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ABSTRACT
In the present analysis, we consider a chicken disease model in fractional derivatives. The fractional model and its related results
are discussed. We present the solution’s existence and its uniqueness for the fractional chicken model. Stability at the Disease-free
equilibrium is shown, and found that when 0 < 1, the model is locally asymptotically stable. The existence of an endemic equi-
librium when 0 > 1 shows a unique endemic equilibrium. A numerical scheme to get the solution for the fractional chicken
model is presented. Based on the real farm data in Bangladesh, the model is fitted, and the respective values of the parameters are
obtained. We present graphical results to show that the disease can be eliminated under various conditions on model parameters.
Using real farm data and an 80% vaccine efficacy, we show that the treatment, together with vaccine efficacy, makes the disease
controllable.

1 | Introduction

Avian influenza (AI) is a contagious viral disease that mostly
infect birds species but sometimes also infects humans. It was
reported in East China [1]. The infection spreads largely through
the migratory birds, while local wild birds contribute to the
transmission of the disease within their natural habitats [2].
Furthermore, local chickens may become infected by ingesting
feces contaminated with the virus, and make the disease spread-
able through the oral-fecal route [3]. LPAI (low pathogenic) and
HPAI (highly pathogenic) are the two subtypes of AI. Sometimes,
under certain conditions in chickens, LPAI viruses can replicate
extensively, leading to increased pathogenicity [4]. HPAI viruses
usually cause severe illness and high death rates in chickens
[2], while LPAI causes moderate clinical symptoms, significantly
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reduces egg production, but only slightly increases mortality [5].
After developing a dynamic model based on real data, the authors
in [6] found that seasonal temperature variations significantly
affect avian influenza transmission. Seasonality is a major factor
in the spread of AI in chicken, and the migration of wild birds
contributes to these seasonal changes [2]. Using real data gath-
ered over time from infected farms, a mathematical model cap-
tures the seasonal patterns of AI, showing yearly, semi-yearly, or
both of them [2, 7]. Based on the yearly peak in their 12-month
data, the researchers in [7] summarized that AI dynamics under
annual seasonality pose a notable risk of spilling over to other
species. To identify the high-risk periods, the authors in [2] ana-
lyzed the seasonal pattern of AI. A significant seasonal risk occurs
over four months was found around four months (November to
February), peaking in January.
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Classical epidemic models, such as SIR and SEIR, predict con-
stant, steady-state epidemics when permanent immunity is
assumed. The AI in humans and birds’ dynamics through a
mathematical model was considered in the study [8], and also
established results for their steady-state epidemic. To examine
the impact of vaccination and environmental viruses on chick-
ens, the authors in [9] formulated an avian influenza trans-
mission model. Additionally, they showed that immunization
of chickens can significantly reduce human infections and that
the risk of infection is higher in colder climates. To understand
the avian influenza, the work in [10] strongly advocated an eco-
logical model and demonstrated the necessity of including non-
linear relationships among infected and vulnerable population
sizes. Additionally, they demonstrated how different chicken epi-
demics had different zoonotic transmission components, which
were identified as the primary cause of H5N1 spillover transmis-
sion in Bangladesh. Due to high mortality rates, the authors in
[11] used an SEIR-type model to estimate farm-specific trans-
mission rates and describe the within-flock dynamics of highly
pathogenic AI. The researchers in [12] defined several funda-
mental characteristics using the basic reproduction number and
proposed a reaction-diffusion model with periodicity in time to
represent AI infection among humans and poultry. Nonetheless,
the seasonal effects of viral infection have been observed by many
researchers in their models [8–13].

Long-term health risks in humans and natural systems can be
predicted by seasonality [14]. It also influences host-pathogen
dynamics and vector behavior [15]. Epidemic, biennial cycles,
and even chaotic dynamics may be induced by seasonal forc-
ing [16–19]. Numerous researchers have examined the nonlinear
impact of periodically changing contact rates in epidemic mod-
els [15, 20]. Among these studies, the authors in [15] explained
the way in which seasonality can affect the disease spread. The
authors in [18] showed that periodic variation in contact rates
over a single year in the classic epidemic models, such as SIR and
SEIR types, can induce solutions with periods longer than one
year. Authors in [16] showed that the epidemic models with small
periodic fluctuations can go through a series of period-doubling
bifurcations. In [13], the authors formulated a compartmen-
tal model to explain the spread of AI in chicken farms, but
classical epidemic models are unable to explain the recurrent
outbreaks [16, 21]. There is no approved antiviral that exists
[22], oseltamivir, and chicken interferon-alpha show potential in
reducing avian influenza virus replication and shedding in poul-
try [23–26].

Mathematical models constructed using fractional derivatives are
of great importance; among their key features are heredity prop-
erties, memory effects, and crossover behavior, etc. It has been
shown that the order of the fractional derivative helps models bet-
ter fit real data, due to the flexibility offered by fractional orders,
whereas integer-order models lack such flexibility. In disease
epidemiology and other scientific fields, extensive research has
employed fractional-order derivatives, see [27–36]. For example,
Zika virus model with mutation using non-integer order deriva-
tives was considered in [27]. The Caputo–Fabrizio fractional
derivative was applied to model COVID-19 transmission in [28].
In [29], the authors investigated coffee berry disease using a
fractional approach. An infectious disease model incorporating

social media effects was studied in [30]. In [31], an infectious dis-
ease model with optimal control and cost-effective analysis was
formulated using fractional-order derivatives. A fractional-order
model was used to analyze the flow dynamics of financial markets
in [32]. The fractional modeling approach for bone dynamics was
proposed in [33]. In [34], the authors analyzed a fractional-order
Hepatitis B model incorporating socio-economic factors. An
influenza model formulated with fractional derivatives, includ-
ing control strategies and stability analysis, was presented in
[35]. Finally, the dynamics of gambling behavior were modeled
using fractional derivatives in [36]. In [37], a fractional model
is proposed to investigate COVID-19 in Italy, while in [38] an
SEIR fractal-fractional order model is proposed to investigate
COVID-19 infection dynamics. Similarly, the fractional model
is proposed to study diabetes in [39], the fractional monkeypox
model [40], and to study the stability of a fractional system is
given in [41].

In the present study, we formulate an influenza model for chicken
disease using reported case data. We establish the model and dis-
cuss its mathematical properties. The positivity, boundedness,
and uniqueness of solutions of the fractional system are pre-
sented. Equilibria are obtained, and their stability results are eval-
uated. A numerical scheme and its results based on real data
are obtained and discussed. Various results regarding disease
elimination are demonstrated. The section-wise structure of the
paper is as follows: Section 2 discusses the model constructions
of an influenza chicken disease in integer and non-integer order
derivatives. The analysis of the chicken influenza model is pre-
sented in Section 3. In Section 4, the equilibria and their analysis
are discussed. The numerical approach and discussion of results
are presented in Section 5. Section 6 summarizes the findings of
the study and presents the concluding remarks.

2 | Model Construction

Here, we construct a mathematical model for the transmission
of seasonal avian influenza (chicken) incorporating seasonal
effects. The total chicken population is divided into six compart-
ments: Susceptible𝑆(𝑡), exposed𝐸(𝑡), symptomatic infected 𝐼𝑠(𝑡),
asymptomatic infected 𝐼𝑎(𝑡), treated 𝑇 (𝑡), and recovered𝑅(𝑡). The
total population at time 𝑡, denoted by 𝑁(𝑡), is given by 𝑁(𝑡) =
𝑆(𝑡) + 𝐸(𝑡) + 𝐼𝑠(𝑡) + 𝐼𝑎(𝑡) + 𝑇 (𝑡) +𝑅(𝑡). The model that governs
the system of nonlinear differential equations is given by:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑑𝑆(𝑡)
𝑑𝑡

= Λ − 𝜏Φ𝑆(𝑡) − (1 − 𝜏)𝑆(𝑡) − 𝑑𝑆(𝑡),

𝑑𝐸(𝑡)
𝑑𝑡

= 𝜏Φ𝑆(𝑡) − 𝛿𝐸(𝑡) − 𝑑𝐸(𝑡),

𝑑𝐼𝑠(𝑡)
𝑑𝑡

= 𝜃𝛿𝐸(𝑡) − (𝜙1 + 𝜓1 + 𝛼1 + 𝑑)𝐼𝑠(𝑡),

𝑑𝐼𝑎(𝑡)
𝑑𝑡

= (1 − 𝜃)𝛿𝐸(𝑡) − (𝜙2 + 𝜓2 + 𝛼2 + 𝑑)𝐼𝑎(𝑡),

𝑑𝑇 (𝑡)
𝑑𝑡

= 𝜙1𝐼𝑠(𝑡) + 𝜙2𝐼𝑎(𝑡) − (𝜓3 + 𝛼3 + 𝑑)𝑇 (𝑡),

𝑑𝑅(𝑡)
𝑑𝑡

= 𝜓1𝐼𝑠(𝑡) + 𝜓2𝐼𝑎(𝑡) + 𝜓3𝑇 (𝑡)

+ (1 − 𝜏)𝑆(𝑡) − (𝛼4 + 𝑑)𝑅(𝑡),

(1)
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where

Φ =
𝜂(𝑡)(𝐼𝑠(𝑡) + 𝜅1𝐼𝑎(𝑡) + 𝜅2𝑇 (𝑡))

𝑁(𝑡)
.

The contact rate 𝜂(𝑡) is assumed to be continuous, positive, peri-
odic function with a 12-month cycle. It can be modeled in the
following form:

𝜂(𝑡) = 𝜂0

(
1 + 𝜂1

(
cos

(2𝜋𝑡
12

+ 𝜈

)))
, (2)

where 𝜂0 represents the baseline contact rate, 𝜂1 is the amplitude
of seasonal variation (0 ≤ 𝜂1 ≤ 1), while 𝜈 is the phase shift. The
model is subjected to the initial conditions (ICs) given by:

𝑆(0) = 𝑆0 > 0, 𝐸(0) = 𝐸0 ≥ 0, 𝐼𝑠(0) = 𝐼𝑠0 ≥ 0,

𝐼𝑎(0) = 𝐼𝑎0 ≥ 0, 𝑇 (0) = 𝑇0 ≥ 0, 𝑅(0) = 𝑅0 ≥ 0. (3)

The farmers provide vaccines to all chickens in the farms, but still,
vaccine failure occurs because no vaccine is perfect. Considering
vaccine inefficacy by 𝜏, then 𝜏𝑆(𝑡) chickens will be sick through
the infection while the rest get permanent immunity at the rate
(1 − 𝜏)𝑆(𝑡). The natural death rate is 𝑑 while the birth rate is Λ.
The contact rate for the disease transmission is given by 𝜂(𝑡). A
portion of individuals become symptomatic infected at the rate
𝜃𝛿, while remaining (1 − 𝜃)𝛿, where 𝛿 is the incubation period.
The parameters 𝜅1 and 𝜅2 are the relative transmission rates for
symptomatic and asymptomatic individuals. The treatment rates
for symptomatic and asymptomatic individuals are denoted by
𝜙1 and 𝜙2, respectively. The recovery rates 𝜓1, 𝜓2, and 𝜓3, respec-
tively, represents for the symptomatic, asymptomatic, and treated
individuals. 𝛼1, 𝛼2, 𝛼3, and 𝛼4 are the induced death rates associ-
ated with the symptomatic, asymptomatic, treated, and recovered
individuals, respectively.

2.1 | Fractional Model

Fractional order models are more appropriate than the classical
order. One of the reasons is the involvement of crossover behav-
ior, heredity properties, application to real data fittings, and the
memory effects. Based on these properties, we generalize system
(1) to a fractional-order model using the Caputo derivative, and
present the following system:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝐷𝛼
𝑡
𝑆 = Λ − 𝜏Φ𝑆(𝑡) − (1 − 𝜏)𝑆(𝑡) − 𝑑𝑆(𝑡),

𝐷𝛼
𝑡
𝐸 = 𝜏Φ𝑆(𝑡) − 𝛿𝐸(𝑡) − 𝑑𝐸(𝑡),

𝐷𝛼
𝑡
𝐼𝑠 = 𝜃𝛿𝐸(𝑡) − (𝜙1 + 𝜓1 + 𝛼1 + 𝑑)𝐼𝑠(𝑡),

𝐷𝛼
𝑡
𝐼𝑎 = (1 − 𝜃)𝛿𝐸(𝑡) − (𝜙2 + 𝜓2 + 𝛼2 + 𝑑)𝐼𝑎(𝑡),

𝐷𝛼
𝑡
𝑇 = 𝜙1𝐼𝑠(𝑡) + 𝜙2𝐼𝑎(𝑡) − (𝜓3 + 𝛼3 + 𝑑)𝑇 (𝑡),

𝐷𝛼
𝑡
𝑅 = 𝜓1𝐼𝑠(𝑡) + 𝜓2𝐼𝑎(𝑡) + 𝜓3𝑇 (𝑡)

+ (1 − 𝜏)𝑆(𝑡) − (𝛼4 + 𝑑)𝑅(𝑡),

(4)

where 𝛼 ∈ (0, 1] is the fractional order in the Caputo sense, and
𝐷𝛼

𝑡
represents the fractional derivative [42, 43]. Let𝑚 = ⌈𝛼⌉ be the

smallest integer greater than or equal to 𝛼. For a function 𝑦(𝑡), the
Caputo derivative of order 𝛼 is defined as follows:

𝐷𝛼𝑦(𝑡) = 1
Γ(𝑚 − 𝛼)∫

𝑡

0
(𝑡 − 𝛾)𝑚−𝛼−1𝑦(𝑚)(𝛾)𝑑𝛾, 𝑡 > 0, (5)

where 𝛼 ∈ (𝑚 − 1, 𝑚]. Accordingly, for a function 𝑦(𝑡), the frac-
tional integral in the Riemann–Liouville sense is defined as fol-
lows:

𝐼𝛼𝑦(𝑡) = 1
Γ(𝛼)∫

𝑡

0
(𝑡 − 𝛾)𝛼−1𝑦(𝛾)𝑑𝛾. (6)

The complete transmission diagram of the model (1) is shown in
Figure 1.

3 | Model Analysis

In the present section, we present the fundamental results associ-
ated with the fractional influenza chicken disease model (4). We
show first the non-negativity of the model.

Theorem 1. Every solution of the fractional-order influenza
model (4) is uniformly bounded and non-negative.

Proof. By using model (4), the following is obtained:

𝐷𝛼
𝑡

|||𝑆=0
= Λ ≥ 0,

𝐷𝛼
𝑡

|||𝐸=0
=

𝜂(𝑡)(𝐼𝑠 + 𝜅1𝐼𝑎 + 𝜅2𝑇 )
𝑁 − 𝐸

≥ 0,

𝐷𝛼
𝑡

|||𝐼𝑠=0
= 𝜃𝛿𝐸 ≥ 0,

𝐷𝛼
𝑡

|||𝐼𝑎=0
= (1 − 𝜃)𝛿𝐸 ≥ 0,

𝐷𝛼
𝑡

|||𝑇=0
= 𝜙1𝐼𝑠 + 𝜙2𝐼𝑎 ≥ 0,

𝐷𝛼
𝑡

|||𝑅=0
= 𝜓1𝐼𝑠 + 𝜓2𝐼𝑎 + 𝜓3𝑇 ≥ 0. (7)

According to the findings in [44], the solution is therefore still
in 6

+. Moreover, summing the model Equations (4), and using
𝑁 = 𝑆 + 𝐸 + 𝐼𝑠 + 𝐼𝑎 + 𝑇 +𝑅, we obtain

𝐷𝛼
𝑡
𝑁 = Λ − 𝑑𝑁 − 𝛼1𝐼𝑠 − 𝛼2𝐼𝑎 − 𝛼3𝑇 − 𝛼4𝑅,

≤ Λ − 𝑑𝑁. (8)

We arrive at the following result by using [45],

𝑁(𝑡) ≤ Λ
𝑑

+
(
𝑁(0) − Λ

𝑑

)
𝐸𝛼(−𝑑𝑡𝛼), (9)

where 𝐸𝛼 is the Mittag–Leffler function. Therefore, 𝑁(𝑡) → Λ∕𝑑
when 𝑡 → ∞, and 0 < 𝑁(𝑡) ≤ Λ∕𝑑. As a result, all solutions begin-
ning in 6

+ are limited to the region Ω, where

Ω =
{
(𝑆,𝐸, 𝐼𝑠, 𝐼𝑎, 𝑇 , 𝑅)|0 ≤ 𝑁 ≤ Λ

𝑑

}
. (10)

◽

We now show that the solution associated with the influenza
model (4) exists and is unique. We provide the following result:
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FIGURE 1 | The flowchart represents the transmission diagram of the fractional chicken influenza model (1), where the circles are the compart-
ments and the arrows indicate the transfer rate.

Theorem 2. The influenza fractional chicken disease model
(4) possesses a unique solution.

Proof. Let 𝑌 (𝑡) = (𝑆,𝐸, 𝐼𝑠, 𝐼𝑎, 𝑇 , 𝑅)𝑇 𝑟𝑎 =
(𝑦1, 𝑦2, 𝑦3, 𝑦4, 𝑦5, 𝑦6)𝑇 𝑟𝑎, where 𝑇 𝑟𝑎 denotes the transpose. Then,
we can express system (4) in the following form:

𝐷𝛼
𝑡
𝑌 (𝑡) = 1𝑌 (𝑡) + 𝐹 (𝑡, 𝑌 ) + 3, (11)

where the matrices 1, 𝐹 (𝑡, 𝑌 ), and 3 are defined as:

1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− (1 − 𝜏) − 𝑑 0 0 0 0 0
0 −(𝛿 + 𝑑) 0 0 0 0
0 𝜃𝛿 −(𝜙1 + 𝑑 + 𝛼1 + 𝜓1) 0 0 0
0 (1 − 𝜃)𝛿 0 −(𝜙2 + 𝑑 + 𝛼2 + 𝜓2) 0 0
0 0 𝜙1 𝜙2 −(𝜓3 + 𝑑 + 𝛼3) 0

(1 − 𝜏) 0 𝜓1 𝜓2 𝜓3 −(𝑑 + 𝛼4)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

𝐹 (𝑡, 𝑌 ) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 𝜏Φ𝑆 0 0 0 0 0
𝜏Φ𝑆 0 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

and

3 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

Λ
0
0
0
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Consider 𝐺(𝑡, 𝑌 (𝑡)) = 1𝑌 (𝑡) + 𝐹 (𝑡, 𝑌 ) + 3. We aim to verify
that 𝐺(𝑡, 𝑌 (𝑡)) fulfills the Lipschitz condition:

||𝐺(𝑡, 𝑌 (𝑡)) − 𝐺(𝑡, 𝑌 (𝑡))|| = ||1𝑌 (𝑡) + 𝐹 (𝑡, 𝑌 ) + 3

− (1𝑌 (𝑡) + 𝐹 (𝑡, 𝑌 ) + 3)||,
= ||1(𝑌 (𝑡) − 𝑌 (𝑡)) + 𝐹 (𝑡, 𝑌 ) − 𝐹 (𝑡, 𝑌 )||.
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By the triangle inequality and properties of induced matrix
norms, we obtain

||𝐺(𝑡, 𝑌 (𝑡)) − 𝐺(𝑡, 𝑌 (𝑡))||
≤ ||1(𝑌 (𝑡) − 𝑌 (𝑡))|| + ||𝐹 (𝑡, 𝑌 ) − 𝐹 (𝑡, 𝑌 )||,
≤ ||1|| ||𝑌 (𝑡) − 𝑌 (𝑡)|| + ||𝐹 (𝑡, 𝑌 ) − 𝐹 (𝑡, 𝑌 )||.

Since ||1|| denotes the induced norm of the constant matrix
1, let

𝐿1 = ||1||.
The nonlinear part 𝐹 (𝑡, 𝑌 ) involves the term

Φ(𝑡, 𝑌 ) =
𝜂(𝑡)(𝐼𝑠 + 𝜅1𝐼𝑎 + 𝜅2𝑇 )

𝑁
,

which is linear in 𝑌 and, on any region where the total population
𝑁(𝑡) is bounded away from zero, satisfies a Lipschitz bound

||𝐹 (𝑡, 𝑌 ) − 𝐹 (𝑡, 𝑌 )|| ≤ 𝐿2 ||𝑌 − 𝑌 ||
for some constant 𝐿2. Thus

||𝐺(𝑡, 𝑌 (𝑡)) − 𝐺(𝑡, 𝑌 (𝑡))|| ≤ (𝐿1 + 𝐿2)||𝑌 (𝑡) − 𝑌 (𝑡)||.
Consequently, 𝐺(𝑡, 𝑌 ) satisfies a global Lipschitz condition in 𝑌

on the biologically feasible region.

By standard existence and uniqueness results for Caputo frac-
tional initial-value problems, in particular, the Caputo fractional
differential equation

𝐷𝛼
𝑡
𝑌 (𝑡) = 𝐺(𝑡, 𝑌 (𝑡)), 𝑌 (0) = 𝑌0,

has a unique solution provided 𝐺(𝑡, 𝑌 ) is continuous in 𝑡 and
Lipschitz in 𝑌 (see, [46]) the influenza model (4) with initial con-
ditions (3) has a unique solution. ◽

4 | Equilibria and its Analysis

In the absence of infection, the Disease-free Equilibirum (DFE)
can be obtained upon solving model (4) for 𝑆,𝐸, 𝐼𝑠, 𝐼𝑎, 𝑇 , and 𝑅

when 𝐷𝛼
𝑡
𝑆 = 0, 𝐷𝛼

𝑡
𝐸 = 0, 𝐷𝛼

𝑡
𝐼𝑠 = 0, 𝐷𝛼

𝑡
𝐼𝑠 = 0, 𝐷𝛼

𝑡
𝑇 =

0, and 𝐷𝛼
𝑡
𝑅 = 0. We obtain DFE, denoted by 0, which is

given by

0 =
(
𝑆0, 0, 0, 0, 0, 𝑅0), (12)

where

𝑆0 = Λ
1 − 𝜏 + 𝑑

, 𝑅0 = Λ(1 − 𝜏)
(𝛼4 + 𝑑)(1 − 𝜏 + 𝑑)

. (13)

4.1 | Basic Reproduction Number

The next-generation matrix technique considered in [47] is used
to calculate the basic reproduction number for compartmental
models, which methodically records the rates of new infections
and the movement of individuals between disease compartments.
With this method, we can express 0 in terms of the model
parameters, giving us a crucial threshold that establishes whether
the infection will disappear or continue to exist in the population.
Consider 𝜂 is constant, then we can obtain the following matrices:

𝐹 =

⎛⎜⎜⎜⎜⎜⎝

0 𝜂𝜏𝑆0

𝑁0
𝑆0𝜂𝜏𝜅1
𝑁0

𝑆0𝜂𝜏𝜅2
𝑁0

0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎟⎟⎠
, and

𝑉 =

⎛⎜⎜⎜⎜⎜⎝

𝜌1 0 0 0
− 𝛿𝜃 𝜌2 0 0

− 𝛿(1 − 𝜃) 0 𝜌3 0
0 −𝜙1 −𝜙2 𝜌4

⎞⎟⎟⎟⎟⎟⎠
,

We have

𝑣
0 =

𝛿𝜂0𝜏𝑆
0(𝜃𝜌3

(
𝜅2𝜙1 + 𝜌4

)
+ (1 − 𝜃)𝜌2

(
𝜅2𝜙2 + 𝜅1𝜌4

))
𝜌1𝜌2𝜌3𝜌4𝑁

0 ,

=
𝛿𝜂0𝜃𝑆

0𝜏

𝜌1𝜌2𝑁
0 +

𝛿𝜂0𝜃𝜅2𝑆
0𝜏𝜙1

𝜌1𝜌2𝜌4𝑁
0 +

𝛿𝜂0(1 − 𝜃)𝜅2𝑆
0𝜏𝜙2

𝜌1𝜌3𝜌4𝑁
0

+
𝛿𝜂0(1 − 𝜃)𝜅1𝑆

0𝜏

𝜌1𝜌3𝑁
0 ,

= 𝑣
1 +𝑣

2 +𝑣
3 +𝑣

4, (14)

where 𝑅0, and 𝑆0 are the DFE states, and 𝜌1 = 𝑑 + 𝛿, 𝜌2 = 𝜙1 +
𝜓1 + 𝛼1 + 𝑑, 𝜌3 = 𝜙2 + 𝜓2 + 𝛼2 + 𝑑, 𝜌4 = 𝜓3 + 𝛼3 + 𝑑, and 𝜌5 =
𝛼4 + 𝑑. Now, we determine the basic reproduction number with-
out vaccine, so we put 𝜏 = 1, and get 𝑆0 = Λ∕𝑑, and 𝑅0 = 0. So,
we have

0 =
𝛿𝜂0

(
𝜃𝜌3

(
𝜅2𝜙1 + 𝜌4

)
+ (1 − 𝜃)𝜌2

(
𝜅2𝜙2 + 𝜅1𝜌4

))
𝜌1𝜌2𝜌3𝜌4

. (15)

The effective reproduction number 𝑒 is given by

𝑒 = 0 × 𝜏 × 𝜂(𝑡)𝑆(𝑡)
𝜂0𝑁(𝑡)

, (16)

where 𝜂(𝑡) is defined earlier. The model without treatment and
vaccination is given by:

𝑤𝑡𝑣 =
𝛿𝜂0

𝛿 + 𝑑

(
𝜃

𝜓1 + 𝛼1 + 𝑑
+

(1 − 𝜃)𝜅1

𝜓2 + 𝛼2 + 𝑑

)
,

and the effective seasonal reproduction number is

𝑒
𝑤𝑡𝑣

= 𝛿𝜂(𝑡)
𝛿 + 𝑑

(
𝜃

𝜓1 + 𝛼1 + 𝑑
+

(1 − 𝜃)𝜅1

𝜓2 + 𝛼2 + 𝑑

)
𝑆(𝑡)
𝑁(𝑡)

.

The effective reproduction number (ERN) is defined as “the aver-
age number of new infections caused by a single infected chicken
in a farm where not all chickens are fully susceptible”. Next, the
theorem demonstrates local asymptotic stability of the DFE 0.
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Theorem 3. When 0 < 1, the fractional influenza model at
0 is locally asymptotically stable.

Proof. We have Jacobian matrix (4) at 0 is given by,

𝐽 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 𝑑 + 𝜏 − 1 0 −𝑆0𝜂𝜏

𝑁0 −𝑆0𝜂𝜏𝜅1
𝑁0 −𝑆0𝜂𝜏𝜅2

𝑁0 0
0 −𝜌1

𝑆0𝜂𝜏

𝑁0
𝑆0𝜂𝜏𝜅1
𝑁0

𝑆0𝜂𝜏𝜅2
𝑁0 0

0 𝛿𝜃 −𝜌2 0 0 0
0 𝛿(1 − 𝜃) 0 −𝜌3 0 0
0 0 𝜙1 𝜙2 −𝜌4 0

1 − 𝜏 0 𝜓1 𝜓2 𝜓3 −𝜌5

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Here, 𝜌5, and (1 − 𝜏) + 𝑑 have negative real parts, whereas, to
obtain the rest of the eigenvalues associated with 𝐽 , we present
the characteristic equation given by:

𝜆4 + 𝑘1𝜆
3 + 𝑘2𝜆

2 + 𝑘3𝜆 + 𝑘4 = 0, (17)

where

𝑘1 = 𝜌1 + 𝜌2 + 𝜌3 + 𝜌4,

𝑘2 = 𝜌1𝜌3
(
1 −𝑣

4
)
+ 𝜌1𝜌2

(
1 −𝑣

1
)
+ 𝜌2𝜌3 +

(
𝜌1 + 𝜌2 + 𝜌3

)
𝜌4,

𝑘3 = 𝜌2𝜌3𝜌4 + 𝜌1𝜌2𝜌3(1 −𝑣
1 −𝑣

4) + 𝜌1𝜌2𝜌4(1 −𝑣
1 −𝑣

2)

+ 𝜌1𝜌3𝜌4(1 −𝑣
3 −𝑣

4),

𝑘4 = 𝜌1𝜌2𝜌3𝜌4(1 −𝑣
0).

Here, 𝑘1 > 0, and 𝑘4 can be positive if 0 < 1. Further,
𝑘2, and 𝑘3 also positive for (𝑗 < 0), where 𝑗 = 1, 2, 3, 4,
which shows all the coefficients in Equation (17) are posi-
tive. Further, to guarantee stability, the Routh–Hurwitz criteria
(𝑘1, 𝑘2, 𝑘3, 𝑘4) > 0, and 𝑘1𝑘2𝑘3 > 𝑘2

3 − 𝑘2
1𝑘4 can be easily satisfied.

Hence, the Routh–Hurwitz conditions ensure that 0 is LAS
when 0 < 1. ◽

4.2 | Endemic Equilibria

Solving the equations 𝐷𝛼
𝑡
𝑆(𝑡) = 0, . . . , 𝐷𝛼

𝑡
𝑅(𝑡) = 0 yields

the endemic equilibrium of system (4), expressed as
∗ = (𝑆∗, 𝐸∗, 𝐼∗

𝑠
, 𝐼∗

𝑎
, 𝑇 ∗, 𝑅∗), where

𝑆∗ = Λ
Φ∗𝜏 + 𝑑 − 𝜏 + 1

, 𝐸∗ = Φ∗𝜏𝑆∗

𝜌1
, 𝐼∗

𝑠
= 𝛿𝜃𝐸∗

𝜌2
,

𝐼∗
𝑎
= 𝛿(1 − 𝜃)𝐸∗

𝜌3
, 𝑇 ∗ =

𝜙2𝐼
∗
𝑎
+ 𝜙1𝐼

∗
𝑠

𝜌4
,

𝑅∗ =
𝜓2𝐼

∗
𝑎
+ 𝜓3𝑇

∗ + 𝜓1𝐼
∗ + (1 − 𝜏)𝑆∗

𝜌5
.

Inserting the above into

𝜆∗ =
𝜂
(
𝐼∗
𝑠
+ 𝜅1𝐼

∗
𝑎
+ 𝜅2𝑇

∗)
𝑁∗ , (18)

where 𝑁∗ = 𝑆∗ + 𝐸∗ + 𝐼∗
𝑠
+ 𝐼∗

𝑎
+ 𝑇 ∗ +𝑅∗. After simplifying,

we get

𝑙0𝜆
∗ + 𝑙1 = 0, (19)

where

𝑙0 = 𝜌2𝜏
(
𝜌4
(
𝛿(1 − 𝜃)𝜓2 + 𝜌5

(
𝛿(1 − 𝜃) + 𝜌3

))
+ 𝛿(1 − 𝜃)𝜙2

(
𝜌5 + 𝜓3

))
+ 𝛿𝜃𝜌3𝜏

(
𝜌4
(
𝜌5 + 𝜓1

)
+ 𝜙1

(
𝜌5 + 𝜓3

))
,

𝑙1 = 𝜌1𝜌2𝜌3𝜌4
(
1 + 𝜌5 − 𝜏

)
(1 −0). (20)

From Equation (19), 𝑙0 > 0, and 𝑙1 > 0 if 0 < 1. So, 𝜆∗ = −𝑙1∕𝑙0.
This suggests that whenever 0 > 1, there is an endemic equi-
librium with biological significance. Furthermore, the model (4)
cannot display backward bifurcation since the system (19) is
linear.

5 | Numerical Procedure and Discussion

The subsection presents the scheme for the influenza chicken dis-
ease model, and later in the subsection, we discuss the numerical
results and the graphical results.

5.1 | Numerical Scheme

The fractional system considered in Equation (4) in Caputo
derivative shall be solved using the detailed approach pre-
sented in the following. To do this, the Caputo fractional deriva-
tive of order 0 < 𝛼 ≤ 1 will be solved using the fractional
Adams–Bashforth type method that frequently reported for the
solution of epidemic models in the literature [48–50]. We repre-
sent the system (4) in the following representations:

{
𝐶𝐷𝛼

𝑡
Π(𝑡) = (𝑡,Π(𝑡)),

Π(0) = Π0, 0 < 𝑡 < 𝑇̃ ,
(21)

where

Π(𝑡) =
(
𝑆(𝑡), 𝐸(𝑡), 𝐼𝑠(𝑡), 𝐼𝑎(𝑡), 𝑇 (𝑡), 𝑅(𝑡)

)
∈ ℝ6

+. (22)

Here, Π0 represents the initial state of the system, and (𝑡,Π(𝑡))
is a continuous vector-valued function satisfying the Lipschitz
condition. Using the Riemann–Liouville fractional integral on
Equation (21), we obtain:

Π(𝑡) = Π0 +
1

Γ(𝛼)∫
𝑡

0
(𝑡 − 𝜁 )𝛼−1(𝜁,Π(𝜁 )) 𝑑𝜁. (23)

Let the interval [0, 𝑇̃ ] be uniformly divided using the step size
ℎ = 𝑇̃

𝜅
, where 𝜅 ∈ ℕ. Following [51], we obtain the following dis-

crete form

Π𝑢+1 = Π0 +
ℎ𝛼

Γ(𝛼 + 1)

𝑢∑
𝑣=0

((𝑢 − 𝑣 + 1)𝛼 − (𝑢 − 𝑣)𝛼)(
𝑡𝑣,Π𝑣

)
,

𝑢 = 0, 1, . . . , 𝜅 − 1. (24)
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Substituting (24) into the fractional influenza system (4), the frac-
tional difference scheme becomes

𝑆𝑢+1 = 𝑆0 + 𝑔1

𝑢∑
𝑣=0

𝑥𝑢,𝑣
[
Λ − 𝜏Φ𝑣𝑆𝑣 − (1 − 𝜏)𝑆𝑣 − 𝑑𝑆𝑣

]
,

𝐸𝑢+1 = 𝐸0 + 𝑔1

𝑢∑
𝑣=0

𝑥𝑢,𝑣
[
𝜏Φ𝑣𝑆𝑣 − 𝛿𝐸𝑣 − 𝑑𝐸𝑣

]
,

𝐼𝑠𝑢+1 = 𝐼𝑠0 + 𝑔1

𝑢∑
𝑣=0

𝑥𝑢,𝑣
[
𝜃𝛿𝐸𝑣 − (𝜙1 + 𝜓1 + 𝛼1 + 𝑑)𝐼𝑠𝑣

]
,

𝐼𝑎𝑢+1 = 𝐼𝑎0 + 𝑔1

𝑢∑
𝑣=0

𝑥𝑢,𝑣
[
(1 − 𝜃)𝛿𝐸𝑣 − (𝜙2 + 𝜓2 + 𝛼2 + 𝑑)𝐼𝑎𝑣

]
,

𝑇𝑢+1 = 𝑇0 + 𝑔1

𝑢∑
𝑣=0

𝑥𝑢,𝑣
[
𝜙1𝐼𝑠𝑣 + 𝜙2𝐼𝑎𝑣 − (𝜓3 + 𝛼3 + 𝑑)𝑇𝑣

]
,

𝑅𝑢+1 = 𝑅0 + 𝑔1

𝑢∑
𝑣=0

𝑥𝑢,𝑣[
𝜓1𝐼𝑠𝑣 + 𝜓2𝐼𝑎𝑣 + 𝜓3𝑇𝑣 + (1 − 𝜏)𝑆𝑣 − (𝛼4 + 𝑑)𝑅𝑣

]
,

(25)
where

𝑔1 = ℎ𝛼

Γ(𝛼 + 1)
, 𝑥𝑢,𝑣 = (𝑢 − 𝑣 + 1)𝛼 − (𝑢 − 𝑣)𝛼,

and

Φ𝑣 =
𝜂(𝑡𝑣)(𝐼𝑠𝑣 + 𝜅1𝐼𝑎𝑣 + 𝜅2𝑇𝑣)

𝑁𝑣

,

where

𝑁𝑣 = 𝑆𝑣 + 𝐸𝑣 + 𝐼𝑠𝑣 + 𝐼𝑎𝑣 + 𝑇𝑣 +𝑅𝑣.

5.2 | Numerical Simulation

Here, we present the simulation of the model (4) considering
the effective scheme presented in Equation (25). The numeri-
cal values of the parameters used in the numerical simulation
are presented in Table 1, where some are taken from existing
literature, while the remaining parameters are fitted to the data
using nonlinear least squares. In Figure 2b, the seasonal ERN 𝑒

under different cases is considered. We consider no intervention,
treatment only, treatment plus vaccination only, and vaccination
only with 80% efficacy. When there is no intervention, the ERN
fluctuates above unity due to seasonal variations, which indi-
cates the potential for the disease to spread. Only using the treat-
ment reduces ERN, but it still occasionally exceeds the epidemic
threshold. Considering vaccine efficacy only, and its combination
with treatment, greatly reduces the ERN below unity. The results
show that a highly effective vaccine can better control the disease
outbreak, even in the absence of treatment, while the combina-
tion achieves the greatest reduction in transmission. In Figure 3,
we provide the comparison of real data versus model solution,
symptomatic infected chicken, and their respective residual. We
observe that the data is fit well to the real data obtained from the
source [7, 52] for the influenza outbreak in Bangladesh, Dhaka
City Corporation, for the period September 2016 to August 2018.
The initial condition used in data fitting is 𝑆(0) = 175, 620, 100,

TABLE 1 | Description of parameters and their values used in the numerical simulations.

Notation Definition Numerical value References Unit

𝜅1 Coefficient for asymptomatic individuals 0.7–0.8 [13] —
𝜅2 Coefficient for treated individuals 0.6 [53] —
1 − 𝜏 Vaccine efficiency rate 0.8–1 [54] —
𝛿 Incubation rate 0.05–0.5 [55] month−1

1 − 𝜃 Proportion of exposed individuals who develop asymptomatic infection 0.05–0.35 [56] —
𝜙1 Treatment of symptomatic individuals 0.7–0.9 [13] month−1

𝜙2 Treatment of asymptomatic individuals 0.7–0.9 [13] month−1

𝜓1 Recovery rate of infected individuals 0–0.1 [57] month−1

𝜓2 Recovery rate of asymptomatic individuals 0.6 [56] month−1

𝜓3 Rate of recovery of treated individuals 0.7 [58] month−1

𝛼1 Death rate of infected individuals 0.9–1 [57] month−1

𝛼2 Mortality rate of asymptomatic individuals 0.7–0.8 [58] month−1

𝛼3 Death rate of treated individuals 0.6 [59] month−1

𝛼4 Death rate of recovered individuals 0.1 [52] month−1

𝑑 Natural death rate 0.000 — month−1

Λ Recruitment rate 0.00 — month−1

𝜂 Contact rate 𝜂1 ∈ [0, 1] Variable month−1

𝜂0 Constant contact rate 9.9762 × 10−1 Fitted month−1

𝜂1 Degree of seasonality 0.4815 Fitted —
𝜈 Initial phase of the amplitude 𝜋∕6 — —
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FIGURE 2 | The plot represents the contact rate 𝜂 and the ERN for different cases: (a) represents the contact rate 𝜂 for various values 𝜂1 =
(0.5116, 0.3116, 0.1116), and in (b) the ERN is presented for various cases.

FIGURE 3 | The plot compares the actual data with the model predictions. (a) shows the data versus the model, while (b) displays the residuals.

𝐸(0) = 460, 𝐼𝑠 = 27, (𝐼𝑎, 𝑇 , 𝑅) = (0, 0, 0, ). We also point out that
in data fitting, we consider the model fitig without treatmnet
and wotuout vaccination, so𝜙1 = 0,𝜙2 = 0, 𝛼3 = 0, 𝜅2 = 0,Λ = 0,
𝑑 = 0, and 𝜏 = 1. The graphical representation of the function 𝜂(𝑡)
for the given values is presented in Figure 2a.

The fitting-related results, such as RMSE: 21.3390, MAE: 15.1123,
and 𝑅2: 0.1434 were computed. We estimated the basic repro-
duction number with no vaccine and treatment is 𝑤𝑡𝑣 = 1.002
while without vaccination but with treatment, we get 0 = 0.75.
Figure 4 represents the comparison of real data and predicted
data. This is a clear look hows the predicted data is close to the
real monthly cases. We see in Figure 4b, that when 𝛼 = 0.8, the
comparison looks better.

Figure 5 is presented to study the dynamical behavior of exposed,
infected, and asymptomatic compartments for the case with and
without treatment and vaccination. We observe that vaccination
has a meaningful impact on the disease and recommend vacci-
nating all chickens to get better results for the farmers.

Figure 6 is given to show the dynamical behavior of exposed,
symptomatic, asymptomatic, and recovered populations for vari-
ous values of the degree of seasonality 𝜂1, while keeping the frac-
tional order fixed at 𝛼 = 0.9. Larger values of 𝜂1 give stronger sea-
sonal effects and produce higher peaks in exposed, symptomatic,
and asymptomatic populations. When decreasing 𝜂1, the seasonal
peaks become smaller, and thus weaker transmission and stable
growth in the recovered population occur. Moreover, higher val-
ues of 𝜂1 show rapid disease spread and cause sharp outbreaks
in the chicken populations of exposed, symptomatic, and asymp-
tomatic, while lower values of 𝜂1 lead to smaller outbreaks and
steadier disease spread. Implementing vaccination, biosecurity,
and other appropriate control measures reduces losses in the
flock.

Figure 7 presents the dynamics of exposed, symptomatic,
and asymptomatic populations for various values of the
fractional-order 𝛼. We observe that decreasing 𝛼 leads to the
emergence of seasonal behavior. When the fractional order 𝛼

decreases, the amplitude of seasonal oscillations in exposed,
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FIGURE 4 | The comparison of real data via bar graph is given in (a), while (b) is their respective result for fractional case 𝛼 = 0.8.

FIGURE 5 | The plot represents the comparison of the model without treatment and vaccine. With treatment and vaccine 𝜏 = 0.2, 𝜓3 = 0.7, 𝜙1 =
𝜙2 = 0.8, 𝜅2 = 0.6 while for with vaccine and treatment, 𝜏 = 1, 𝜓3 = 0, 𝜙1 = 𝜙2 = 0, 𝜅2 = 0.
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FIGURE 6 | Dynamical behavior of exposed, symptomatic, asymptomatic, and recovered population for various values of 𝜂1 =
(0.8815, 0.6815, 0.4815, 0.2815) when 𝛼 = 0.9.

symptomatic, and asymptomatic chicken populations increases.
Small values of 𝛼 give higher peaks and more pronounced fluctu-
ations over time. This indicates that memory effects significantly
influence disease dynamics in the flock.

Figure 8 shows the dynamics of exposed, symptomatic, asymp-
tomatic, and treated chicken populations for various values of 𝜏,
where the vaccine efficacy is 1-𝜏. When 𝜏 decreases from 1 to
0.4 (an increase in vaccine efficacy), the population sizes of all
infected compartments and the treatment population increase.
Reducing the vaccine inefficacy leads to better control of the dis-
ease and reduces the number of infected and treated individuals
in the flock. So, it is recommended to vaccinate the chicken using
vaccines with efficacy rates to minimize losses in the flock.

Figure 9a–d shows the impact of four degrees of seasonality
on the population of exposed, symptomatic, asymptomatic, and
treated individuals.

Figure 10 is presented to show the dynamics of exposed, symp-
tomatic, asymptomatic, and treated individuals when fixing 𝛼 =
0.9 and varying 𝜅1. We observe a decrease in these infected

compartments when decreasing the contact rate 𝜅1. Similarly
Figure 11 is given to show the impact of 𝜅2 on the infected model
compartments when 𝛼 = 0.9 and varying 𝜅2 = 0.8, 0.6, 0.4.

Figure 12 shows the comparison of fractional and integer order
phase portraits of susceptible versus exposed, and exposed versus
symptomatic infected for different values of 𝜂1 and fixed frac-
tional order 𝛼 = 0.86.

Figure 13 shows the comparison of fractional and integer order
phase portraits of susceptible versus exposed, and exposed versus
symptomatic infected for different values of 𝜏 and fixed fractional
order 𝛼 = 0.86.

The numerical results presented above show how the influenza
infection spreads and persists in chicken farms under certain bio-
logical conditions. It follows from the results that the infection
progresses follow a seasonal exposure, immunity development,
and the presence of both symptomatic and asymptomatic birds.
In higher contact periods, many chickens progress into exposed
and infected classes, leading to noticeable outbreak peaks. Vac-
cination has a great role in lowering vulnerability and overall
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FIGURE 7 | The dynamical behavior of exposed, symptomatic, and asymptomatic individuals when 𝛼 = 1, 0.9, 0.8, 0.7 are given respectively in
sub-figures (a) to (c).

infection pressure in the flock. Treating the infected chickens also
helps to control and shorten the disease and limit further spread.
The more important is, the asymptomatic chicken, which is a
hidden source of infection, may explain repeated outbreaks even
when visible cases decline. These findings underline the impor-
tance of combining vaccination, treatment, and seasonal biose-
curity measures to effectively manage avian influenza in poultry
farms.

6 | Conclusion

In the present study, we investigated the dynamics of a chicken
fractional influenza model under real data. Using the standard
incidence rate, the classical model formulation is provided. We
then extended the model into a fractional order version using
the Caputo derivative. We showed that the influenza fractional
order model is non-negative and uniformly bounded. Further,
we proved that the chicken fractional influenza disease model
admits a unique solution. The equilibrium point associated with
the influenza fractional model for 0 < 1 at the DFE 0 is

analyzed and found to be locally asymptotically stable. The
expression for the endemic equilibrium is obtained, and a unique
endemic equilibrium ∗ is found for the model. To obtain the
numerical results, we first provided a general procedure for
numerically solving the fractional differential equation in the
Caputo case, and then derived a scheme for our model. We solved
the model and obtained various graphical results. The seasonal-
ity involved in the model has been fitted using nonlinear least
squares fitting, while the values of the other parameters were
taken from the literature. We obtained the numerical value for
the basic reproduction number 0 = 0.75. We provided the real
data monthly in various plots and showed that the fractional
order results are better. A case with and without vaccination
and treatment is provided, and found that the vaccination with
high efficacy provided better results for disease elimination. The
effect of vaccine efficacy on the infected compartments is illus-
trated, showing a more pronounced decrease in infections. The
effect of contact rates and the fractional order 𝛼 for different
values provides graphical results that are beneficial for disease
elimination.
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FIGURE 8 | The effects of vaccine inefficacy on the infected and treated populations are shown in sub-figures (a) to (d), respectively.
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FIGURE 9 | The impact of degree of seasonality on infected compartments on the model for 𝜂1 = 0.4815, 0.3815, 0.2815, 0.1815.
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FIGURE 10 | The effect of contact parameter 𝜅1 on the infected and treated populations shown respectively in sub-figures (a) to (d).
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FIGURE 11 | The effect of contact parameter 𝜅2 on the infected and treated population given respectively in sub-figures (a) to (d).
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FIGURE 12 | Phase portraits of S and E, and, E and 𝐼𝑠 for 𝜂1 = 0.8815, 0.86815, 0.4815 values are shown in (a) and (b) respectively, while the phase
portraits of S and E, and E and 𝐼𝑠 for 𝜂1 = 0.8815, 0.86815, 0.4815 values are given in (c) and (d) respectively, for fixed 𝛼 = 0.86.
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FIGURE 13 | Phase portraits of S and E, and E and 𝐼𝑠 for 𝜏 = 0.9, 0.6, 0.3 shown (a) and (b) respectively, while the phase portraits of S and E, and E
and 𝐼𝑠 for 𝜏 = 0.9, 0.6, 0.3 and 𝛼 = 0.86, respectively in sub-figures (c) and (d).
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The ERN, 𝑒 with different scenarios, is presented, which shows
the importance of disease control. We observe fluctuation above
unity in 𝑒 when there is no treatment and vaccination, which
shows the disease spreads in the farms. When considering only
the treatment that reduces ERN, but it still crosses the unity and
fluctuates. Taking without treatment, and 80% vaccine efficacy,
we get a lower ERN, and make it significantly below unity, which
shows the results are better even with no treatment but with
a good efficacy rate. The most important case is the combined
treatment plus 80% vaccine efficacy that reduces consistent ERN
below unity, which is the strongest reduction in transmission. It
should be noted that with all these scenarios, there is still the
seasonal effect, but its impact is highly reduced when effective
interventions are applied.
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