decomposition method to

some hyperbolic equations. We discuss the existence and uniqueness questions in the

2
r+l°

space [ The proved theorem enables us to investigate some optimal control and

differential game problems described by such a system.
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INTRODUCTION

Some of the control problems for parabolic and hyperbolic partial
differential equations can be reduced to the ones described by infinite
systems of ordinary differential equations by using the decomposition
method. For example, Chernous'ko (1992), Ibragimov (2003) and Satimov
and Tukhtasinov (2007) investigated the control and differential game
problems described by the following infinite system of differential
equations:

oz =w, k=1,2,..., (D)
where w,, k =1,2,..., are control parameters, z, ,w, € R'and
W 0<pu S, <. S <. —oo,

are eigenvalues of the elliptic operator
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Different game problems for the system
Ltz =w, k=1,2,.., 2)

have been considered by Satimov and Tukhtasinov (2007). Hence, there is a
significant relationship between control problems described by partial
differential equations and those described by infinite system of differential
equations.

STATEMENT OF PROBLEM

Let A,,4,,... be a sequence of positive numbers, and r be a fixed
number. We introduce into the consideration the space

B=l¢=(b): YAE <)

with the inner product and norm

(fﬂ)siﬂ{f,n,, Enel’, ||§||:[iﬂ;§f} .

Let L,(0,T;I*) be the space of functions f(¢) = (f,(¢), f,(t),...) with
measurable coordinates f, (t) = (f,,(t), f,,(¢)),0<t<T, subject to

1O, o= A [(Fi 0+ f)dr <o

where T is a given positive number.

We consider the following infinite system of differential equations:

3)

{jék =—a.x = By, +w, (1), x0)=x,, 50)=x,,
j}k =ﬂkxk -0yt Wzk(t)7 Yi 0)= Yio» yk 0)= Yi1s k=1,2,..,
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where ¢, 8, are real number
Xy = (X9, Xy, ) € lr2+1’ Yo = (Vigs Yagsee) € lr2+1’ X = (X, %,,.) € lr27
Y, = (Vyps Yoy ) € Loy, = (W, Wy )y W) = (W, (), w, (),..) € L, (0,T;17).
The system (3) is obtained if we take in (2)

Z =%, iy, M =04 —if, W =wy Fiwy,.
In the sequel, we consider 4, =+/a; + 3 . Denote

20 = (1), 2,(0,)s 2, (0) = (x5, (), (O, 12, 1=+/x] + 3}

||z||122

r+l

N2, 2
:Zﬂ%ﬁ (X + Y0 2o = (Zig» Zagse-) = (X195 Vigs Xags Yaos--0)s
=1

2
I3

r+l

Zyo = (X0 Yio)s 112

= Zﬂkr+l(x1<20 + ykz())’
k=1

2 N 2 2
2= (25 Zo1s-) = (Xy0s Yips Xaps Yarsee)s Zi = (X5 Vi) 117 ”12= Zﬂ;(xm + Yin)-
k=1

r

2 = (25 Zopse )= (s Yips Xops Yorsew)s 2 = (X Vi)

EXEDVACRES o)
r k=1
Definition. Let w(-)e L,(0,T;I7). A function z(t)=(z,(t), z,(t),...),
0<t<T, with continuous coordinates z, (r) satisfying the initial
conditions z,(0) = (X9, ¥0), 2 (0)=(x,,y,), k=1,2,..., is said to be
solution of the system (3) if Z,(¢) exists almost everywhere on [0,7] and
satisfies the system (3) almost everywhere on [0,T].
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AUXILIARY CALCULATIONS
Let

Akl(t)zer]At[COS(i’zkf) —sin(rzkf)} Ay (1) = Agy (—1), sz(ﬁk —rzk}

sin(ryt)  cos(ryt) Iy Rk
1 1
Ak(l‘)=5(Akl(l‘)+Ak2(l‘)), Bk(t)zsz (Akl(t)_Akz(t))7 (4)
—o Ao + B a, o + B
rikz 7r2k= s —— k=1,2,....
2 2
Then

n=yR R =Y+ B =4,

It can be shown that the matrices A, (¢) , A,,() have the following
properties:

A (t+h)= A (DA (h) = A (WA, (D), 14,0z, 1= A (Dz, l=e ™ 12,1, (5)
AL (t+h) = AL (DA, (h) = AL (WA,L (), A, (D)7, 1= A (z, 1=¢ W 17 1,(6)

where A" denotes the transpose of the matrix A. Combining (3), (4) ,and
(5), we obtain

1
A D)z Ez(emT 1z 141z, h<e vl 121, )

Similarly, we can show that

1
Bz 1 <= iz, ®)
I
Also we obtain
NA)-E NI < 1A, (0)II+] < erlkT+1,
A, —E I < TA,O)lI+1< e_rlkT+1s2,
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where |l All= max.; | Axl, and E2 is the identify 2x2 mariks.

MAIN RESULT

Let C(O,T;lf) be the space of continuous functions

2(t) = (z,(t),2,(t),---), 0<t<T, with the value in the space [’ . The
following theorem is true.

Theorem 1. If {r, },_, is a bounded above sequence, then the infinite system
of differential equations (3) has a unique solution z(-)e C(0,T;I’,,) defined
by

5 (1)= A, (07, + B, ()2, + [B,(1 = 5)w, (5)ds. 9)

Moreover, z(-)e C(O,T;lf ).

Proof: 1°. Proof that z(t) = (z,(t),2,(t),---)e I’,, for each te[0,T].

r+l

Let y=sup,_,{r,}. Inaccordance with the inequality

2
[Za,) < nZa,z, (10)
i=1 i=1

with n =3 we obtain from (9) that

p 2
Iz, ()< 3[| Az, +1B.(Dz, +[.[|Bk —s)w, (s)! dsJ J, te[0,T].
0
As by the Cauchy-Schwartz inequality

(Il. lw, (5)] dsJ <t[Iw,(s)F ds,
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then from the relations (7), (8) we get

1 1 ’
|z, (1) P< 3(&” |20 P+ 17, P +— " (zpwk(s) & dsn
I, s 0

k k

1 T %
<3¢ (| o P+ 12 P+ [ 1w (s) P dsJ, te[0,T].
K T o
Hence

T
Lz, ()P A <3’ (I o P A+ P A +Tﬂk'J-|wk(s) I’ dsJ, te[0,T].
0

Therefore
s s s s T
DAz, (1) P<3e” (2/1,5“ Lz, P +> A 1z, 1P +T22[Ilwk ()P dsJ.
k=1 k=1 k=1 k=1 0

Then

2 2 2 2
Izl <37 (n 2l +lg I +T WO (7. 13))‘

Thus,

z(t)e I’ ateach re[0,T].

r+l

2°. Proof that %, (t) = (%,(t), 2,(t),....)€ I’ for each t€[0,T].

The derivative of (9) is

4 (D)= RB (02 + A ()2, + [A (1 = 5)w, (5))ds . (1

2
r+l

Analysis similar to that in the proof of z(-)e C(0,T;/",,) shows that

N S 2 2 2
< .
201, < 3e (n Gl -+l I +THWO I oy )

r+l1
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. 2
Thus, z(r)el’, te[0,T].
2° Proof that the function z(t), te[0,T] is continuous in I’,,.

A. For h>0, we have

t+h

g (t+h) =2 ()= At + )z + B (t+ W)z, + [ Bu(t+h=s5)w (s)ds

—[Ak (02, + B, (0z,, + [B (e =)W, (s)dsJ

=(AG+h)-A )z, +(B.(t+h)—B,(1)z,

+[(B,(t+h—5) = B,(t—s)w,(s)ds + lek (t+h—s)w, (s)ds.

t

According to (4) we get

Z,(t+h)—z, () = %(Akl(t +h)—A,(1))z, +%(Ak2(t +h)—A,(1))z,,

+_Rk_1 (Akl(t+h)_Akl(t))Zk1 _%Rk_l(ﬁz(t"'h)_Akz(t)) 2

+%R;1.[(Ak1(t +h=s)— A, (t—5)w, (s)ds

t+h

1 ~ t
—ERkIJ(A“(t+h—s)—A“(t—s))wk(s)ds+ [ B.(t+h=s)w, (s)ds.
0 t
Then employing the relations (5), (6) we obtain

z,(t+h) -z, (1) = %(Akl(h) —E)A, 1)z +%(Ak2(h) —E))A, )z,

1 1
+5RkI(Akl(h)_EZ)Akl(t)Zkl _ERkI(AkZ(h)_EZ)AkZ(t)Zkl
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F2 R (A = E) A (= 9w, (5)ds

R (A ) = E A (= 9w (s)ds

t+h

+ j B, (t+h—s)w,(s)ds.

According to (10), where n =7 we obtain

2

|Zk (t+h)—z, (t)|2 < 7[‘%(141{1(}1) - Ez)Akl(t)ZkO)

2

+ +

+ %[Rk"lj‘(Ak1 (h)—E)A, (t—s)w, (s)ds

1
+ E{Rk [(A ()= E)) A (1 = 5)w, (5)ds

0
ZJ

Since Il R, = l, it follows from (5), (6), and (8) that

Ty

t+h

+| [ B,(t+h=s)w,(s)ds

|z, t+h) =2,

1 1
: 7(2” A, (W) —E,IP &7 |Zk0|2 +Z” Ao () =E, I & |Zk0|2

1 e 1 e’
+ 14,00~ E, P r—2|zk1|2 +- 1A=, P r—2|zk1|2

k k
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1 2 e ’
AL =B, IF = [[we(o)]ds

k

l
+r—12e2;/r ﬁ‘h lw, (s)] dsJ J

k

2
1 , e
+ZIIAk2(h)—E2II — |w, (5)| ds

<

&7 (1A, ()= E, IP +11 A, (h) - E, I}

l 2 t+h 2
? +i2| Zu I’ +r—12(.|‘lwk (s)ldsJ +%ezﬂ(.“ l'w, (s)IdsJ .
0 t

k

A~

X| 1240
% %

Then

”i(n Aa()=E,IP +11 A, (h)— E, I )

k=1

= 7
DAz (t+h) -z (HP<=€
k=1 4

t 2 I t+h 2
X| Az P +A 1z, P +A (jmk (s)IdsJ +764" 2&,{“ lw, (s)IdsJ .
0 k=1 P

Therefore
l2(t+h) =25 <1 +1,+1,,
r+l
where
I—727TNIIAh *+1A,,(h :
=5 D (A, (W)= E, IF +11 A, (h)— E, IP)
k=1

' 2
x| Az P44 1z, 1 +/1,j(j|wk(s)|dsJ ,
0
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)

7
L=7¢" 3 (1A= E, 1P 411 A, ()~ E, IF)

k=N+1

' 2
x| Az P44 1z, 1 +/1,j(j|wk(s)|dsJ ,
0

oo t+h 2
I, =7e27T2}L;(J- Iwk(s)ldsJ .
k=1 ,

Since e” 21, 1A (D) ~E,li<e™ +1 and IIA,(t)~E, I<2, we have
A, (h)—E, P +11 A, (h)—E, IP<16¢°"".

Hence,

k=N+1

oo T
1, <28e"" z (ﬂ[ﬂ 1 Zo P +A] 17, 1P +TJ-2[ lw, (s)I’ dsJ.
0

Since the series

oo

o0 oo T
YA Nz Py YAz P YA [ 1w ()P ds
k=1 k=l

k=1

are convergent, therefore for any positive number £>0 there exists a
positive integer N such that 7, < £/3. Now we think about /,.

Since the sum in /, consists of finite number of summands and
(1A, (B = E, IP +11 A, (h) —E, IP) =0, k=L,...N,

as h—0, for any positive number £>0 there exists §, >0 such that
I, <&/3 whenever 0<h<9,.
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As for I;, using the Cauchy-Schwartz inequality, yields
oo t+h
<77 YK (h [ tw.(s)P dsJ
k=1 p

w T
S7hezﬂzﬂ;j|wk(s) > ds < The*” lw() IIL2(0 T:02) -
— : oL b,

However, 7e*” bl w(:) |l — 0 as h— 0, then we can choose &, >0

L,0.T:12)
such that 7, < £/3 whenever 0<h<J,.

Thus, Il z(t + h) — z(¢) ||122 can be done less than any positive number £ >0 by

r+l

choosing 6 = min{J,,8,} and N . This means z(r) is continuous at each
t€[0,T] from the right.

B. Now consider Il z(t) — z(t — h) ||122 ,h>0. We have

r+l

% () =z (t=h) = A, (N7 + B ()2, + [B, (t = 5)w, (s)ds

t—h

-A (t-h)z,,—-B.t—-h)z, — ]-Bk (t—=h—-s)w,(s)ds

= %(Akl(h+(t— h)—A, (t—h))z, +%(Ak2(h+ (t—-h)
—A,(t—h))z, +%Rk‘l (A (h+(@—h)—A,t—h))z,

—%Rk" (A, (h+(—h)—A,—h)z,

1 t—h
+ER,:' [+t =h=s5)= A (t = h—9)w,(s)ds
0

t—h

—%Rk_' ](Akz(h+t—h—s)—Akz(t—h—s))wk (s)ds

+ IBk (t—=s)w, (s)ds
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= %(Am(h)_ E)A,(t—-h)z, +%(Ak2(h) —E)A,({t—-h)z,

%R,;l (A, (B~ E))AL (1 —h)z,

_%Rk_l (Ak2(h) —E)A, (- h))zkl

t—h

+%R,:1 :[ (A, (W =E)A,,(t—h—-s)w,(s)ds

—%R,;lt_j (A, (h)—E)A,(t —h—s)w, (s)ds + jBk (t—)w, (s)ds.

By analogy with IIz(t+h)—z(t)II[22 , we can show that for any given

r+l
number £ >0 there exists 6 >0 such that |l z(t) — z(t — h) II[22 < & whenever
r+l

O<h<o. Thus, z()e C(0,T;l’.,). In the same manner we can see that

r+l

z()e C(0,T;I?). The proof of the theorem is complete.

CONCLUSIONS

In this paper, we have studied an infinite system of differential
equations. We have proved Theorem 1 when the function w(-) satisfies an

integral constraint. This theorem plays a central role in studying control
problems described by such a system, since the system (1) can be considered
from the point of view of the Control Theory. For example w(-) can serve as
the control function that satisfies the integral constraint. It is clear that this

class of control functions contains the functions satisfying the geometric
constraint:

)

D Wi () + w3 () < .

k=1
Therefore the obtained result can serve as basis for some problems

of the Control Theory and enables us studying the control and differential
game problems for such an infinite systems of differential equations.

122 Malaysian Journal of Mathematical Sciences



The Existence-Uniqueness Theorem for a System of Differential Equations in the Spaces 7,,.

REFERENCES

Avdonin, S. A. and Ivanov, S. A. 1989. The Controllability of Systems with
Distributed Parameters and Families of Exponentials. UMKVO, Kieyv.

Butkovskiy, A. G. 1975. Control Methods in Systems with Distributed
Parameters. Nauka, Moscow.

Chernous'ko, F. L. 1992. Bounded Controls in Systems with Distributed
Parameters. Prikl. Mat. Mekh, 56(5): 810-826.

Ibragimov, G. I. 2003. A Problem of Optimal Pursuit in Systems with
Distributed Parameters. J. Appl. Math. Mech, 66(5): 719-724.

Ibragimov, G. 1. 2004. On possibility of evasion in a differential game,
described by countable number differential equations. Uzbek Math.
Journal, 1: 50-55.

Ibragimov, G. 1., Azamov, A. and Risman, M. H. 2008. Existence and
uniqueness of the solution for infinite system of differential
equations. Journal KALAM, International Journal of Mathematics
and Statistics, 1(2): 9 -14.

Satimov, N.Yu. and Tukhtasinov, M. 2007. On Game Problems for Second-

Order Evolution Equations. Russian Mathematics (Is. VUZ), 51(1):
49-57.

Malaysian Journal of Mathematical Sciences 123



