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Abstract

In this paper we investigate the uniform
convergence of spectral expansions of the
biharmonic operator on closed domain Q< R,
New estimates for the spectral function of the
biharmonic operator on closed domain are
obtained.

Introduction

In early twentieth century, connection between the
theory of multiple Fourier series and the theory of
partial differential equations was found. The partial
sums of multiple Fourier series coincide with the
spectral decomposition associated with the Laplace
operator on the torus. Such spectral approach to the
study of multiple Fourier series gave impetus to the
development of spectral theory of differential
operators.

Justification of applicability of separation of
variables for solving equations of mathema-tical
physics has become an important part in
mathematical  sciences. The formation and
development of the theory of spectral expansions
related to differential operators became possible,
thanks to the work of scholars such as Titchmarsh,
Bochner, Stein, [I’in , Hormander and Alimov [1,
3-5, 8, 9]. The most complete study of problems of
summability and convergence of  spectral
expansions related to the differential operators can
be found in the works of V.A. II'in and his
disciples (see e.g. [3-5]). In their work, they
conducted in depth studies of spectral expansions
related to self-adjoint and non self-adjoint
differential operators and to operators with singular
coefficients. They established new methods to
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investigate the spectral expansions based on
estimates of a fundamental system of functions,
spectral functions and their Riesz means, all of
which are reliable tools of investigation.

Problems of convergence and summability of
spectral  decomposition related to  elliptic
differential operators are important from the point
of view of development of the mathematical basis
of modern mathematical physics. In this note, we
discuss the case of biharmonic operator whose
applications in continuum mechanics are known.

Main results

Let Q — R* be a domain with smooth boundary
0Q. We denote the eigenfunctions and
eigenvalues of the biharmonic operator A° by
u,(x,y) and A, respectively where A = 0, + 8,

is the Laplace operator:

Au (x) — L u(x) =0,

1
=0 = A, . %

"l

We will investigate the uniform convergence of the
biharmonic operator on a closed domain Q c R”.

We proceed to the formulation of the fundamental
results of this paper.

Theorem 1: For u, (x,y) and A, respectively the
eigenfunctions and eigenvalues of the biharmonic
operator A’ corresponding to the boundary
conditions u, Ln =0 = Ay, lm we have

Y ul(ny) € C-(uhini(u+D), @)

p<dli, <p+
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Jorall (x,y) e Q = QUQ.

Firstly in [3], T’in has obtained conditions for
uniform  and  absolute  convergence  of
decomposition in terms of eigenfunctions on the
closed domain for any of the three boundary
problems of the Laplace operator. In particular it is
proved that a Fourier series of a function from a
class WJ%M')(Q) (we denote Sobolev space by
W '(Q)). satisfying the repcated Laplacian equation
and boundary conditions, uniformly converge in
the closed domain € .

In [10}, Eskin has shown that if /e i (),
A=(N-D/2+¢ wheree >0, then the
decomposition of f in terms of cigenfunctions of
the elliptic operator of order 2m with the boundary
conditions of Lopatinsky, uniformly converges in
the closed domainQd. In [11], Moiseyev
investigated problems of uniform convergence in
the closed domain ©Q of decomposition of the
elliptic operator of the second order. Tn [11], it is
proved that if the expanding function f* belongs to
the class w;""*(Q) with p>2N/(N-1) and it

has compact support in € such that the series

i AN (In 4, )?H 1S < o
=

where f, are the Fourier coefficients of £, then
the spectral expansions of the Laplace operator
related to the first boundary problem uniformly
converges on the closed domain Q .

The estimate (2) allows us to prove uniform
convergence of spectral expansions of continuous
function.

Theorem 2: Let f(x,y) be arbitrary continuous
Junction on Q. Then the Riesz means of spectral

expansions

: AT
E S(xy) = Z [1—7} S, (x,¥)

i (7

U <

of the order s > %, converges uniformly to f(x,y)
on Q where u (x,y) and A, are respeciively the

eigenfunctions and eigenvalues of the biharmonic

R — N  Dige

operator  A°  salisfying boundary  conditions
M|&,l =0 = Au

a0

II’in in [4] has established the sharp conditions for
uniform convergence of the spectral expansions.
He found conditions on the order of
differentiability @, the degree of summability p,
and the dimension of space NV :

N -1
az= 5 a-p>N, p=zl1, (3)
where the spectral expansion of the functions from
VV: with finite support converges uniformly on
any compact K < €2 . For Riesz means, instead of
conditions (3), there should be conditions:

N -1
a =

_Tfs, a-p>N, pzl. (4

It follows from the theorem of V.A. 1I’in (see [4])
that the first of incqualities in (4) is sharp. The
inequality «-p<N admits an existence of
unbounded functions from the class ¥, (€2) the
Riesz means of spectral decomposition of which
obviously does not converge uniformly (sce [S]).
Sh.A. Alimov in [1] has established conditions (4)
providing uniform convergence of Riesz means of
spectral decomposition of functions from S.M.
Nikolsky’s classes #7,(€2) for any self-adjoint
extension of the clliptic operator. For the general
elliptic operator of an order 2m, it is proved that it
is not dependent on the number m and the same
conditions (4) provide uniform convergence on any
compact K = Q, of Riesz means of the spectral
expansions of functions from ,(£2) .

Proof of Theorem 2

The proof of Theorem 2 is based on the estimate in
Theorem 1.

For any 4>0 we define a set Q, cQ
where Q, = {M(x, ) e Q: dist(M.oQ) > ht. Let
M, (x.3) e, and M(x,y)el. Let us consider the
radial function V, (r) =V, (dist(M,, M)) :
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C(s+1)2° AT
o (r\/z)
)= RG> TR
0 R>0

where R is less than h/4and J (¢) is the Bessel
function of order v .

For eigenfunctions #,(x,y) of the biharmonic
operator, we have (see [12]):

” u (x+rcos@,y+rsinf)rdrdd =

FER

27R T (Rv, ) v, u,(x,») (3)
+ O(e’ (= R)v, )

where v, ={/4, . Note that

Jo (A T (vot) 7 dr =

S S—

l . ;’;} Ay )
L b B EX-
2 I(s+1) A"
0 , v > A

Using the formula (3), we obtain for Fourier
coefficients of the function V,(r) in the next

representation

V,(r) = 2T(s+1) A7 u,(x,)
A (5)
x [ S (Ar) Jy (v, r)r dr.
0
Separating the last integral into two parts ie.

J:O - j: , and using equality (3), we obtain

Vol = Fh b (Y |
(r) U, (x .,V)[ ,12} ©

2 T(s+D VI AT u, () I(A,)
where
I2v,)

= (2v,)" IJ,H (rA)J,(rv,)r dr,

R

and
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Multiplying both sides of (6) by z (x,)) and we

have in a sense of L, that

V.(r) = @ (M, M,A) — (2~*r(.s-+1) qe

x>, (5, ¥y, (%, Vo) V| f(in/,,)] ,

n=l

where the function

O(M,, M, 1)
Al
=2 ( #ﬂ 1, (x, ) 1, (%, ¥o)
A, <A

is the Riesz means of order s of spectral function
of the biharmonic operator. We denote the right
side of (2) by F,(r), where xe£2,, ye Q.

Using the estimation (2) we obtain

Lemma 1: For any positive &, we have

Z ) ATT = O(ﬂf In* i) 2

fn<i
V{(ny)eQ ;
Z i o I O(ﬂf‘C In* Z,) ,
{F’Tn>/’i

V(x,1)eQ .

Lemma 2: For all >0, A, >0, we have

_” fx, )V, () dxdy

is a continuous function since (x,y) €Y.

Let the set €, contains the support of
f(x,y) e L,(Q) . By definition of Riesz means, we

have

P IERERE~,.

N
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-

T

E,; .f(x( vyo)
= [[ F ) V() dedy

+(2 T+ ™

<3 fo A, (6 ) I, | -

a=1

Let B(M,;R) be a ball with the radius R about
the point M, (x,,y,) €. Using continuity of
function f(x, ),

[[£) V() dxdy

a,
= 2T(s+1)(27m) T A+

% J- iz, (\/I I‘)' ) gy

0, BIMy 1)
and the fact it equals to the first part in (7), we have
E; f(x, %)
= [[feen (| x—y]|) deay

Q,

» 8
+(2"F(s DA x ®)

ijl}.? )“n% u”(x,y)f()b,v”)

a=l

Lemma 3: For all (x,y) €, the inequality
N ue,y) A2 [1(Av)] < Cln® 4
n=1

holds.

Proof: From estimates in Lemma 1 and Lemma 2,
it follows that for all (x,y)eQ,

S viliav)] wixy) = OP}
A

v, =1

Similarly, we have for all (x,y)eQ,

S 2 1w )] ) = O{[n" ,1] |

/

el

1€y, <
n sy

5 s, In* A
v T(AY ) u (X, y) = O{ ] .

bty
= u

For estimating summation corresponding to n for
which V4 /2 < v <\31 /2, we use the estimations in
Lemma 1 and Lemma 2. We denote by % the
minimum integer for which 2% >J1B/2. Then we
obtain for all (x,y)eQ,

Z ﬁv,,_z []()u,vn)]z ui (x, )

A
v, —d| < 5

k

I

> v ul(e 4

m=l Jilv’l_li <o
cln® 1,
which proves Lemma 3.

I

Lemma 4: If s>1/2, then for all continuous

Junctions  f(x,v) with finite support in Q, we

have
|E; fe| < e|f],. Y@xnea.

Proof: Using the well-known estimates of Bessel

function
e , (k=1
| J\f ([) | = ( ) ?
# . )
we obtain
IFESRAGK S
@,

1A
<alrL| frivols
[}
X
+ J.r-|Vl(r')|dr} :
(1N
Obviously from estimations of Bessel’s functions,
it follows that the functions in square brackets are
bounded. Now we will estimate the second
summation in the right part of equality (7). For this
purpose, we apply Holder’'s inequality and
Parseval’s formula to the sum

S (o) I A) AT

ne=l1

Then from Lemma 3, it follows that

rlLs

Zﬁ w, (B AA) 47| < elnd
=]
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and hence Lemma 4 is proven.

For any function, the Riesz means E; f(x,y) of
positive order s>=0 uniformly converges in the
closed domain Q. In view of the density of
C7(Q) in the space C(£2), any function for which
requirements of the conditions of Theorem 2 can be
approached with the functions from C; (Q) having
supp(/) =€, where the positive constant /
depends only on distance between the function’s
support and the boundary of domain, then the
statement of Theorem 2 follows directly from
Lemma 4. Hence Theorem 2 is proved.

Unsolved problems

We would like to pose this open problem for
interested readers. Let 7(x,y) be the normal vector
to JQ at point(x,y). Derivative of function
¢(x,y) ondirection 7(x,y) is

&2 . 58 '(rf,\x)ﬁta—@sin(r/,}) :

ar ox oy

Problem: Let ¢ (x,y) and A respectively be
eigenfunction and eigenvalues of the Laplace

operator A=2"/dx" + " /@y, with the boundary

conditions d¢p/d7|,, = 0. Is the estimate

Y, @) < C-(u+D)In’(u+ 1),

;:4\#'7ns,u+l

true for the eigenfunction of the Laplace operator,
satisfying  condition  d¢/dz| = 0 for all

(x,)eQ=QuUdN.
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