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ARTICLE INFO ABSTRACT

Keywords: This paper investigates a new class of fractional Volterra-Fredholm integro-differential equations (FVFIDEs)
Fractional Volterra-Fredholm fractional involving a new Caputo-conformable operator with three-point non-local Riemann-Liouville conformable
integro-differential equation integral boundary conditions. The Banach contraction principle and Schaefer’s fixed point theorem are

Caputo-conformable operator
Generalized Gronwall inequality
Polynomials neural network
Fixed-point theorems

employed to investigate the existence and uniqueness of the solution in Banach space, and also the uniform
stability is provided to prove the stability of the solution. A new generalized Gronwall inequality in the sense
of the Riemann-Liouville conformable integral is established and utilized to prove the priori bounded of the
solution. A hybrid technique, combining a polynomial neural network (PNN) with an extreme learning machine
algorithm without using any activation functions, is developed. The Chebyshev neural network (ChebyshevNN)
and Bernstein neural network (BernsteinNN) are used. To enhance the stability and control the strength of
regularization numerically, L, regularization with hyperparameter A is incorporated into the error function.
Feed-forward and back-propagation learning algorithms are used to initialize and update the weights, while the
Adam optimization method is employed to minimize the error. The error bound, convergence, computational
complexity, stability, and sensitivity for parameters for the PNN method are provided. The numerical results
provide the efficiency and accuracy for the proposed method.

1. Introduction

Fractional integro-differential equations (FIDEs) have been extensively applied in modeling a wide range of problems in engineering and
science [1,2]. Many researchers shown their attentions for studying FIDEs extensively theoretically and numerically. For example, Santra et al. [3]
proved the existence and uniqueness of multi-term time fractional partial integro-differential equations involving Volterra integral operators in
the sense of Caputo-type time fractional differential operator. Das et al. [4] investigated the existence and uniqueness of the solution of fractional
Volterra-Fredholm integro-differential equations (FVFIDEs) with in Caputo sense, and solved it by perturbation homotopy analysis. The same
authors [5] studied the first order Volterra integro-differential equations of first kind for both initial and boundary value problems by reducing
them into the fractional order Volterra- integro-differential equation of second kind using the Leibniz’s rule, and also the Caputo fractional Volterra—
Fredholm integro-differential equations was solved using homotopy perturbation method [6]. Das and Rana [7] studied the existence and uniqueness
of the solution of the weakly singular fractional Volterra integro differential equation with Caputo-type sense based on the maximum norm and
introduced an operator-based parameterized method to generate an approximate solution of the equation. Saw et al. [8] used third-kind shifted
Chebyshev polynomials to approximate the solution of Pennes bioheat flow type parabolic partial differential equations in terms of Caputo-type
operator, and studied the uniform convergence of the approximated solution.

Recently, many generalized fractional operators have been developed, including the Caputo-Hadamard operator [9], the Hadamard opera-
tor [10], the Hilfer operator [11], and the Katugampola operator [12], proportional fractional derivatives [13,14], among others, to address
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the modern real-life challenges. Khalil et al. [15] introduced the conformable operator, which was further refined by Abdeljawad [16] and
later extended to the Caputo-conformable operator. Some interesting works on this operator can be found in [17], which employed H,
performance theory on Lipschitz nonlinear conformable fractional-order systems. A few studies have employed this operator, such as Piotrowska
and Sajewski [18] used it to model the electrical circuits containing resistors. Ntouyas and Tariboon [19] explored the existence and uniqueness of
solutions for Caputo-conformable fractional differential equations with four-point boundary conditions using Krasnoselskii’s fixed point theorem,
the Leray-Schauder nonlinear alternative, and Banach’s contraction principle. Additionally, Baleanu et al. [20] investigated Caputo-conformable
fractional inclusion differential equations with four-point boundary conditions based on the («—w)-contractive mappings under some considerations
of the multi-dimension function « and the non-decreasing function y mentioned in [21]. Thabet et al. [22] examined the existence of solutions for
Caputo-conformable fractional inclusion pantograph differential equations with three-point boundary conditions.

In spite of its vast available literature, only a few studies have addressed FIDEs using the Caputo-conformable operator. For instance, Rabhi
et al. [23] utilized Monch’s fixed point theorem, a generalized Gronwall inequality, and the measure of non-compactness to investigate the existence
of mild solutions for the non-local Caputo-conformable fractional delay integro-differential evolution equations. Amara et al. [24] investigated the
existence of solutions for Caputo-conformable hybrid multi-term integro-differential equations by applying the lower solution property. Additionally,
Peng et al. [25] discussed the uniqueness of solutions for nonlinear and linear Caputo-conformable Cauchy problems using the Banach fixed point
theorem. They further demonstrated the extremal solutions for a nonlinear fractional Caputo-conformable p-Laplacian differential system using the
monotone iterative technique.

Across all of the mentioned works, research works on the Caputo-conformable and Riemann-Liouville-conformable operator combined with
FVFIDEs is limited. Combining these operators is significant because it provides powerful applications in modeling various real-world problems that
exhibit memory and non-local effects, such as anomalous diffusion, viscoelastic behavior, control systems, financial modeling, biological systems,
and other complex phenomena where traditional models often prove inadequate. Moreover, the properties of the Caputo-conformable operator
offer a more physically meaningful approach: its consistency with Caputo derivative operators for initial conditions, its ability to capture non-local
behavior and memory effects, and its modified chain and product rules make it especially suitable for applications in complex real-world dynamics
compared to other fractional derivatives. Another advantage of this combined operator (Riemann-Liouville-conformable or Caputo-conformable
operator), it is considered as a generalized operator. In fact, under this construction, various special cases of operators such as Hadamard fractional
integral, the Riemann-Liouville operator, and the generalized fractional integral are included. To the best of our knowledge, this operator has not
been extensively studied in prior works, making its investigation a significant contribution to the field.

Various numerical methods have been developed to solve FIDEs and FVFIDEs, such as the Legendre wavelet technique [26], multi-Galerkin
methods [27], and the generalized Chebyshev operational method [28]. However, solving FVFIDEs with non-local boundary conditions remains
challenging, as traditional numerical methods often require extensive computational time or involve complex calculations. Recent advances in
artificial intelligence have contributed to modern numerical solutions that address these challenges. These methods not only minimize the errors
but also reduce the computational time required for complex problems. Additionally, they have the ability for handling various initial and boundary
conditions as well as different generalized fractional operators. For instance, Li et al. [29] proposed a machine learning framework combined with
the degenerate kernel method to solve nonlinear integro-differential equations. Yuan et al. [30] employed the physics-informed neural networks
(PINNS) to solve nonlinear partial differential and integro-differential equations. Furthermore, Allahviranloo et al. [31] applied artificial neural
networks to solve Caputo FVIDEs, utilizing a multilayered feed-forward network with an iterative first-order algorithm to approximate the solution.
Saneifard et al. [32] expanded the application of artificial neural networks to solve two-dimensional FVIDEs using a four-layer feed-forward neural
architecture, employing the steepest descent and quasi-Newton methods to minimize the error function.

Polynomial neural network (PNN) is a type of simple neural network that utilizes the polynomial bases P,(u) instead of activation functions in
the traditional hidden layers, such as Chebyshev polynomials (ChebyshevNN) and Bernstein polynomials (BernsteinNN) or other polynomials. PNN
is a well-known concept in approximation theory, and they provide better convergence properties for solving differential and integro-differential
equations. For example, Hajimohammadi et al. [33] employed a fractional Chebyshev deep neural network combined with the Gaussian method to
solve fractional differential models. Shao et al. [34] addressed linear Fredholm integro-differential equations using a feed-forward neural network
based on Legendre polynomials, where the weights were learned through the gradient descent method. Liu et al. [35] applied a Jacobi neural
network to linear differential-algebraic equations using a single hidden layer. Additionally, Sun et al. [36] utilized a Bernstein neural network
coupled with an extreme learning machine algorithm to solve differential equations with a single polynomial block, and Chakraverty and Mall [37]
employed a single-layer Chebyshev neural network to solve ordinary differential equations.

In this paper, our contributions and the novelty of our work are summarized as follows: we develop a new FVFIDEs define in the sense of
Caputo-conformable derivative, with three-points non-local Riemann-Liouville conformable integral boundary conditions:

{“’fo(u) =0 (u, x W), Hy (5, (@), Hy($,(x@)))) ,

RCAH:6 1
x(c)) =01, x(C)+ 6 T x(€) =0y, u€J =[c,Clcy 20,

where Cci)f[;g is the fractional Caputo conformable derivative of order 0 € (1,2] with y € (0,1] and RCJQ.‘f is the fractional Riemann-Liouville
conformable integral of order 6 > 0. Furthermore, ¢ € (cy,Cl, ¢;,6,01,0,,€ R are constants, O : J x R? — R is a continuous function,
H(H(xw)) = fc OC R (u, V)9 (x()dv, Hy(H2(xw)) = fc z Ry (u, 0)$H,(y(v)dv, such that §,, $, represent linear or nonlinear continuous functions, and
£, 8 € (J X J,R) with a; = max,, ,; fCOC | R (u, v)| dv and @) = max, ¢, fcz | R, (u, v)| dv are finite. We choose O, %, 9,, 8, %, and y are sufficiently
smooth in [y, C].

In addition, this study develops a new generalized Gronwall inequality within the framework of the Riemann-Liouville conformable integral,
which is then utilized to investigate the existence and uniqueness of the solution for the proposed equation. Furthermore, we construct a novel
approach to PNN by utilizing the Chebyshev neural network (ChebyshevNN) and Bernstein neural network (BernsteinNN), combined with the
extreme learning machine algorithm. This approach differs from the traditional neural networks by using the basis of these polynomials instead
of hidden layers. Choosing these two polynomials in our work refer to their abilities for solving different kinds of fractional ordinary and partial
differential equations, which prove that using the non-orthogonal Bernstein polynomials provides a good approximate results and accuracy [38].
Additionally, Chebyshev polynomials are considered as an effective tool with spectral collocation method specifically in modeling partial differential
equations [39]. PNN approach reduces the number of required hidden layers, trainable parameters and improving computational efficiency.

Moreover, we incorporate two additional terms: the L, regularization term to enhance the stability of solution and the hyper-parameter A to
control the regularization strength. These innovations lead to a novel error function that addresses complex boundary conditions, distinguishing
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our study from others in the literature. Consequently, we employ feed-forward and back-propagation learning algorithms to initialize and update
weights, and the Adam optimization method to minimize the error.

This paper is organized as follows: In Section 2, some basic definitions and fundamental lemmas and theorems are stated. In Section 3, a
new generalized Gronwall inequality in the sense of the Riemann-Liouville conformable integral is developed, and employ it to prove the priori
boundedness of solution. In addition, the existence and uniqueness are investigated by using the fixed point techniques. Also, the stability is
investigated using the concept of uniformly stability. In Section 4, we approximate the solutions using modern numerical techniques depends on
PNN using ChebyshevNN and BernsteinNN with extreme learning machine algorithm. In Section 5, the numerical analysis for the convergence,
error bound, computational complexity, computational stability and sensitivity of the parameters are discussed in more details. The validity of the
results are described by some examples in Section 6. Conclusion and the summarize of the work are given in Section 7.

2. Preliminaries

In this section, we recall some fundamental and basic concepts which are needed in our study. As mention in the literature, the notion of the

u (u— v) _
o) ;((u)dv, where 0 € (n — 1,n) so

that n = [0#]+1, such that the value of the integral is finite [40,41]. Also, the fractional derivative of Caputo type for the function y € .AC](IQ)([O, +00))
is given by

Riemann-Liouville fractional integral of order 6 > 0 of a function y : [0,+o0) — R is given by RIG W) =

u (u _ U)n—é)—]
I'(n—0)

provided that the integral is finite [40,41]. The left conformable derivative for a function y : [¢j, ) — R with u € (0,1] is defined as follows:

CDG/}'(M) ;((")(U)dv,

X (M + Alu — Co)l_”) =y
7 ,
such that the limit exists [15]. Moreover, the definition of the left conformable integral of y with u € (0, 1] is of the form

H o) = ——
x (W) /co 1()( co)l

where is the integral has finite values [15]. Jarad et al. [42] extended this work to the following new definitions:

" L
Dy xw) = }11_1)%

Definition 2.1 ([42]). The fractional conformable integral of order § € C,Re(d) > 0 and u € (0, 1] in Riemann-Liouville formula is defined by

~ (u - Co)” - (U - Co)” 0-1
RR /4 0 _
xW) = ® / < ) )((v)(v co)l 2

whenever the value of integral is finite.

This definition coincides with the Riemann-Liouville fractional integral when ¢, = 0 and 6 = 1. It also coincides with the Hadamard fractional
integral once ¢, = 0 and 6 — 0 and with the generalized fractional integral when ¢, = 0.
Definition 2.2 ([42]). Let Re(d) > 0,n = [Re(0)] + 1, y € C; CO[CO,C]. Then the fractional conformable derivatives of order 8 and u € (0, 1] in the

Caputo formula given as

CC@;«G (u) Rijn 0 (@un )(u)

1 / <(u - = (v — o) >""”1 D" 1 () p 3)
= —dv.
-0/, r =g

This dentition coincides with the Riemann-Liouville fractional integral when ¢, = 0 and 6 = 1. It also coincides with the Hadamard fractional
integral once ¢, = 0 and 6 — 0 and with the generalized fractional integral when ¢, = 0.

Lemma 2.3 ([42]). Let Re(0) > 0, Re(5) > 0 and Re(n) > 0. Then for u € (0, 1] and for any t > ¢,, we have the following identities:

1. chuﬁ(kcwé )(“) (RC:,-Z;B%X)(”)’

RCAHO u(n—1) _ 1 I _ o \H(n+6-1)
2. 360 (u—cp) v) = #H Tato) (v =1cp) ,

RCyHO () Nu(n—1) I'(n) 1(n—6—-1)
3. Mg (u = o) ) =u® T 9)(0 co) f

4. REQUO(RCTIO )y = (RETL ),  (Re() < Re(3)).

Lemma 2.4 ([42]). Letn—1< Re(d) <nand y € C;’OYA[CO, C]. Then for u € (0, 1], the following equation holds

n— 1
~ " )(( 0) .
R (CCD ) ) = ()~ Z(}) — e @
Notice that the series solution of the homogeneous equation (CCDZ;B x)() =0 can be expressed as
2W) = 8o+ &= o) + &u = ) 4 o + &y (u = )"V,
such thatn—1< Re(@) <nand §;,i=0,1,...n—1€R.

The following theorems are useful in proving the main results.
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Theorem 2.5 (Arzeld—Ascoli Theorem). If a set A C C[0, 1] is closed, bounded, and equicontinuous then it is compact.

Theorem 2.6 (Banach Fixed Point Theorem [43]). Let (X, ||.||) be a complete normed space and let y : X — X be a contraction mapping. Then, y has
exactly one fixed point.

Theorem 2.7 (Schaefer’s fixed Point Theorem [43]). Let y : X — X be a completely continuous operator. If the set €(y) = {u € X : u = = yu for some
7 € [0, 11} is bounded, then, y has a fixed point.

Also, we recall some basic definitions for Bernstein and Chebyshev polynomials. The Bernstein polynomial approximation of a function y is
defined on [0, 1] by

mumo=21<£>mﬁu 5)

Jj=0

where the basis functions
B, w) = (’f)uf(l—u)"—f, j=0.1,...n, (6)
” J

with following properties:
0<B, ;<1 and ZB,,J(M)= L uelo.1]. @)

The Chebyshev polynomial of the first kind of degree n is defined by:
T, (u) = cos (n cos_l(u)) , for u e [-1,1], (8)

with analytic compact form of the T, (u) can be defined as follow

(=2Y(n+j-D)! i
T =n 1—uy. 9
) = Z w—pepr Y
The expansion of the Chebyshev polynomials of the first kind into the Bernstein basis [44] is
n
3 (- 1)n—k
Tuw) = (an 1),;) k= Dian =2k = 11 Dk (10)

3. Theoretical results

In this manuscript, we let C[c,, C] be the set of all continuous functions on [c,, C], and C" [co, C] be the set of all nth continuously differentiable
functions on [¢), C]. Let 91 = {y : x € Clcy, C]} be a Banach space with the norm || y|| = ||;(||oo = SUPyerey.c1 X W] The L2 = ||w||2 Z, 1 Z
will be used only on the weight represents on the training process.

We construct an equivalent integral equation corresponding to the Caputo-conformable FVFIDEs given in Eq. (1). To simplify, we define the
following real constants:

(& = coIHo
urQ2+56) ’ 11)

B _ =t
2=00=6100 — 0 ey

P, =6 (C—co) +¢,

Lemma 3.1. Let & € 9 be an arbitrary function. Then the function y is a solution of the following Caputo-conformable FVFIDEs:

{“@ﬁﬂw=®@, a2
2(eg) = 01, €11(C) + Tl 4(&) = 03, (W E 65, C), cg 2 0),
if and only if y is a solution of the following Riemann-Liouville conformable integral equation:
xWw) =0+ (MW;ICO) chf(;ﬁ)@(u)
(u —c)¥ RCAu0 RC~p,0+6
-5 [gl WISW| _ +e O Qﬁ(u))u:f], 13

where 'P;,'¥, are nonzero constants given in Eq. (11).

Proof. Let the function y be a solution of Eq. (12). Apply the Riemann-Liouville conformable integral of order 6 on both sides of <¢D*: )((u) &(u),
and using Lemma 2.4, gives

L[ =) = =)\ dv
X(M): m/co <+> ®(U)m +a0+al(u—c0)“, (14)

where ay,a; € R.
By integrating both sides of Eq. (14) in the sense of Riemann-Liouville conformable operator of order §, we obtain

(U=l — (v —cp)* \ ! dv
RC ,45
ey 2 = r(0+5)/< P > G(U)(U—co)l—ﬂ
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(u—co)#d (u — o)1+
Owr(1+6) L wre+s)
Using the first boundary condition, we have a, = ¢,. Second integral boundary condition, gives

1 |, 91 C<(C—Co)”—(v—co)”>g_1
2 r® /., "

L [y
TO+0) J, u e |

Substituting the values of a, and a, into Eq. (14), yields

¥ (1 — cn)H
xW) =01 + 2(“~—C0) + REIHO @ ()
¥, 0
(u—co)*

¥,

x &(v)—32

a4 PR
(CEX

x [g RESOS W) o + 62 chf(;“B@(u)lzt:g] :

which verified that y is a solution of the Riemann-Liouville conformable integral equation Eq. (13). Furthermore, we can easily deduce that y is a
solution of the Caputo conformable fractional Volterra—Fredholm integro-differential equation, Eq. (12), if y is a solution of the Riemann-Liouville
conformable integral equation, Eq. (13), which complete the proof. []

As a sequence of Lemma 3.1, we have the following lemma:

Lemma 3.2. Let © € N be an arbitrary function. Then y is a solution of the Caputo-conformable FVFIDEs, Eq. (1), if and only if y is a solution of the
following Riemann-Liouville conformable integral equation
f’z(u —co)¥
u) =0, + ———
xW) =0 7,

+ RETLD (u, 7). Hy (9, (x @) Ha($,(x())))

(u— C())” RC ”,99
- x| 30D (u, ), Hy (51 ), Hy(H,(x @) lu=c
+6p RETUOD (u, (). Hy (9 (e @) Hop (9 @) e |- as)

where ¥,,¥, are nonzero constants given in Eq. (11).
3.1. New generalized Gronwall inequality via Riemann-Liouville conformable integral

We construct a new generalized Gronwall inequality in the sense of Riemann-Liouville conformable integral. For this objective, we need the
following lemma:

Lemma 3.3 ([45,46]). Let y € M be a non-negative and continuous function that satisfies the following generalized Gronwall inequality:

u C
el <ai +a [ @i +a; [ ot el 16
0 0
where B, 8, € [0,1), a’l“, a; and a’; > 0 are constants. Then there is a constant £* > 0 such that

lLx@ll < £*.

Remark 3.4. Noted that the value of £* was mentioned in [45] as a*;e(“ﬁ*”}‘)’ and in [46] as £* = M aj + exp(/oc ||)((u)||/’2du)), where M > 0.
Under the restrictions on f,, #, € [0, 1), we ensure that the integrals remain well-defined and prevent unbounded growth or instability.

In the next result, we develop a new generalized Gronwall inequality in the sense of Riemann-Liouville conformable integral, i.e. the developed
integral inequality will be modified using fractional power-law kernels (Riemann-Liouville conformable integral) instead of standard integral forms.

Lemma 3.5. Let the following inequality holds:

Uy — o 01 5
el <o +a [ <(“ G 00)”> row

% U (v =)'+

+a; /C<(C—Co)”—(v_c°)ﬂ>eil Ll” dv
<

H (v—=co)l=#
£ _ _ _ 6+6—1 p

roy [ <<¢ ) = @ C())”) L@, a
@ U (v —=cp)'=#

where y € M, £ € (¢, Cl,u € [¢y,Cl,cy =0, 0 €(1,2],6 >0,€[0,1— (]—))forsome q > 1such that g0 —1)+1 > O,i(l —-q)+q>0anday,ay,a3,a, >0
are constants. Then, there is a constant £L* > 0 such that

lLr@ll < £*.
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Proof. Set

L i<,
7w = {;((u), Lzl > 1.

We have
u e — (D — )i\ 0! B
@Il < 17l <, +az/ ((u ) — (v — ) > ||}((U)|L o
0 H (0 —co)7#
C _ _ _ 6-1 B
+ a3/ <(C ) —( Co)“) IIJ((U)IE_ v
co H (0 —co)=#
£ _ "o_ _ u 0+o—1 B
+ a4/ <(~§ co) — (v —cp) > IIJ((U)IL o
co H (U - CO) #

Apply Holder inequality inside the integral terms such that ;} + é =1, we have

lx@ll < a
1

(u—co)" - (=" \ " 1 ‘
dv
u (v— co)q(lfu)

q-1

z =
< Ly @] e >
1
(C—Co)”—(U—C)” “v LY
P (0= cgyai-m "

q-1

i 2
||)((U)| o= )

1
(5—00)“—(1)—0 0D i w)
U (U — CO)‘I(I—M)

—1

¢ b 4
x / L@ do
<o
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Evaluate the integral part of the constant coefficients a,, a3, a4 of the last inequality in terms of Beta function (see Appendix for details), we get

—q+1
(u— co)ﬂ9q q+

1
1 i £
||x<u)||Sal+az<wm(qe—q+1,;(1—q)+q)> X/c L@l * do

(C = ¢p)H0a-a+1 1 i e
+ a3<WB(qe—q+1,x;<1—q>+q)> X/co ek

(é — co)q,u(9+5)—q+l
+y\——mm—————
Mq(8+6—l)+1

1
1 q 4 ap
Bla0+o)-a+ 120 -0+4)) x [“lro1FTa
€0

1

(C _ CO);¢9q—q+1

1 q
<a +a <W3<49—Q+1,;(1—Q)+q > / ||)((U)||" ldU

1
(C _ co)yﬂq—q+1 7
+ay | ————
3 ( §a@-D+1

B(g6- g+ 1,%(1 —q)+q))

1

(5 _ Co)qu(0+5)—q+l
tay | —————
’uq(9+5—1)+l

where f* = quﬁl € (0,1) and B is well known Beta function. Set

aj i=ay,
1
ot = 2(%3@9_“1&(1_@”))”,
1
@ = ay (%B(qe—qﬂ,%(l—mw))q,
1
a : a4<%B<q(9+é)—q+1,%(1—q)+q>>q,

1080
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B(q(e+6>—q+1,;(1—q>+q)> < [,
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We have

u C 4
@Il <" +a3 / @I do+a / @I do+a: / @I do. as)
€0 €0

<o
Then, using Lemma 3.3 ensures that there is a constant £* > 0 such that

llx@l < £*.

Hence, we proof the main goals that the inequality (17) with Caputo-conformable restriction above is bounded. Moreover, to find the upper bound
for || y(u)||, we need to find the value of £*. Let M = sup <v<c lx@)Il. Since g € [0, 1), we have || y(v)||# < MP. Thus, the integral in Eq. (18)
becomes:

u C ¢
lx@ll < af +a;/ Mﬂdu+a§/ Mﬂdu+aj;/ MPdv.
¢ <o <
After simplification, we obtain
lx@ll < af + MP <a;(u — co) + a5(C — co) + aj (€ — Co)>~
Take supremum over [c,, C], then
lx@ll < at + MP (a; +a; +aj)(C—c0). (19)
The generalized Gronwall’s Lemma 3.3 ensures that for small § such inequality lead to exponential growth bounds of the form:
Iz @l < (QT " 1) e(a’2‘+a§+a:>(c—co).

Hence, £* = (a +1) e(a;+u§+az)(C—co)' The proof is completed. []

Remark 3.6. Note that the results of Lemma 3.5 cannot be obtained directly without following the entire process and structure outlined in its
proof. Additionally, note that £* is determined by the constants a;, a,, a3, a; (which produce a*,az,a; and aj), the parameters 6, 8, u, f, and the
integration limits ¢\, C,&. If the exponents 6 and § are large, the integral may grow significantly, affecting the magnitude of £*. Therefore, we
choose the value of 6 belong to (1,2] and 6 > 0. Hence, the integral terms suggest a potential recursive growth behavior, and if p* = :Tﬂ] is close
to 1, then the solution may exhibit nearly exponential behavior as
@l < £° = (gt + 1) (5544 ) ()

This well-known Volterra-type inequalities lead to exponential bounds when we analyze it using the generalized Gronwall inequality stated in
Lemma 3.3.

Remark 3.7. To ensure that the derivatives of the solution remain bounded, we consider the following points:

Firstly, the bounds from the integral formulation. Our solution y(u) satisfies the integral inequality as in Lemma 3.5, which ensures that y(u)
does not grow unboundedly due to the imposed restrictions on the exponents 6, 8, u, 5, and y(u) is bounded by a constant £*, which directly implies
boundedness of the solution. Secondly, boundedness of the derivative y’(u) using differentiation under the integral sign. If we differentiate both
sides of the integral inequality in Lemma 3.5 and apply Leibniz’s Rule, we obtain:

u _ H_ _ uy 0-2 P
X @l Saz/ u(@ — 1)(u—c0)”*1 <(” )"~ (v - ) > ) |;((u)|1 o
0 H (v=co) "
c CoeV — (10— )\ 2 5
+a3/ M(e—l)(c_%)u—1<( c)" = (v=1¢) ) . |;((u)|1 i
0 4 (v=co) "
6+6-2
+ a4/§;4(0+6— 1) (&-¢o)"” ((g_co)" - (”‘CO)M) : )’ o,
" (=)™

Using the same technique as in the previous Lemma for the integral parts and take the supremum, this inequality shows that y’(u) remains bounded
under the imposed constraints on 0, u, #, 5, which confirms the boundedness of the derivative.

Lemma 3.8 (Boundedness of the Caputo-Conformable Derivative). Let Re(0) > 0,n = [Re(0)]+1 such that n—0 > 0, and u € (0, 1]. Assume y € C:’CD [cO, C]
and that its nth conformable derivative D%" y is bounded on ¢y, C] :

0
R
Then the Caputo-conformable derivative

(u=co)" = (0= co)" >"““ D 4 ()
(

‘§M<oo,

du,

CCryu0 _ 1 “
CDCO xWw) = T =0 /60 ( P’

is bounded on u € [cy, C|, with the estimate

U—co)]_”

(C = )™

CCrynd _
” ® La(leoCl) = F(n =0+ D=0

54
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In particular, Cci)f(;g s continuous on [cy, C| and vanishes at u = c,.

Proof. For u € [cy,C|, we have

1

I'(n—0) (20)

| D8 yw)| =

=) = (=) \"T D)
/ P l_#dv .
) (v=rcp)
To simplify, let

oo [ ) = (0= <)” T W dv.
o H ( 1=

v—co)

Change the variable such that

Iz::_zo’ which gives U—cozt(u—co), and dU=(u—C0)dt.
()

By changing v := v(t) = t(u — ¢;) + ¢ inside the derivative sign, the integral I* transforms into:

e /‘ ((u—co)“u —ﬂ‘))"'“ (v — o) D" r(wie)de
/ .

H flu (u—co)l_”

Next, expanding the power terms of u — ¢, as:
n—6-1
(u=co)" (1 =1 _ utn—0-1) (1 =11y~
— = (u—cp) ==

Then, the integral can be expressed as:

1
. _ uin-0) 1 —0—1 u—1 i,
I = (u—cp) P /0 (1= )"l (v,
By changing the variable x = # in the integral term, such that dx = ur*~'dt, t = x!/#, and  dt = d;"x(l/ #=1we obtain

1
I* = (u—cp)""” ﬁ / (1= 0" 01Dy (w(x /M), @21
0

where v(x!/#) = co+ (u— co)xl/”.
Now, substitute Eq. (21) into Eq. (20), we obtain

n—60—1 n
CCmd )| = 1 /“ (u=¢p)" = (v=¢)" D¢ 2 () dv
[40) F(n—G) o M (U_Co)l—y
_ w0y 1 1ot Loy 1/
S Taoe W) /0 (1 =0 D ()| dx
- 1
M M=) _n0-1 . " _
TR (u=rco) /0 (1 -x) dx (smce Dy §M>
M u(n=0)
< = Tn—gy e )
M (u- co)”(n_e) .

S Tm—-0+1) p?

Taking the supremum over u € [¢,, C] yields

o ez
X

”CC@Mﬂ T I(n—-0+ =t

‘o

and also shows the continuity and vanishing at u = ¢, which follow from the factor (1 — )" =0

O

Remark 3.9. Substitute 1 = (v—¢;) / (u = ¢y), it turns into =1, which is integrable near 0 for y € (0,1], so there is no singular growth provided
that ’Df[;" x is bounded. If the nth conformable derivative is not bounded (e.g., singularly perturbed/ layered solutions), the estimated expression
may fail, and this is outside of the smooth class assumed in our analysis.

3.2. Existence and uniqueness

To prove the existence and uniqueness of solution of the Caputo-conformable FVFIDEs, we convert Eq. (1) into a fixed point problem by defining
the operator 2 : 91 — 91 as follows:

Y (4 — ¢ )
QW) =0 + % +RET0D (u, (), Hy (59 (@), Hy($32(x(w))))
1
- M
- % &1 ROTL0D (u, (), Hy (91 (@), Hy (o2 @) lu=c
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+ ¢y REOTOD (u, 1), Hy (91 (@) o2 (x @) lu=e | (22)

where ?71,‘172 are nonzero constants defined in Eq. (11).
Now, we state and prove the existence solution of the problem (1) by using Schaefer’s fixed point theorem and a new generalized Gronwall
inequality Lemma 3.5.

Theorem 3.10. Let O (u, W), H, (5 (xW))), Hz(ﬁz()((u)))) be a continuous function. If there exist constants m,, m,,m3 > 0 and g € [0, 1), such that:

@ 19 (w a1, 20 23) | <my (1 + Ll + Lyl + lx31)s
@ 195,01 < my(1+1217)
Gi) 19,001 < my(1+1217),

are hold for all u € [¢,, C] and each y, yy. x>, x3 € N. Then the Caputo-conformable FVFIDEs (1) has at least one solution.

Proof. Let the operator 2 be defined as in Eq. (22). To prove the existence of the solution, we divide the process into 4 parts as follow:
Stepl. The operator (2 is continuous.
Let {y,} be a sequence such that y, — y in 9% as n — . For each u € J, we have

|202,0) = 20 )] <RI |D (2,00, Hy (591 (). Ha(ax, W)
=0 (1, (), Hy (91 (@), Ha (92 @)|

i fem o]
1#

x |ler] R O (1, ), Hy (91 ). Hy (9 ()

=0 (1, ), Hy (9, (@), HaBp(r@)|
+ [6al RETEOND (1, 2,0 Hy (9 (@), Ha (S22, @)
=9 (u, (). Hy (91 (@), Mo (9 W) 14

<O (4 20 (s Hy (91 (n () Ha (9220 (D)
=9 (. 2O, H (5 O Ha (2 (D) 11

y { (C—Co)w 4 (C —cp)* [|€1| (C—CO)W + |52 (5—CO)M(6+5) ] }

W @+1) A WL O+1)  u@Or@+56+1)
Due to the continuity of O, we get
12y, —L2xll > 0asn— oco.

Hence, Q2 is a continuous operator.
Step 2. The operator 2 maps a bounded sets into a bounded sets in .
Let B, ={y €M : | x|l < ¢} be a bounded and closed set. In addition, the bounded hypothesis can be simplified as
19 (u, (@), Hy (99, Gr @), Hy($9,(r @) |
<my(1+ L@ + 11,9, (r@)| + [Ha (52 @))])
<my (14 @17+ my(1 + ay | x @17 + my(1 + ap | x)]))
< (my + mymy + mymy) + (my + mymya; + mymyay)| W)’
< M+ Myl x@)? < My + Myl Il
where M| = m| + mymy + mymy and M, = m| + m;mya; + mymsa,. For each u € J, we have
lf’z(u —co)
#

120w < oy | + +REOND (7, Hy (9 (2 @), Hy (@) |

(u—co)#

u=C

x [|g1| RETAO |9 (u, (@), Hy (59, Gr@)), Ha(H2(2 @) |

U=

+ ol RETEO O (. Hy (591 (). Ha(a ) | 5]

|5(C = co)¥| (c- CO)#B (
1P, | HeT (0 +1)

4 " lei] (C = ¢0)" + |5a] (£ - <o)
[ ulr@+1) U+ @ +6+1)

<loi|+ M, + M, x|IP)

H(0+5)

] x (M + MlixI1”)

[#,(C — co)¥| N (C—co)"

— M, + M,e?
1P, | y9F(6+1)( 1+ Mel)
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0 H(O+5)
C=c) [l (€ =)™ el (6=co) s
-~ M, +M ,
* A [/491"(9+1) eI @5+ D) X (M) + Mye?)
where
F(C—cot|  (C=¢p)™
£ i for] + 2E 0] (€~ <) (M, + Mye?)

|| ulr@+1)
N (€ =) [ e1] (€= CO)W‘ . o] (& - CO)M(9+6)
|| ulr@+1 uOOr (@ +6+1)
X (M, + Mye?) .

Thus, [|Qx] < 7.
Step 3. The operator £ is equicontinuous.
Let uy,uy € [cy, Cl,u; < u, and y € B,. By using (H,), we get

[P [(uy = o) — (uy = co)¥|

Q -Q
|20 () = Qx ()| < A

uy — e — (= e )i\ O]
A (M) |9 (0,200, 1,65, G, o 0)|
<o

u
do
X —
(v —co)lH

uy — e = (=) \ !
-5 | (M) |9 (0. 700, 1,5, G, Ha (50 0)|
0

"
dv
X —_—
(v —cy)l=H
|y = co)¥ = (uy — co)¥|
[P |

el BT 1D (1, 1,0 1, (591 (@), Ho (2, @) Lg]

< |7, | [(uy = o) = (uy — cg)¥| N { (u2 - CO)”Q (u] - co)”

0

[lgl | R0 |D (@0, Hy (9 @), Ha (@)

- B
ur@+1) ,49]"(9+1)}(M1+M2||)(|| )

11
0
|y = co)¥ = (uy = co)¥| s (C=cp)" (&—co
A (M, + Mall ) el IO+ | WO (0 +5+1)
< |'P2| |(M2 - CO)M _ (u] - CO)MI + (u2 _ CO)MH - (ul _ CO)“G (M + M. gﬁ)
- LA W @+1) pr@+1) 174

(C—cp)"

|(u2 =) —(uy — Co)”|

(&-co

7] (M, + Mye) [|€1|

W @+1) 2| WOHT@O+5+1)

Alexandria Engineering Journal 130 (2025) 1075-1100

If u, - uy, then the right-side of the latest inequality tends to zero. Hence, £ is equicontinuous operator. As a consequences, in the light of
Arzela—Ascoli theorem, with the above three steps, we deduce that £ is continuous and completely continuous operator.

Step 4. A priori bounds.

Now, we prove that the set ¢(Q2) = {y € N : y = wy,w € [0, 1]} is bounded. Let y € ¢€(2), then y = wQy for some w € [0, 1]. Thus, for

each u € J and by using (H,), we have

l172(14 —co)

1

1 [ = ==\ d
~ 7w [, () Oy <o

x| = w@W] < [(RW] < lo| +

2 O P
[6| ¢ (E—co) — (v —co)* 0+6—1 , w@
re+s) J, < r > X (M + M| yw)?) o
V7 0
— Y, (C — cp)* M, (C _ Co)”
r@l =@ < lor| + | = WOT O+ 1)
(C—co)* My |g] (C- CO)W (€ =y My |a| (€- co)u(9+5)
+ Y7 ~
¥4l Hr @ +1) %] pOC@O+6+1)
My "<M>H|Z(mlﬁ#
o) o H (0 =co)=H
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L€ - | Malel C((C—cow —<v—co)ﬂ>6’*1
7, ro J, u
My el 4 €= —w=c* ™ s dv
T To+o " < P ) X |y @)l e

Hence, using the result in Lemma 3.5, there exist a constant £* > 0 such that
x| < L”,
which demonstrates that the set () is bounded. Hence, from the Schaefer’s fixed point, Theorem 2.7, we conclude that the operator 2 has a

fixed point which is a solution to the Caputo-conformable FVFIDEs (1). []

Theorem 3.11. Suppose that the function O (u,)((u), H (5 (x(w)), Hz(ﬁz(;((u)))) is continuous, and there exist the constants I,,1,,13,14,15 > 0, such
that:

@ 19 (U,}(17}(27}(3) -9 ("’)?1’}?2’}?3) | <hln =l +hln- L+ 56 -5
@D 19,0r) =911 < Ll — 7l
(i) 19,0 = H(e) < sl = 7l s

are hold for all u € [¢, C] and each yi, x», x3. 71, 72, 73 € N. Furthermore,
0 0
<(C—C0)M € - [lal(€=c)” lal(¢=<) )
0= +— +
uor@+1) || ulr@+1) uOHL @ +5+1) 23)

X (1) + hayly + Layls) < 1.

H(0+96)

Then, the Caputo-conformable FVFIDEs (1) has a unique solution.

Proof. Under sufficient smoothness on the data, the uniqueness of the solution of problem (1) is equivalent to the uniqueness of the fixed point
of operator 2, which is defined in Eq. (22). In view of the Lipschitz continuity hypothesis and for y, y* € M,u € J, we have

|20 @) = 20" @] <RI (1, ) Hy (9, (@), Ho(Ha(xw)))
=0 (1 (0. Hy (9, (2 @), Ha (@) |

(u—co)#

lpl
— (1, 2@, H, 59, (1 @), Ha(Sha " @)))
+Jeal RETEO 1D (u, ), H, (59, (), Ha(D (@)

x [|g1 | RE30 |9 (w100, Ty (5 @), Ha (@)

=0 (u, 7", H, (9, ("W). Hy(52(x* )))) L:g]
(C - CO)”G
ur@+1)
(C —cp)* (el (=) el (6=co) .
- |Y~/|| I ur@+1) +/4(9+‘5)T(9+5+1)_ X(l]+1206114+l3a215)”;( 7 ”
(C - co)”g
ur@+1)
L Coarflal(€-«)”  lal(-
il | WTO+D  u@Or@+s+1 |

IA

(I} + hayly + Bagls) || x — x*||

u6+0) 7

I\

(I + hayly + Bayls) ||y — x*||

CO)#(9+5) ]

X (I + hayly + aols) |x = 27| -

Hence, from Eq. (23) and taking supremum, we get
@x-2x | <ollx-x|l

since O < 1, we deduce that Q is a contraction map. Due to Theorem 2.6, the operator 22 has a unique fixed point which is a solution of the
Caputo-conformable FVFIDEs (1). [

3.3. Uniform stability of the solution

We prove the uniform stability of solution for the Caputo-conformable FVFIDEs, Eq. (1) by constructing the following definition:
Let 7 be a solution of the following equation:
COL? 7w) = O (u, 7). 1, (5, (7). Hy(H,(7W)))) .
7o) =0y G (C) + &R 7(8) = 6y, (e T = [c,.Clocy 2 0),
which has an equivalent integral equation as follows:

5 =) | o)
u)= + rer— - - D ——
7)) =0, 7 02 = 6101 — 0y T+ 0)

(24)
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+ chg(;gD (u, 7), H (9, (ZW))), Hy(H,(7())))
B (U —co)"
?

+ ¢ RETLOD (u, p(w), Hy (91 (Z @), Ho (2 (7)) L=t | (25)

S RCJQ‘(;"D (1, 1), 7y (5 (2 @), Hy (2 (Z @) l=c

where 'i’l is nonzero constant given in Eq. (11).

Definition 3.12 ([47,48]). Let y(u) and 7(u) be the solutions of Egs. (1) and (24) respectively. The solution of Caputo-conformable FVFIDEs Eq. (1)
is called uniformly stable, if for any e > 0, there exists y(e) > 0 such that |[(¢; + 0,) — () + 8,)| < w(e), then | y(u) — 7w)| <¢, for all u e J.

Theorem 3.13. Suppose that the hypotheses in Theorems 3.10 and 3.11 hold. Then, the solution of the Caputo-conformable FVFIDEs Eq. (1) is uniformly

stable.
(Co” }, and

(C—cp)*
Iz

S (E=c)*?

A+ 'gl + 1w T (1+6)

Proof. Consider y(u) be a solution of Eq. (1) and j(u) is a solution of Eq. (24). By taking K := max {

by using Egs. (15) and (25), for each u € J, we have

|x () — 7]

(u—co)¥

6o(& — co)H® o, +Ci6, 40 6o(& — co)®
: wWr(l+es) 2 YT+ 6)

+ RETE0 | (1 1 (w), Hy (5 (@), Hy (2 @))
=0 (1, 7). Hy (91 (7). Hy(H2(Z@))|

(U —co)

<loy—oil+ 03— €101 — 0

x [lgl | BT (1 7w, Hy (91 (@), Hay( (2 @)

=0 (1, 7). Hy (9 (@), Hy( (@) _
+ o] RETE |9 (u, @0, Hy (5, (@), Ho($ (@)

—O (i, 2. Hy (59 (7). Ha(H(7(w)) 1u=5]

o [(C =) €= S — ) _
<lo; — 0|+ |———— - 0|+ ~ -
lo; — 01l |02 02| 1 T +0) |01 01|
6
(C=cp)” _
Wre+ (I +haly + Laols) Ly = 7|

H(0+06)

(C—cp)* | |¢i] (C-c)”  lal(6-<)
+ =
17 wr@+1 — pOOr@+s+1)

<K (lo; =8, + 10, — 1)

+{ (C-«)"”  (€-a) [Igll (€=a)” el (¢=c)"™ }}

W0 @+1) A WLO+1)  yOoOr@+5+1)

] (Il + hayly + Laols) Ly = 71l

X (I + bayly + ools) Ly — 7l -
Substitute the value of Q, Eq. (23), into the above expression, we get
llx =zl <K (lo; =811+ loy — 8,1) + Ollx — 7l

where Q is defined in Eq. (23).
Combining the terms that have the common norm sign, we have

llr =zl = Qlly — 2l < K (loy — 611 + 102 — 651)

_ K _ _
[y =xIl < m(k’l — 01+ 102 - 8l).
1-

Therefore, for all ¢ > 0, take y(e) = 0 e, such that ||y — 7|| < ¢ whenever

loy =011 + |0y — 02| < w(e).

Thus, Eq. (1) is uniformly stable and the proof is complete. []
4. Polynomial neural network method
4.1. Construction of polynomials neural network

In this section, we represent the polynomials neural network (PNN) method for solving FVFIDEs. We consider two types Chebyshev polynomials
(ChebyshevNN) of the first kind and Bernstein polynomials (BernsteinNN).
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Now, we explain the pre-processing and the role of u in the network: The input u’s, which are chosen randomly in [0,1] in the input layer,
represent the independent variable in the fractional integro-differential equation. Then, these inputs are transformed into vectors in the hidden layer
using a polynomial basis expansion as P,(u) = [Py(u), P,(u), ..., P,_,(u)] before being passed and fed into the network, which is called the feed-forward
process. Next, the neural network processes the polynomial-transformed inputs P,(«) through a series of weighted layers w = {w;},j =0, 1,...,n—1,
producing a neural network output N(u, w, P,(u)) (simplify N(u, P,(u))) in the form:

n—1
N P,w) = Y w; Pyw), (26)
Jj=0

where the parameters w; are chosen randomly from [0,1] and will be learned during the training process. The output will be N(P,(w)) =

woPy(u) + wy Py(u) + wy Py(u) + -+ + w,_1 P,_; (u).
We define the general trial neural network approximate solution 7(P,(u)) as

Z(P,w) = o(u) + ¢pu, N(P,(u))), 27)

where the first part o(u) satisfies only initial or boundary conditions, and the second part ¢(u, N (u, P,(u))) is a smooth function contains a single
output N(u, P,(u)) of PNN which defined in Eq. (26). The network then learns the approximation solution through trainable weights using Adam
optimization method which will be explained in the next subsection.

4.2. Mathematical model
To construct the model, we apply a PNN solution mentioned in Eq. (27) into Eq. (1), yields

DB p(u, Pyw) = O (us 7w, Pyw), Hy (9 (2w, P ), Hy($92(Z (ws P,w))))) (28)

. - . N 8 5
with conditions 7(cy, P,(u)) = 0y and ¢; 2(C, P,w)) + ;32 2(&, P, () = 0.
We need to minimize the above equation with its boundary conditions, i.e.

M inimize

cC 1,0 2 A N ~ (29)
( D8 pu, By) = O (1. £t Py (), Hy (9 (20 Py (@), Hy(@ (2, Py (w))) )

We define the loss function as
N
Bw) =+ [; (f%g;%?(u,l’,-(u»—
2 2

O (u, 2, Pw), Hy (9, (2, P, Hay($, (7w, P(w)) > + (2(%, P,w) - 01) (30)

2
+ (gl;?(a P, ) + 6,10 (& P,,(u))—02> ] +AL2,

where L2 = ||w||§ =X, Z;";l wfj, n is the number of layers in the model, m; is the number of parameters (weights) in the ith layer, w,; represents
the jth weight in the ith layer, wfj represents the square of the weight, N is the number of training sample.
We incorporate the L2 regularization for parameter terms (weights updated during training) to ensure the stability of training process and to
overcome the fitting problems. In addition, we add the hyper-parameter A to control the regularization strength.
Since, the boundary conditions are including in the neural network solution, the above equation reduces to
N
Ew = ¥ [%gfﬂu, Pw)

i=1
2
— O (u, fu, P,@w), H; (51 (Fw, P,w)), Hy($H,(7 1, P(u))))) (B
+ Allwll3,
= Loss(w) + Allwll3,
where N is the number of training sample, and the first term computes the mean squared error of the residual on the fractional equation, and
hence evaluates the minimizing for this term. While the second term /1||w||§ (with 4 > 0) amends the large weights, such that the L, regularization
stabilizes the training process and helps to prevent the over-fitting. Noted that the Loss(w) mentioned above satisfies the smoothness and strong

convexity properties, for more details [49-51].
Computing the gradient for the loss function in Eq. (31) using chain rule, we obtain

j—i -2 ﬁ;{“@w(mm) =9 (s 2(P@). T, (91 (7 (PW))), Hz(f)z()?(Pf(M)))))}

x4, B'(N(Pw)) ) P,(w) + 2410, (32)
where 4; denotes the derivative of the residual with respect to 7 defined as
d 5 N - N
4= 5 { OB 0 =0 (s 2 T (9120 Ha(9220) )} (33)

B' (N (P, (4;))) is the derivative of B evaluated at N (P, (;)), and P, (u;) is the k th basis function evaluated at u;.
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Using the back propagation learning algorithm to update weights and to minimize the error function through the Adam optimization method:
J0E
ow;

1

First Moment Estimate: m;, = im;,_| + (1 —p;)

. E
Second Moment Estimate: v, = pv;,_; + (1 - ﬂz) (g—)2
; , w0
where w; are the weight that need to be updated, and m;, is the estimate of the first moment at iteration ¢ and v;, is the estimate of the second
moment of the gradients at iteration ¢, which are initialized at the initial time steps as zero vectors. , and #, are the decay rates close to 1 (the
default values for g, = 0.9 and 8, = 0.999). % is the gradients.
First, we calculate the bias-corrected first and second moment estimates as

m:

Corrected First Moment Estimate: #;, = —”t

1-p

. R Uit

Corrected Second Moment Estimate: 9;, = -
1-5,
Then, i, and 0;, are used to update the parameters as follows:
= L 34
Wipp) = Wiy = ——— M, 34
0 +e

where 7 is the learning rate and ¢ is a small constant added for numerical stability.

This update procedure allows each weight in the Bernstein neural network to be updated efficiently and stably, and ensuring that the overall
method converges and the training process is robust against issues like too small or excessively large gradients.

The PNN method is explained in the Algorithm 1, while the fractional operator of Caputo-conformable derivative, the Riemann-Liouville-
conformable integral and the left hand-side of the training equation are computed numerically using the quadrature rule with Python program.

Algorithm 1 PNN technique for solving FVFIDEs

Require: Degree of polynomial n, Number of hidden units N, Learning rate /r = 0.0001, Number of epochs e = 1000, the fractional degree 6, error
tolerance parameter «.
Ensure: Predicted solutions, MAE, and MSE.
1: Initialize model with polynomials.
2: Initialize optimizer and learning rate
3: for epoch =1 to e do

4: Zero the parameter gradients

5 Compute the loss:

6: Define trial solution incorporating boundary conditions

7 Compute: the integer order derivative, the fractional derivative using Caputo-conformable derivative, the fractional conformable integral

by quadrature rule

8: Define the Eq. (29), and use quadrature rule.

9: Compute the loss function including boundary conditions and L2 regularization
10: if loss is NaN then

11: Stop training (If E(w) < € stop, otherwise go next step)

12: end if

13: if (epoch + 1) mod 500 == 0 then

14: Print the current epoch and loss

15: end if

16: Back-propagate the loss and update model parameters using Eq. (34)
17: Step the learning rate

18: end for

19: for each value in 6 do

20: Initialize model and train as described above

21: Test the model at specific points u

22: Compute predicted solutions and exact solution

23: Calculate Mean Absolute Error (MAE) and Mean Squared Error (MSE)
24: Print results and plot solutions

25: end for

26: Compute Errors:
27: MAE, MSE, then print and plot the results

As the degree of polynomial P,(u) increases, the approximation error decreases, and the solution converges to the true solution. The MSE
provides a quantitative measure of this approximation error, and by minimizing the MSE, we ensure that the polynomial approximation converges
to the true solution.

5. Numerical analysis
In this section, we provide the numerical analysis for using the polynomial neural network in solving the fractional Volterra—Fredholm integro-
differential equation. The analysis includes investigating the error bound, convergence of the method, computational sensitivity and stability, and

the computational cost.
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5.1. Convergence analysis and error estimate

Saini et al. [52,53] and Kumar and Das [54] used the Taylor expansion to compute the error bound and studied the convergence anal-
ysis, Santraet al. [3] used the non-uniform meshes on multi-term time fractional convection—diffusion reaction problems for Volterra-type
integro-differential equations with weakly singular kernel. In our approach, we apply the Taylor expansion in the neural network framework.

First, we need the following notations in our work.

{w;}0_, is the actual weights used in trail solution with regularization, {w;}’_’=0 is the weights without regularization. Let y € C? ([co, C]) be
the sufficiently smooth exact solution, 7 is the trail solution (with regularization) and 7 is the trail solution (without regularization).

Also, let B’(y)(u) be the Bernstein polynomial approximation of y(u), obtained from the Bernstein basis (without regularization) and B, (y())
is the actual output of the Bernstein neural network (with regularization). Let E,,,(u) is the approximation error, E (1) be the optimization
error, and Ereg W) be the regularization error used to improving the stability. Define | y|| is the supremum norm over [¢, C], and assume that the
fractional operators CCZ)Q‘(;“ and RC’:‘T‘:S are Lipschitz continuous on the appropriate function spaces.

Using the smoothness and unifornolly bounded properties of Bernstein polynomials on [0, 1] (and hence on [¢j, C] with some transformation on
the interval), we show that the function ¢(u, N(u, P,(4))) in Eq. (27) satisfied the Lipschitz continuity.

Lemma 5.1. Let ¢ : [¢;,C] X R — R be a function defined in Eq. (27). Assume that the function ¢(u, s) is differentiable and uniformly bounded with
respect to its second argument. For all u € [¢,, C] and s € R, there exist a constant Ly>0 such that

9¢
a(u, N, B,w))| < Lg.

Then, ¢(u, N (u, B,(w))) is Lipschitz continuous.

Proof. For simplicity, we use the notation s := N(u, B,(«)) which is defined exactly in Eq. (26).
Let s5;,5, € R be the arbitrary values in the range of the weighted sum. Then, for each fixed u € [¢;, C] and by applying the mean value theorem,
there exists some ¢ € [s;,s,] such that

0
¢, N(u,51)) — pu, N(u, 7)) = a—f(u, ) (s1=52)

Taking the absolute value of both sides yields

Is1 =51

0
|, N(u,57)) = b, N(u, 5,))| = ‘ a—‘f(u, )

Since ¢ is uniformly bounded, it follows that
|, N (u, 51)) = du, N(u, 55))| < Ly sy — 85

Thus, for every fixed u, the function ¢(u, N (u, B,(1))) is Lipschitz continuous with constant L,, which completes the proof. []

Lemma 5.2. Let y € C?([c,,C]) be the exact solution of Eq. (1), and B,(y) be the Bernstein polynomials for the neural network. Then, we have
Y
=Bl < =

where y, = i SUP,|e.c] | 2" @)|- Moreover, the error is of the following order:

le-B,ol=0(+). 35)

Proof. First, set F = y — ¢. Then, using Eq. (26), the output neural network for Bernstein polynomials N(u, B, (1)) can be written as

n—1

N, B,) =Y w;B;). (36)

j=0

By comparing this notation with the notation used in Eq. (5), we noted that w; = F (ﬁ) Since F is sufficiently smooth such as F € C?[c,, C], then
by using Taylor expansion, we have

. . F" (&, . 2
F<ﬁ>=F(u)+F’(u)<£—u>+#<£—u> , (37)

where ¢; € (u, i).
Substitute Eq. (37) into Eq. (5), we obtain

n

. F (&, . 2
B(F)w)=Y [F(u) +F'(u) (i - u) + i) (i - u) ] Buj@
“ n 2 n
n n . n . 2
= F(u)z B, ;(x) + F'(u)z <i —u) B, () + % Z F" (fj) <£ —u> B, ;(w),
j=0 Jj=0 n Jj=0 "
n . 2
= Fw+ 5 ;}F” (&) (ﬁ - u) By,
j=
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Note that the error is entirely determined by the third term, since the second term vanishes because the Bernstein basis is constructed such that
the mean is u. Thus,

n . 2
1 J
F(w = B,(F)w) =5 Z}) F" (&) (; - u> B, ().
Taking the absolute value, we obtain

n . 2
|[F(u) — B, (F)(w)| < % sup |F"@)| Y, <£ - u> B, (u).

u€|ey,C| j=0

. 2
Note that the term Z;’:O (’; — u) B, ;) is the variance of a binomial random variable with parameters n and u, which equals to @ Thus,

u(l —u)

|F) = B,(P@| <3 sw |F"G)|
n

ue[co,C]
Take the supremum, we have

4
IF = B,(Pl < =,
where y; = iSUPue[cO,C] | F”(w)|. Substitute y, we have

4
@) =0 = B,(Oll < -
where y, = }‘ SUP,e|qy.c] |#”(@)|- This is exactly

L) — 7, Byl < ’n—l

where 7(u, B,(u)) = 6(u) + ¢(u, N (u, B,(1))). Hence, the error is uniform over the domain with order

1
e =Bl =0(5 ). 38)
n
which completes the proof. []

In the case that the neural network is working without adding regularization parameter with generating weights wy, the actual neural network
solution #(u) can be expressed as

Z(u, B,(w)) = o(u) + ¢p(u, N (u, B,(w))), (39

such that the weighted sum 2;;0 w;f B, ;(u) perfectly approximates f(u) - o(u) after being processed by ¢(u, N(u, B, (1)) then ideally, we would have
7w ~ p(u). From Lemma 5.2, we conclude that

lLr@) — Z(u, B, @)l < :—1

Due to finite iterations, numerical precision, and possible non-convexity of the loss function in the numerical method, we only achieve an
approximate minimize. In Eq. (31), set
R(u, w;) =D 2(u, Py(u))
— O (u, 2w, P;)), Hy (51 (2, P;))), Hy($92(F(u, P;(w)))))
be the residual for a given set of weights w.

In our training algorithm, we used Adam optimizer to find the weights w; which differs from these ideal weights w*;. The difference w*; — w;
gives rise to an additional error in the neural network output. Define the optimization error term in residual form by E,, := R(u, w})—R(u,w;). The
following result gives the residual error. Also, we use the smoothness and strong convexity properties of Loss(w) as known in the neural network
methods.

(40)

Lemma 5.3. Let 7(u) and 7(u) are the trail neural network solutions defined in Eqs. (27) and (39), respectively. Then, the optimization error
Eope () 1= R(u, wj) - Ru,w;) is bounded with maximum error given by

gopl = Supue[co,C] Eopt (u) < 7/2(’1)’ (41)
where R(u, w;) is define in Eq. (40), and y,(4) be the estimated function depends on the regularization parameter 1. Moreover, if e, — 0, then the training
converges.
Proof. Set 4y := j(u; w* )~ 7(u; w;), such that B, (u; w*;) and B, (u; w;) be the Bernstein polynomials with respect to wights w*; and w;, respectively.
Then Ay can be written as

Ay = ¢u, N (u; B,(u; w* ) — d(u; N (u, B, (u; w))) (42)

Using Lemma 5.1, the function ¢(u, N (u, B,(v))) is Lipschitz continuous with constant Ly, then for any two inputs Z;’:o w*; B, ;(u) and Z;l:() w;B, ;(u),
we have

n n n
lAxll < Lyl Y, w*;B, ;@) = Y w;B, @l < Lyll Y, w*; —w)B, ;@] (43)
Jj=0 j=0 Jj=0
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Since Eqpe ) 1= R(u, w;‘) - Ru,w;), then the error optimization can be simplified as

Egpe () :=R(u, w?) = R(u, ;)

= DL p(u, By (s w))) = DL F(u, By (w3 w))

-9 (Ma 2, B (u; w* ), 1, (9, (7w, B (; w)))), Hy($9,(4(u, By (u; wf))))) “o
+9 (u, X, Bj(usw;)), Hy (9, (¥, B;(u; w;)))), Hy (9, (F(u, B;(u; wj))))) .
Using the linearity and bounded properties of Caputo-conformable fractional derivatives Lemma 3.8, we have
CCoyntl ) _ CCaypf (u - CO)WHG) n
DL 2, By (s w)) — DL 7w, By w))| < T 7TD [osrax|- (45)
Employing the hypotheses in Theorem 3.11 and the result of Eq. (45) into Eq. (44), then take the supremum over [c,, C],we obtain
pu(n—0)
| Egpe )] < (€ = 20) (M — M)+ K||Axll. (46)

T(n—0+ uno

where M and M are the bounded for the nth conformable derivatives for f(u, B;(u; w))) and 7(u, B;(u; w))), respectively, on [cO,C], and K =
(€1 + ¢y + €3+ €401 + 5a5). Substitute Eq. (43) into Eq. (46), we obtain

(C _ CO)M(V!—(’)
Sopt = ”Eopt (u)” S r

oo+ (M = ND)+ KLyl Y (w*; = w))B, @ll. (47)

Jj=0
Using the convex combination propriety of the Bernstein basis functions and the L,-norm for the weights and its estimated by the regularization
parameter A, we have

n
sp 1Y (w] = w;) B, @ll < lw* - wl, < C2 48)
ue [CO,C] j=0
Thus, the overall optimization error in Eq. (47) is bounded by
(C _ CO)M(H*G)
Eopp S Ty
I'n—6+ u"
Note that this estimation depends on 4, for simplicity, let

(C _ CO)M('I—9)

(M - M)+ KLyCa. (49)

N=— "  (M-M)+KL,CA 50
"= T o+ s )+ KL CA 0

and hence
Eopt < 72(A). (51)

If £4p¢ — 0, then the training converges, and the proof is completed. []

The last error sources for our method is the regularization error denoted by E,, . The L, regularization term A||w||§ biases the weight values
to avoid over-fitting and ensure stability. This introduces a bias between the ideally optimized network (without regularization) and the actual
network output. We denote

Eieg = l7@) — x|l = O(4)

meaning that the error from the regularization is of the order A.

Recall the definitions of these notations, 7(u, B, (1)) defined in Eq. (39) which gives the trial neural network solution without using regularization
parameter AL,, and let w,’l denotes the weight comes from the neural network solution with regularization parameter in the trial solution ?(u, B, (1))
which is defined in Eq. (27).

Then, the regularization error is the difference between the training solution (without regularization) and the actual training (with regulariza-
tion), which is written as

Ereg = 117w, B,(w) — 7(u, B,w)||.

We have the following result:

Lemma 5.4. Let ¢(u, N(u, B,(u))) satisfies the continuity of Lipschitz property, and consider the smoothness and strong convexity properties of the loss
function Loss(w). Let j and 7 be the neural network solutions as defined in Eqs. (27) and (39), respectively. Then the regularization error E,, is bounded
with maximum error

Ereg = 17(u, B,) = 7(u, B,w))|| = O(D). (52)
Proof. Using the continuity Lipschitz property Lemma 5.1 with the same process as in Lemma 5.3, we have

E

reg — I

-

(0] —w})B, ;@ < Lylls* = I, 3)
0

J

where s* = ¥_, w’B, ;) and s* = ¥_; w}B, ;(w).
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Using property of the bounded of Bernstein basis Eq. (7), then the norm of the weighted difference is controlled by the difference between
the weights. Hence, the difference between the non-regularized and regularized minimizing is of order A. To justify this, let L(w) be the non-
regularized loss function with its minimizer w*, then the first-order optimality condition gives VL (w*) = 0. Also, for the regularized loss
function J(w) = L(w) + A|lwl||?, where A > 0 is the regularization parameter. If w* minimizes J(w), then its first-order optimality condition is
VJ (w) = VL (w*) + 24w* = 0.

Subtract both optimality conditions, we obtain

VL (w*) +24w* - VL (w*) = 0.
Since VL (w*) = 0, this simplifies to:
VL (w*) +24w* =0 (54

Assume that L(w) is twice continuously differentiable and that its gradient is Lipschitz continuous (which follows from the smoothness) near w*.
Then we can apply a first-order Taylor expansion around w* for the gradient:

VL (w*) = VL (w*) + V2L (w*) (w* — w*) + R,
where R is the remainder of order O (||w/1 - w*||§) Since VL (w*) = 0, we have
2
2> '

For sufficiently small 4 (and hence w” close to w*), the quadratic remainder can be neglected in a first order analysis. Thus, we approximate:

VL (w*) = V2L (w*) (w* - w*) + O <”w’1 - w*

VL(w’l) ~ VZL(w*) (w’l—w*). (55)
Substitute Eq. (55) into Eq. (54), we obtain
V2L (w*) (w’1 —w*) +2Aw* = 0.

Assuming that L(w) is strongly convex in a neighborhood of w* (i.e. its Hessian V2L (w*) is positive definite), the matrix V2L (w*) is invertible.
We then obtain

wh — w* ~ =22 (VZL (w*))71 w,

Taking the L, norm on both sides, we get:

Under the assumption that ||w” ||, remains bounded and that the smallest eigenvalue of V2L (w*) is at least u > 0 (i.e. H (V2L (w*))fl ”2 < 1/u), we
deduce:

Let Aw = w* — w* be the difference between the above weights, then ||4w||, = O(4). Returning to our error term Eq. (53), we obtain

w* — w*

524 (V2L (@) o],

w* — w*

,= O(4).

n
1Y, (] = w}) By @il < 14wl - max || {B,,, (0}, I
j=0

Note that ||4w]|, depends on 4, then there exist a constant Z > 0 such that [|[4w||, = ZA. Moreover, the Bernstein basis functions on a compact
interval are uniformly bounded (with the maximum L, norm of the vector being at most 1), take Lp = max, || { B, j(x)};.':(J I, we obtain

'y (w;f - wj) B,,ll < ZALg. (56)
=0
Set
ys() = ZLgd > 0, (57)
1Y, (1] = wh) Byl < (. (58)
=0
Hence,
Ereg = 17, B,w)) — Z(u, B,w)|l = O() (59)

and the proof is completed. []

Note that E,; in Lemma 5.3 and E,,
can combine them in the final error later.
The following theorem, with its assumptions and result, forms the rigorous foundation for both the error bound and the convergence of the

Bernstein neural network method for solving the given fractional integro-differential equation with boundary conditions.

in Lemma 5.4 are related but not the same, since they come from different aspects of error. Hence, we

Now, we present the main theorem as follows:
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Theorem 5.5 (Error Bound and Convergence Analysis). Let y € C? ([cO, C]) be the exact solution of Eq. (1), where a € (1,2], u € (0,1] and § > 0 with
the trail neural network solution defined in Eq. (27). Then, the total error of the Bernstein neural network approximation satisfies

@ = 2@l < 2+ () + 750,

where y, > 0, y,(1) and y3(4) are defined in Lemma 5.2, Egs. (50) and (57), respectively.
Moreover, for n large enough and 4 is sufficiently small such that

l1—>lot)1:1}—>0 ”X(“) B /Y(u)” - 0’
and the residual

€D Gr(w) = 2@ Il = 0,

then the approximation method is convergent.

Proof. We decompose the total error between the true solution and the network approximation as
x@) = ) = y) — 7@, B,(w) + ¥(u, B,(w) — ()

which can be divided into

xW) = xW) = y(u) = ¥, B,(u)) + ¥ (u, B, () — 7(w)

E,

app EoptEreg

Taking norm and applying the triangle inequality gives:
@) = 2@l < lx @) — 7, B, @)l + 17w, B,)) = Zw)]l.

Using Lemmas 5.2-5.4, we conclude that the overall error is bounded by

@) = 2@l < 2+ (D) + 750, (60)
Since
ol @) = 7@l =0,

the Lipschitz continuity property of Caputo-conformable operator, there exist a constant L, > 0 such that

1€ D20 Godu) = DL @) 1| < Lollr@) = 2@l
Using the linearity property of the fractional operator, we have

D) = DI (1) = DR (= ).
Therefore,

1€€D%% () = DL () Il < Ll = Z1I- (61)
Substitute Eq. (60) into Eq. (61), we obtain

96080y = DL () 1| < LN;‘ +72(A) + 13 (). (62)
By choosing n large enough and 4 is sufficiently small, then

lim 16D G = D (D Il = 0.

Hence, we conclude that (u) converges to y(u) and the proposed method is convergent. The proof is completed. []

Now, we extended this work to the Chebyshev neural network, use Eq. (10) and set the fixed constant
=

Qi—D'2n-2i-1)"

which converts the Bernstein basis into Chebyshev polynomials. If these coefficients are bounded, then any error bound obtained for a Bernstein

approximation can be scaled by an appropriate constant to yield an error bound for the Chebyshev approximation. For this purpose, let the trail
neural network solution of Chebyshev neural network method be defined by

Cip=Qn—1)!

(63)

2(T, ) = o(u) + ¢pu, N(T,w))), (64)

where the output neural network is

n—1

N(T,(u) = Z w, T(w). (65)

Jj=0

Then, the following result investigates the error bound and the convergence analysis of the Chebyshev neural network.
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Theorem 5.6. Assume that y € C2( cO,C]) be the exact solution of Eq. (1), where a € (1,2], u € (0,1], § > 0, and M > 0 be an upper bound on
the norm of the coefficient vector {c,-q,,},.=0. For y, > 0, y,(4) and y3(4) are defined in Lemma 5.2, Egs. (50) and (57), respectively, the total error for the
Chebyshev neural network approximation satisfies

N 14
@) = 2@l < M-+ 120 + 73 (),
If n large enough and A is sufficiently small such that

lim || y() — 7@l =0,

n—00,A—0

and the residual
€% () = @) || = 0.

Then, the Chebyshev neural network method is convergent.

Proof. By following the construction proof of Theorem 5.5, the proof of this theorem can easily be established.
Since T),(u) is a linear combination of B, ;(u), the error in approximating y(u) by a Chebyshev expansion constructed using the same sample
points can be estimated by

sl = v -3 7 (1) n
1) = 20l = [ - 3« (%) 7] < M2
where M is an upper bound on the norm of the coefficient vector {Ci,n}:;()'
Using results in Theorem 5.5 and Eq. (10), we conclude that the Chebyshev neural network has the error bound

N 14
7@ = 2@l < M(= +72(D) + 13(A).
Choosing n large enough and 4 sufficiently small, then

lim @) = 2@l =0.

n—00,A—

Therefore, the Chebyshev neural network is bounded and convergent. Also, by the Lipschitz continuity of the fractional operators, the residual
[€€D8% (@) = 2@ || = 0.

Hence, 7(u) converges to y(u) and the method is convergent. []
5.2. Computational complexity

In a practical situation, the running time of an algorithm naturally depends on the speed with which the underlying computations are performed.
Therefore computational complexity, is usually measured in terms of number of operations (additions, multiplications, and storage) [55,561.

Time Complexity:

The forward evaluation which comes from different sources such as Bernstein basis evaluation in Egs. (26) and (6) which implies binomial
coefficients, multiplications, and power computations. Summing over »n terms makes the forward evaluation cost is of order O(n) for each u.
Additionally, back-propagation process which is computed the gradient with respect to each weight w,. We have n weights with trial solution
Z(u, P,(w)), the cost per training example is also of order O(n). Moreover, the fractional operator where Caputo-conformable derivative or the
Riemann-Liouville-conformable integral are computed numerically using quadrature rule. Suppose we use r quadrature nodes, then the cost per
evaluation is of order O(r). With m training points, every iteration of training requires computing these fractional derivatives or integrals for each
training point, yielding the cost of order O(m x r). Hence, combining the costs over all times per iteration gives the total of order O(m X n X r). In
implementation code, we choose r is fixed constant, and then the main factors effect on the time complexity is the number of training points m
and Bernstein basis functions » such that the cost is of order O(m X n).

Space Complexity:

The computation cost comes from different resources, such as network parameters like the n weights which sorted by neural network with
space cost of order O(n). The computation during the forward propagation and back-propagation such as the gradients are computed with storage
of order O(n), while the quadrature nodes g during the computation of the fractional operators does not affect on the computational space since ¢
is relative small as compared to m and n. Hence, the overall space complexity is dominated by the weights of order O(n). Note that the boundary
conditions does not affect the computational complexity because o(u) is typically a known, simple function.

The above analysis shows that the Bernstein neural network method measures linearly with respect to the parameters, making it computationally
efficient and scalable for solving the fractional differential equation with boundary conditions.

5.3. Computational stability and sensitivity

In this subsection, we introduce a brief discussion related to the affect of using some parameters on the stability of the method. One of these
parameter is the value of computation in the regularization term L,: /1||w||§ which controls the magnitude of the weights. It eliminates the over-
fitting and ensuring that the large gradients or weight updates do not grow unbounded in the training process, and hence improves the numerical
stability of the backward propagation procedure. Another parameter is the adaptive learning rate in Adam optimizer method. This parameter
automatically scales the gradients and prevents overshooting problem, and reserves the convergence through training process in the case of the
presence of noisy gradient estimates.

Moreover, the method’s sensitivity is determined by the choice of A. If the value of A is too large, it may bias the solution, where as if it is too
small it may allow over-fitting. Additionally, the number of Bernstein basis functions » is very sensitive since choosing a larger » will improve the
approximation but the computational cost increases. The accuracy of numerical integration for the fractional derivative and integral terms also
play main role since choosing the quadrature methods with enough nodes are required to ensure the operator evaluations are accurate.
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Table 1
The MSE and MAE for ChebyshevNN and BernsteinNN computed on different degree of the
polynomials, with 1000 epochs, Example 6.1.

PNN MSE/MAE n=4 n=6 n=2_8 n =30
BernsteinNN MSE 12x 1072 3.0x107° 6.4x 107 9.9x107*
MAE 9.2x 1072 39x% 1073 6.6 1072 2.6 x 1072
MSE 9.2x 1073 8.9x 1073 2.6x 1072 23x1073
ChebyshevNN MAE 7.7 %1072 7.6% 1072 131071 3.6x 102
Table 2
The comparison between ChebyshevNN and BernsteinNN approximate solutions for Example 6.1.
u Exact Approximate solution Error
BernsteinNN ChebyshevNN BernsteinNN ChebyshevNN
0.1 0.12589 0.12447 0.15942 0.00143 0.03353
0.2 0.23492 0.23526 0.31800 0.00033 0.08308
0.3 0.33838 0.33725 0.47102 0.00113 0.13263
0.4 0.43838 0.43255 0.60548 0.00583 0.16709
0.5 0.53589 0.52530 0.70673 0.01059 0.17085
0.6 0.63145 0.62039 0.76896 0.01106 0.13752
0.7 0.72542 0.71950 0.80442 0.00591 0.07900
0.8 0.81805 0.81865 0.84376 0.00060 0.02571
0.9 0.90953 0.91164 0.91728 0.00210 0.00775
1.0 1.00000 1.00435 1.00435 0.00435 0.00435

6. Examples

Example 6.1. Consider the following Caputo-conformable FVFIDEs:

14/5 1 u
CepOts = 10 10 3u +/ (u—v) y(v)do +/ 7)o,
0 0

29 19 14
10
1)_ 16y/ 7

with boundary conditions,
2O =0, x+RWy(3) = 7
7294/3
The exact solution is y(u) = u®°.

3
To construct a trial solution that satisfies these conditions by design, we express y(u) in the form

+1, uel0,1]. (66)

@) = 2, P,(w) = Cu+u(l — u)(u - %)N(u, W), 67)

where: C = 0.832, and the neural network component is given by

N@u,w) = Y wy B, @), with By, = <Z>uk(l —uy"k,
k=0

10
The neural network trail solution #(u, P,(u)) = u(1 —u) N(u, P,(w)) +u C where C = 1762;/4\/;5 +1, and N(u, P,(v)) = Z;-l=1 o P (u).
Table 1 shows the values of MSE and MAE for ChebyshevNN and BernsteinNN, which are computed on different degree of the polynomials,
with 1000 epochs, learning rate = 0.0001, and A = 10~*. It clearly shows that BernsteinNN gives smaller error than ChebyshevNN.
Table 2 demonstrates the comparison between ChebyshevNN and BernsteinNN approximate solutions for Example 6.1 at = 1.5 and u = 0.9,
1000 epochs and learning rate = 0.0001, degree= 6. Fig. 1 represents the approximate solutions and the error functions for both methods. The
results show the better approximation for BernsteinNN than ChebyshevNN.

Example 6.2. Consider the following Caputo-conformable FVFIDEs:

7 1 u 2 1
CRYI puy = - SOy / u (7@) = 1)do+ / (V- Vo) 2w,
HirE o 0 I
20 =0, 7(1)+ 6 3051 4(05) =2, ue[0.1]. (68)

The exact solution is y(u) = 24/u.

The neural network trail solution 2(u, P,(u)) = u(1 —u) N(u, P,(w)) + 2 u, where N(u, P,(u)) = 2;7:1 a; Py (u).

Table 3 shows the values of MSE and MAE for ChebyshevNN and BernsteinNN which are computed on different degree of the polynomials,
with 1000 epochs, learning rate = 0.0001, and 4 = 10~*. For n = 8, the execution time for ChebyshevNN is 70.45 s and for BernsteinNN is 66.32 s.
Note that BernsteinNN gives smaller error than ChebyshevNN with less computation times.

Table 4 demonstrates the comparison between ChebyshevNN and BernsteinNN approximate solutions for Example 6.2 at § = 1.8, u = 0.5, 1000
epochs and learning rate = 0.0001, degree of polynomial is 4. Fig. 2 represents the approximate solutions and the error functions for both methods.
The results show the better approximation for BernsteinNN than ChebyshevNN.

1095



K. Alsa’di et al. Alexandria Engineering Journal 130 (2025) 1075-1100

.04 —e— BernsteinNN Approxlmatlon .
LTI ChebyshevNN Approximation Sk T RemsteiniiN Eftor
B e clution —e— ChebyshevNN Error
0.150
0.8
0.125 4
s
S 0.6 e
El £ 0.100
g ) § 0075
a = <
g
0.050 4
0.24
0.025 4
0.01 0.000 1
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.‘6 0.8 1.0
u u
(a) Approximate solutions via exact solution (b) Errors
Fig. 1. A comparison between the approximate solutions using ChebyshevNN and BernsteinNN for Example 6.1.
Table 3
The MSE and MAE for ChebyshevNN and BernsteinNN computed on different degree of the
polynomials, Example 6.2.
PNN MSE/MAE n=4 n=6 n=38
5 MSE 5.6% 1072 9.9x 1072 7.8 %1072
BernsteinNN MAE 1.8x 107! 26% 107! 23% 107!
MSE 73%x 1072 1.2x 107! 7.4 %1072
ChebyshevNN MAE 22% 10! 3.1% 107! 23% 10!
Table 4
The comparison between ChebyshevNN and BernsteinNN approximate solutions for Example 6.2.
u Exact Approximate solution Error
BernsteinNN ChebyshevNN BernsteinNN ChebyshevNN
0.1 0.63246 0.23761 0.24371 0.39484 0.38874
0.2 0.89443 0.48700 0.48158 0.40743 0.41284
0.3 1.09545 0.73679 0.70505 0.35865 0.39040
0.4 1.26491 0.97580 0.91212 0.28911 0.35279
0.5 1.41421 1.19581 1.10674 0.21840 0.30747
0.6 1.54919 1.39298 1.29639 0.15621 0.25281
0.7 1.67332 1.56801 1.48796 0.10531 0.18536
0.8 1.78885 1.72489 1.68196 0.06397 0.10690
0.9 1.89737 1.86835 1.86489 0.02902 0.03247
1.00 2.00000 2.00000 2.00000 0.00000 0.00000
2.00 4 —e— BernsteinNN Approximation —e— BemsteinNN Error
—e— ChebyshevNN Approximation P oA —e— ChebyshevNN Error
—--- Exact Solution Loz
1751
1.50 0.3
é 1251 =
5 s
E ]
£ 100 02
5 H
H 2
5 0.75 %
&
0.50 1 0.1
0.25
0.00 1 0.0
010 0.‘2 0.‘4 0.6 0?8 1.‘0 0.0 0.2 0.4 0.6 0.8 10
u u
(a) Approximate solutions via exact solution (b) Errors

Fig. 2. A comparison between ChebyshevNN and BernsteinNN for Example 6.2.
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Table 5
The comparison between ChebyshevNN and BernsteinNN approximate solutions for Example 6.3
with polynomials degree n = 8.

u Exact Approximate solution Error
BernsteinNN ChebyshevNN BernsteinNN ChebyshevNN
0.1 0.11000 0.11808 0.03852 0.00808 0.07148
0.2 0.24000 0.24327 0.17420 0.00327 0.06580
0.3 0.39000 0.39151 0.38777 0.00151 0.00223
0.4 0.56000 0.56620 0.60907 0.00620 0.04907
0.5 0.75000 0.76344 0.77869 0.01344 0.02869
0.6 0.96000 0.97756 0.90482 0.01756 0.05518
0.7 1.19000 1.20547 1.06494 0.01547 0.12506
0.8 1.44000 1.44841 1.33030 0.00841 0.10970
0.9 1.71000 1.71241 1.66663 0.00241 0.04337
1.0 2.00000 2.00000 2.00000 0.00000 0.00000
2.00 { —®— BernsteinNN Approximation —e— BernsteinNN Error
—e— ChebyshevNN Approximation 012 —e— ChebyshevNN Error

=== Exact Solution

0.08

N
]

[t
o
S

0.06

Absolute Error

o
<
@

Approximate solutions

0.50

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
u u

(a) Approximate solutions via exact solution (b) Errors

Fig. 3. A comparison between ChebyshevNN and BernsteinNN for Example 6.3 at n = 8.

Example 6.3. Consider the following Caputo-conformable FVFIDEs:

4 g

71-4r <2— V;)

cc 0-"4 2 2
9, xw)=1-e —log(1+u+u )—

1
+/ (1 +2v)e*Wdv
0

“(1+2v)
o l+x@ 7
with boundary conditions
xO=1, x(D)=e, (69)

and the exact solution is y(u) = u? + u.

The neural network trail solution (u, P,(u)) = — (1 - f) % +u(z —u) N(u, P,(w), with N(u, P,(w) = Z?:l a; P;_;(u).

Table 5 demonstrates the comparison between ChebyshevNN and BernsteinNN approximate solutions for Example 6.3 at § = \/77 and u = 0.1,
1000 epochs and learning rate = 0.0001, degree of polynomial is n = 8. Fig. 3 represents the approximate solutions and the error functions for both
methods computed at polynomial degree n = 8, with execution time for ChebyshevNN is 79.80 s and for BernsteinNN is 70.29 s. The results show

the better approximation for BernsteinNN than ChebyshevNN.

7. Conclusion

In this article, the new Caputo-conformable FVFIDEs with three-point non-local Riemann-Liouville conformable integral boundary conditions
was considered. The existence and uniqueness of solutions were investigated by employing the Banach contraction principle, Scheafer’s fixed
point theorem with the help of the newly constructed generalized Gronwall inequality. A new approach was developed using ChebyshevNN and
BernsteinNN with extreme learning machine algorithm and without activation functions. The error function was developed with new terms L2
regularization and the hyper-parameter A related to the boundary conditions, to improve the stability and control the regularization strength.
Moreover, Adam optimization method is employed to minimize the error, and the MSE and MAE were computed for the comparison purpose
between the proposed polynomials. Numerical results showed the efficiency of the suggested method to minimize the error in solving this type of
equation. In future works, the developed algorithm could be extended to solve the multi-dimensional and higher order integro-differential equations
and partial differential equations. Also, it could deal with the singularity and permutation problems.
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Appendix

To evaluate the value of the following integral in terms of Beta function:

-/ (=) = (=) \" 1
" 2 (0—c)

Substituting 1 = -2, and change of variable:
—c0
U—Cy . .
t=——, whichgives v=cy+1(u—cy), and dv=(u—c)dr
u-—c

Rewriting terms in the integral: (v — cO)q(l_”) = (t(u- co))q(l_”) = 120=1 (u — co)q(l_”). Also, using the substitution for the first term: (u—c)" —
(v=1co)" = (u=co)" (1 —1#). Thus, the integral transforms into:

s /1 (u=co) @ =11 ae=n (u—co)dt
' 0 H 1al—p) (u_go)q(l_”)

Next, expanding the power terms of u — ¢, as:

<(u — <) (1 - rﬂ))q(“ = (g0 A=

u 7a®=1)

Then, the integral can be expressed as:
1
_ (0 \l+ua@-D=q(-p 1 —na0-1) —q(1—p)
I = (u—c) _#"(0_1)/0 (1 — 1"y t dt

By changing the variable x = # in the integral term, such that dx = ur#*~'dt, t = x!/#, and  dt = d;"x('/ #-1 we obtain

1 —al—
/ (1 = x)a0-D 5 dX (/-1
0 H
Simplifying the exponent of x :

1 (i
/ (1 —x)10=Dy oty dx.
0 H

The integral term can be expressed in terms of Beta function as

1
B(p,q) = / xPN (1= %) dx,
0

where
1—q(1-p)
p=q@-1DH+1, g=————.
"
Thus,
IB( 0-1 1,—“‘1(“’”)
1y = (u— cp) HHa0-D-00-0 9@ -1+ u
1= 0 1O-D+1
Simplify,

B (u _ C0);49(1—(]+1

1
I, = 0T B(q@—q+l,;(l—q)+q>.

Similarly, this technique can be used to evaluate the following integral terms for the coefficients a; and a,

C C - U o_ _ u 90-1)
I = / <( o) — (v —cp) > 1 dv,
@ H (v = o)t
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after simplify, we have

(C - co)#ﬂq—qﬂ

1
b= B(a0 -+ 1 (=0 +a).

and for the integral

/5 ( (& = ol — (0 — ey >q(0+5—1) .
I = =) = (=cp¥*

—dv,
0 " (v — ¢p)a=n)

after simplify, we have

(- co)qﬂ(9+5)—q+l 1
I= WB(q(9+5)—q+ Lo —+q).
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