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Abstract

Efficient heat transfer is a major challenge in systems like MHD pumps, electromagnetic cooling units and rotating heat
exchangers especially under extreme conditions. The combined effects of magnetic fields, Joule heating and multiple nano-
particles create complex behaviors that are hard to solve using analytical methods. Therefore, reliable numerical methods and
statistical optimization tools are needed to analyze and improve these systems. Hence, this work highlights ternary hybrid
nanofluid flow over a permeable moving surface with the influence of magnetohydrodynamic (MHD), Joule heating and
suction effects, integrating both computational and optimization techniques. The fluid comprises water-based ternary hybrid
nanofluid containing aluminum oxide (Al,O;), copper (Cu) and titanium dioxide (TiO,) nanoparticles. The governing partial
differential equations are transformed into a system of ordinary differential equations using similarity transformations and
solved using the bvp4c solver (MATLAB). Validation of the numerical approach is carried out by comparing results with
existing literature which showing excellent agreement for limiting cases. Response surface methodology (RSM) is applied
to analyze interactions between the key parameters. Results indicate that both magnetic parameter and titania concentration
significantly enhance the velocity profile due to the induced Lorentz force and altered thermal gradient. Analysis of variance
(ANOVA) confirms that magnetic parameter and titania concentration are the most influential on thermal and flow responses.
Sensitivity analysis further highlights strong linear and interaction effects.

Keywords Joule heating - Magnetohydrodynamics - Moving surface - Response surface methodology - Sensitivity
analysis - Ternary hybrid nanofluid

Abbreviations M Magnetic parameter
B, Strength of the magnetic field (constant) Nu, Local nusselt number
B Magnetic field function Pr Prandtl number
C; Skin friction coefficient Re, Local reynolds number
G, Specific heat at constant pressure/Jkg ™' K™ Ty An intercept term
Ec Eckert number TasTgs e Linear term reflecting individual parameter
k Thermal conductivity of the fluid/Wm™'K! effect
ra2, T2, ez Quadratic terms capturing nonlinear
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Greek symbols

A Velocity ratio parameter

o Electrical conductivity

11/ Stream function

n Similarity variable

U Dynamic viscosity of the fluid/kgm™'s~!

v Kinematic viscosity of the fluid/m?s™!

P Fluid density/kgm™

¢ Volumetric concentrations of Al,O5, Cu and
TiO,, respectively

P23

Subscripts

f Base fluid

nf Single nanofluid

thnf Ternary hybrid nanofluid

51559583 Solid component for the Al,O;, Cu and

TiO,, respectively

Superscript

!

Differentiation with respect to 5

Introduction

The ability of fluids to conduct and dissipate heat efficiently
is essential in numerous engineering and industrial processes
where accurate thermal regulation is key to sustaining opti-
mal system performance. Choi and Eastman [1] pioneered
the development of nanofluids which involve the suspension
of nanoscale particles within a conventional base fluid to
significantly improve the fluid’s thermal conductivity and
overall heat transfer performance. Since that, nanofluids
have been the focus of extensive research and have found
diverse applications in high-efficiency systems such as heat
exchangers, microelectronic cooling technologies, auto-
motive thermal management and solar thermal collectors.
Very recent, Kamal et al. [2] applied second law analysis
to investigate the two-phase Maxwell nanofluid flow with
Marangoni convection and gyrotactic microorganisms over
a rotating disk. Other studies on the thermal performance of
single nanofluids were conducted by Reddy et al. [3, 4] and
Shah et al. [5]. Driven by the growing need for enhanced
heat transfer capabilities, researchers have progressed from
single nanofluids to the development of hybrid nanofluids,
which combine 2 different types of nanoparticles to achieve
improved thermal conductivity and flow behavior. Li et al.
[6] performed a parametric simulation of magnetohydrody-
namics couple stress hybrid nanofluid flow (combination
of silver and black iron oxide nanoparticles with vacuum
pump oil) in the presence of Joule heating and heat radia-
tion effects. Meanwhile, Ahmad et al. [7] observed that the
heat transfer enhancement of Casson hybrid nanofluid flow
was up to 19.71% as compared to the Casson nanofluid with
single nanoparticle which was only capable to enhance up
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to 9%. Both Ali et al. [8] and Shah et al. [9] applied Laplace
transform technique for analyzing the heat and flow pro-
gresses of the hybrid nanofluid flow. On the other hand,
Gireesha et al. [10], Manvitha et al. [11] and Lakshmi et al.
[12] used either Taylor or Hermite wavelet approach to solve
their hybrid nanofluid flow cases. Interestingly, these wavelet
techniques are not limited for nanofluid cases and also can be
used in analyzing various fluid flow problems as discussed
by Gireesha et al. [13] (Taylor wavelet), Manvitha et al. [14]
(Fibonacci wavelet) and Gowtham et al. [15] (Tricomi—Car-
litz wavelet). Other recent findings regarding boundary layer
flow of hybrid nanofluid can also be found in Kamal et al.
[16], Zuberi et al. [17, 18] and Zainal et al. [19].

This advancement has then led to the emergence of ter-
nary hybrid nanofluids, integrating three distinct nanopar-
ticles to harness synergistic thermal characteristics. Both
computational and experimental investigations such as those
conducted by Xuan et al. [20] have confirmed the superior
thermal performance of ternary hybrid nanofluids, making
them highly suitable for high-efficiency thermal manage-
ment in industrial applications. However, there are still lim-
ited numerical studies which highlighted the flow behavior
and thermal progress of ternary hybrid nanofluids subjected
to few surfaces such as stretching/shrinking plate (see Jam-
rus et al. [21-25]) and cylinder (see Hussein et al. [26, 27],
Mahboobtosi et al. [28] and Patil et al. [29]) and channel (see
Murtaza et al. [30] and Lakshmi et al. [31]).

Joule heating in theory describes the conversion of elec-
trical energy into thermal energy due to resistive dissipation
within a medium. This phenomenon is fundamental in the
operation of various electrical and electronic systems. In
the context of boundary layer flow, Joule heating serves as
a crucial control parameter for elevating the thermal state
of nanofluids, as reported by Reddy and Reddy [32]. The
influence of this mechanism on the thermal behavior of
Cu-Al,Os/water nanofluid has been explored in different
geometric setting specifically over stretching and shrinking
cylinders as studied by Maskeen et al. [33] and Khashi’ie
et al. [34], respectively. In the latter study, it was revealed
that the dimensionless Eckert number, which quantifies the
effect of Joule heating, does not contribute to delaying the
separation point which consistent with the observations of
Yan et al. [35]. Further investigation into magnetohydro-
dynamic (MHD) hybrid nanofluid flow incorporating both
Joule heating and thermal radiation effects was carried
out by Chamkha et al. [36], focusing on the configuration
between two parallel plates. These studies underscore the
importance of considering Joule heating in thermal analysis
and design, especially in electrically conductive nanofluid
systems under MHD influences. Khashi’ie et al. [37] ana-
lyzed the simultaneous effects of magnetic field and Joule
heating on the free-stream flow of hybrid nanofluid sub-
jected to moving plate. They found that the dual solutions
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only exist on limited range of the moving parameter. Li et al.
[38] analyzed the effect of Joule heating on nanofluid flow
through a permeable duct, highlighting its role in altering
temperature distributions and flow behavior. Saranya et al.
[39] examined the combined influence of viscous dissipation
and Joule heating on hybrid ferrofluid flow over a contract-
ing cylinder. In their investigation, a mixture of magnetite
and cobalt ferrite nanoparticles was suspended in a binary
base fluid composed of 50% water and 50% ethylene gly-
col. In another study, Al-Mdallal et al. [40] explored the
simultaneous effects of an inclined magnetic field and ther-
mal radiation on Marangoni convection of a hybrid nano-
fluid, revealing significant changes in thermal boundary
layer characteristics. Additional notable contributions to
the understanding of energy transport in nanofluids can be
found in the works of Renuka et al. [41] and Hussein et al.
[27] each of which offers insights into the thermophysical
interactions and enhancement mechanisms in magnetized or
radiative nanofluid systems.

Although the present model extends prior formulations
involving MHD nanofluid flow over moving surfaces, the
originality of this study lies in its unified framework that
combines a ternary hybrid nanofluid formulation with Joule
heating, magnetic field and wall suction effects, which then
solved numerically and analyzed statistically. Unlike pre-
vious works that rely on single-parameter variations, this
study applies response surface methodology (RSM) with a
central composite design (CCD) to evaluate the interaction
effects and perform sensitivity analysis on the governing
parameters. Moreover, the identification of optimal thermal
conditions and critical design variables through ANOVA
and regression model provides a statistically validated opti-
mization strategy that has not been previously reported for
ternary hybrid nanofluids in this configuration. Hence, the
present study introduces a numerical and statistical investi-
gation of MHD ternary hybrid nanofluid flow over a mov-
ing surface, integrating Joule heating, suction and magnetic
field effects. By combining computational modeling with
response surface-based optimization and sensitivity analysis,
this research aims to establish an effective framework for
improving heat transfer efficiency and flow stability. Ter-
nary hybrid nanofluid comprising three distinct nanoparti-
cles represents a cutting-edge advancement in thermal fluid
technology, offering enhanced heat transfer rates, superior
thermal conductivity, and improved stability as compared
to the conventional and binary/ternary nanofluids. These
unique properties make them highly relevant for practical
applications in high-performance electronics cooling, solar
thermal collectors, MHD pumps, biomedical drug delivery
systems, heat exchangers and aerospace thermal shields,
where efficient thermal control is essential under extreme
or variable operating conditions. The novelty of this work

lies in its unified approach to modeling, optimizing and ana-
lyzing MHD-driven ternary nanofluid flow using statistical
tools, providing a valuable foundation for the design of next-
generation thermal systems driven by multiphase transport
phenomena.

Problem formulation

This study investigates the boundary layer flow and heat
transfer characteristics of a ternary hybrid nanofluid com-
posed of aluminum oxide/alumina, copper and titanium
dioxide/titania or abbreviated as Al,O5, Cu and TiO, nano-
particles dispersed in water-based fluid over a moving sur-
face. A Cartesian coordinate system is considered, where the
x-axis lies along the surface while y-axis perpendicular to it
into the fluid region y > 0. The free-stream velocity of the
ternary hybrid nanofluid is maintained at a constant value
U, while the velocity of the moving plate is characterized by
AU, where A is the velocity ratio parameter such that a posi-
tive 4 indicates that the plate moves in the direction of the
free stream, whereas a negative A signifies motion against it.
Besides, the physical model also incorporates the simultane-
ous effects of Joule heating and magnetic field, which arises
from electrical resistive dissipation within the conducting
nanofluid, influencing the temperature distribution across
the boundary layer. The surface temperature T,, and the
ambient temperature T, are assumed to be constants. This
configuration provides a platform for optimizing the heat
transfer performance and performing sensitivity analysis on
the influential physical parameters using response surface
methodology (RSM).

Under the stated assumptions, the governing equations
are derived based on the fundamental principles of momen-
tum and energy conservation. These equations are suitably
modified from existing formulations to accurately capture
the flow behavior and heat transfer characteristics of the
ternary hybrid nanofluid system, incorporating the effects
of Joule heating, magnetic field and wall suction. The pre-
sent model draws upon previous developments reported by
Khashi’ie et al. [37] and Weidman et al. [42] to ensure con-
sistency with boundary layer approximations and enhanced
thermal transport modeling.
ou  dv _

Continuity equation : 3

2o,
X oy (0

va_u _ /hhnfdz_lzd _ UmnfBz(u
()y Pthnf 0)} Pthnf

-0,
(@)

Momentum equation : u? +
X
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oT = oT Kt 0°T
U—+v—=—————
ox 9y (pCp)ns Oy

Othnf 2 2
+ ——B“(u—-U),
(pcp)thnf

Energy equation :

3

Boundary conditions:u = AU, v=v,,, T=T,aty=0,u - U, T - T, asy — co.
“

Here, u and v are the velocity components along x— axis
and y— axis, respectively, and B = Byx~!/? is the magnetic
field equation, where B, is the magnetic field’s strength (con-
stant) (see Aly et al. [43]). The magnetic field is applied
normal to the plate and align with y— axis, while 7 is the
ternary hybrid nanofluid’s temperature. The mass flow at the

. . [u
surface is characterized by v,, = — Z—:fS, where v, repre-

sents the suction/injection velocity. The suction parameter S
is introduced throughout the analysis to stabilize the bound-
ary layer flow, particularly under reverse flow conditions.
Table 1 presents the thermophysical property correlations
for the ternary hybrid nanofluid, where ¢,,¢, and ¢; repre-
sent the volumetric concentrations of Al,O5;, Cu and TiO,,
respectively. Additionally, Table 2 summarizes the thermo-
physical properties of the base fluid and nanoparticles

Table 2 Thermophysical properties of the respective nanoparticles
and water-based fluid

Physical properties Al,O4 Cu TiO, Water
C,/Tkg™' K™! 765 385 686.2 4179
p/kgm™3 3970 8933 4250 997.1
k/Wm' K™! 40 400 8.9538 0.6130

utilized in this study. Both Tables 1 and 2 are based on main
references by Jamrus et al. [21-25].

The similarity transformations employed in this study are
adapted from the formulations presented by Khashi’ie et al.
[37] and Weidman et al. [42], ensuring consistency with
boundary layer flow assumptions and the incorporation of
physical effects such that

0 v =) L —f) = ]
w=Uf'om, v == (f" =f). n= Eved

T-T
v =/ 2vxUf (), 0(n) = =3

TW - Too

&)

By substituting the similarity transformations from
Eq. (5) into the governing Eqs. 2—4, while ensuring the

Table 1 Correlations of

Hybrid Nanofluid/Anf and Ternary Hybrid Nanofluid/thnf

Phnf = (1 - ¢2) [(1 - ¢1)/’f + ¢1Ps1] + $aps

Pthnf = (1 - ‘f’s){(l —472)[(1 —¢1)Pf+¢1ﬂsl] +¢2P52} + P30

(PCp) s = (1= 82)[ (1= 1) (0C,) + 81 (G, | + (oG,

(e = (1= 9){ (1= 92) [ (1= 81) (6C,), + 81 (6G,) | + #2(0C) | + 3 (0C,)

1
e (17¢])2.5(17¢2)25
1

X X Properties
thermophysical properties for
hybrid nanofluids Density
Heat
capacity
Dynamic viscocity Hont
Himi
Hy
Thermal conductivity Kt
khnf -
where

Kot _
knf
Ky _
kf

Othnf _

k,

Electrical conductivity

Ohnf

where

Ohnf _

Ont

Onf _
O¢

(I_¢I)2.5(]_4)2)2.5(1_4)3)25

kg + kg — 2603 (Ko — ki3)
kg + 2k + B3 (Kot — kg3 )

ksZ + 2knf —-2¢, (knf - ksZ)

kg + 2kt + b (Kog = k) }

kg + 2k = 26, (kg — kg )]
Koy + 2k; + ¢y (ke = kyy )

O+ 200, — 265 (Uhnf - Us3> ]

O3+ 200 + 3 (Uhnf - °'s3)

g + 20, = 205 (0, — 0,)

0 + 20, + ¢y (00 — 02) ]

0y + 20¢ — 2¢, (Uf - %)
o4 + 201+ ¢ (O'f - Usl)
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continuity condition described in Eq. (1) is satisfied, the fol-
lowing system of ordinary differential equations is derived:

Mthnf/ ﬂf) 77 7 < Gthnf/ Uf) /
TN~ (L M - 1) =0, (6
( Pt/ Py / u Pt/ P (f ) ©

L kthnf/ kf 0" +f9/ +ECM[

Fr (pcp)(hnf/ (pCo);

Ot/ Ot 2
L
AW <pcp>f] @

f(0)=4f(0)=S5,60) =1,

f(c0) =1, 8(c0) = 0. (8)

The dimensionless parameters appearing in the trans-
formed equations are defined as follows: M denotes the
magnetic parameter, Pr represents the Prandtl number, and
Ec corresponds to the Eckert number which accounts for the
Joule heating. These parameters are mathematically defined
as:

26,.B% C)). 2
M:ﬂ,Pr:(ﬂ p)f,Ec: U . )
Ups ke (Cp)(Ty - Ty)

The primary physical quantities of interest in this study
are the skin friction coefficient C; and the local Nusselt num-
ber Nu,, which are defined as:

Hinns [ Ou Xkt < oT )
C = ) Ny =- ——m ()
o2 ( dy )y:o ! k(T = Teo) \ 9 /o (10)

By applying the similarity transformations from Eq. (5)
into Eq. (10), the simplified expressions for the skin friction
coefficient and the local Nusselt number (representing the
heat transfer coefficient) are obtained as follows:

k
VaRel2cp = Bt 1) \/aRe P Nu, = —% 010), Re, =xU/ v,
Hi f

an

Results and discussion

The system of similarity equations presented in Egs. 6, 7
and 8 is numerically solved to investigate the behavior of
the skin friction coefficient \/ERei/ 2C; and the local Nusselt

number \/ERe;l/ ?Nu, under the influence of various govern-
ing parameters. The numerical computation is then carried
out using the MATLAB’s built-in bvp4c solver, which is
specifically designed for solving boundary value problems.
The selection of the bvp4c solver in this study is justified by
its superior handling of boundary value problems involving
complex conditions. Unlike the shooting method which is
highly sensitive to initial estimates and may struggle to cap-
ture multiple or dual solutions, bvp4c solver offers greater

stability and reliability particularly when dealing with mixed
boundary conditions. In contrast to traditional finite differ-
ence approaches, bvp4c includes an adaptive mesh refine-
ment feature that enhances accuracy and computational
efficiency. This solver requires an initial guess that satisfies
the boundary conditions prescribed in Eq. (8) and iteratively
refines the solution to achieve convergence within a prede-
fined tolerance. The computational procedure begins with
the conversion of the governing equations into a first-order
system, as outlined in Eqs. 1215, followed by appropriate
coding of the system into the MATLAB software. Additional
modifications are implemented during this step to ensure
numerical stability and compatibility with the boundary con-
straints. The bvp4c solver is then employed to obtain the
similarity solutions, facilitating a detailed evaluation of how
physical parameters such as the magnetic field, Joule heating
and nanoparticles concentration influence the thermal and
momentum boundary layers.

f=yD), f =y2),f"=y3),0=y4, 0 =y05), (12)

so that

"o Pt/ P [ Ouomt/ Of

= M©y2)-1) - y(1)y(3)], (13)
Hennt/ He | Pent/ Py
0" — pr (PCoimt/ (0Cy)s
- k(hnf/ kf
_ (14)
—y(1y(5) — Bem| — 2 oy gy |
(pCP)lhnf/ (rCy);

ya(l) =S, ya(2) — A, ya(4) — 1, yb(2) — 1, yb(4). 15)

Water was selected as the base fluid with Prandtl number
Pr = 6.2 due to its well-established thermal conductivity
and favorable transport properties. The magnetic param-
eter, Eckert number and titania volumetric concentration
are varied for the investigation of the nanofluid’s behavior
within these intervals 0.01 <M < 0.02, 0 < Ec, ¢; <0.02,
while the concentrations of alumina and copper are fixed
¢, = ¢, = 1%. The accuracy of the present numerical model
was verified by comparing its results with benchmark solu-
tions reported by Khashi’ie et al. [37] and Zainal et al. [44],
as shown in Table 3. The close agreement between the com-
puted values and existing literature confirms the validity
and robustness of the proposed model in predicting ternary
nanofluid heat and momentum transport characteristics. In
addition, the numerical results (flow behavior and thermal
performance) are graphically illustrated in Figs. 1-4. Nota-
bly, the results confirm the existence of dual solutions within
specific parameter ranges; a characteristic often encountered
in boundary layer flows over shrinking surfaces as shown
in Table 4.
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Table 3 Data validation of 2

. Present Khashi’ie et al. [37] Zainal et al. [44]
f"(0) when ¢, = 0 (alumina),
¢, = 0.1 (copper) and First Second First Second First Second
M=S=¢;=¢,=0
—0.2000 0.505318 0.026061 0.505318 0.026061 0.5053 0.0261
-0.2500 0.471688 0.053322 0.471688 0.053322 0.4717 0.0533
—0.3000 0.418959 0.099702 0.418959 0.099702 0.4190 0.0997
—0.3500 0.302592 0.209761 0.302592 0.209761 0.3028 0.2098

»v T
" 0 — First Solution
— — — Second Solution
U A=-07,-071,-0.72
ﬁ
wo . . . . o oo o o © -~
R ° ° g8 ° ° 00 ‘ ° ° Q\b
—— © o © o %
o o © o o ° o o ¢ °© % o o
° oo oe © o° ° °® 5o ° §
e °°0o ° T, o g ©° T xu WO
| X [ ‘{ ‘[ [ ] R
N
NN SN
NN
SO~
0 X SeSs
BO 0 1 2 3 4 5
n
- Hybrid Movable
0,9 .
Plate . i i
Nanoparticles Fig.3 Temperature profile with different 4 when M = Ec = 0.01,

§=05¢,=¢,=¢;=1%andPr=16.2
Fig. 1 Illustration of the physical model

m
3
IS
S
=t
°
S

f'm

First Solution

-0.6 | ___ !
/ First Solution ’ Second Solution
—06 — —— Second Solution | -0.8 . X . ) . .
0 1 2 3 4 5 6 7
-0.8 L . . . . . n
0 1 2 3 4 5 6 7

Fig.4 Velocity profile with different M when A = —0.7, Ec = 0.01,

Fig.2 Velocity profile with different A when M = Ec = 0.01, S = 0.5, §S=05¢, =¢,=¢;=1%and Pr=6.2
¢ =¢p,=¢;=1%and Pr=6.2

boundary layer separation. On the other hand, the Eckert

The skin friction coefficient increases with stronger mag-  number which quantifies the contribution of Joule heating
netic field intensity and higher titania concentration due to  does not significantly influence the flow velocity. In con-
enhanced Lorentz force and increased effective viscosity, trast, the heat transfer coefficient (Nusselt number) rises with

which together amplify momentum diffusion and suppress  increasing magnetic parameter as the induced Lorentz force
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Table 4 Values of \/ERe}(/ G M Ec b, VaRe! ¢, V2Re™Nu,
and \/ERe;l/ 2Nu, for various - -
values of M, Ec and ¢, when First Second First Second
¢, =¢,=0.01,5=0.5and
1=-07 0.01 0 0.01 0.92477 0.46912 1.93446 0.43332
0.01 0.92477 0.46912 1.93268 0.42781
0.02 0.92477 0.46912 1.93089 0.42230
0.02 0 0.96497 0.44845 1.97941 0.23920
0.01 0.96497 0.44845 1.97601 0.22711
0.02 0.96497 0.44845 1.97261 0.21502
0.01 0.01 0 0.89821 0.45771 1.93834 0.42535
0.01 0.92477 0.46912 1.93268 0.42781
0.02 0.95107 0.48100 1.92613 0.43120

stabilizes the flow and thins the thermal boundary layer, pro-
moting enhanced thermal gradients at the wall. However,
increasing either the Eckert number or titania concentration
leads to a reduction in heat transfer rate. This behavior is
attributed to the thermal load introduced by Joule heating
(higher Eckert number), which raises the local fluid tem-
perature and reduces the temperature difference driving
heat flux. Similarly, a higher titania concentration increases
the effective thermal capacity of the fluid, which can delay
heat dissipation and lead to thicker thermal boundary lay-
ers. Consistent with prior studies, the first solution branch
is known to represent the physically realizable and stable
behavior, and thus, only the first solution is considered in the
optimization process using response surface methodology
(RSM), as described in the next section. These numerical
results, obtained using the MATLAB’s bvp4c solver, form
the basis for the sensitivity and optimization analysis con-
ducted in the subsequent sections.

Figures 2 and 3 depict the velocity and temperature dis-
tributions of the ternary hybrid nanofluid for various values
of the moving parameter A, while Figs. 3 and 4 illustrate
the respective profiles under the influence of the magnetic
parameter M. As depicted in Fig. 2, the velocity profile
decreases with increasingly negative values of the mov-
ing parameter A. This parameter defines the relative motion
between the plate and the free stream. When 4 < 0, it indi-
cates that the plate moves in the opposite direction to the
free stream. As the plate accelerates against the fluid motion
(more negative 1), an adverse pressure gradient is intro-
duced, which resists the flow development and suppresses
the fluid velocity. This effect is characteristic of reverse flow
behavior often seen in shrinking sheet problems. In contrast,
Fig. 3 shows that the temperature profile increases with A.
Physically, when the plate moves strongly in the opposite
direction to the ambient flow, the fluid experiences enhanced
compressive effects, thickening the thermal boundary layer.
This hinders the heat dissipation from the plate into the fluid
and raises the local fluid temperature. Additionally, the sup-
pression of fluid motion diminishes convective cooling,

further contributing to thermal buildup in the boundary
layer.

Figure 4 illustrates the variation in the velocity profile
for different values of the magnetic parameter, considering
only the first (stable) solution. Contrary to the conventional
MHD cases involving forward stretching flow, the velocity
profile here increases with increasing M. This behavior is
attributed to the configuration of the current study, where the
plate is moving opposite to the free stream A < 0. In such
a configuration, the application of a magnetic field induces
a Lorentz force that, instead of opposing the flow, contrib-
utes to stabilizing and accelerating the near-wall fluid. This
effect reduces backflow and enhances forward momentum,
leading to a thicker boundary layer and an overall increase
in velocity. The magnetic field thus plays a momentum aug-
mentation role rather than a damping one under the influ-
ence of reverse surface motion. Meanwhile, Fig. 5 illustrates
the temperature distribution of the ternary hybrid nanofluid
for increasing values of the M, focusing solely on the first

First Solution
— — — Second Solution

o/m

Fig.5 Temperature profile with different M when A4 =-0.7,
Ec=001,8=05,¢, =¢, =3 =1%and Pr =6.2
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(stable) solution. It is observed that as the magnetic field
strength increases from M = 0to M = 0.02, the temperature
profile increases. Physically, this behavior arises because
the imposed magnetic field influences the flow structure in
a way that enhances convective motion within the boundary
layer for the first solution. As shown earlier in the veloc-
ity profile, the velocity increases with increasing M, which
boosts the convective transport of thermal energy away from
the surface.

Response surface and sensitivity analysis

This section delves into the response surface analysis per-
formed on the numerical results obtained previously. The
focus centers on examining how the governing parameters—
magnetic parameter, Eckert number (for the Joule heating
effect) and the titania volumetric concentration, affect the
heat transfer and fluid flow behavior within the developed
boundary layer model. By utilizing the response surface

y=ry+ryA+rgB+r-C+ry,gAB + rcy,CA + r3BC + rAzA2 + rBzB2 + rCzC2 +e.

methodology (RSM), one kind of design of experiment
(DOE), the study systematically explores these influences,
enabling the identification of key factors that enhance critical
responses such as the skin friction coefficient and the local
Nusselt number. A central composite design (CCD) frame-
work, embedded within the RSM, is employed to structure
the experiments, as detailed in Table 5. The CCD consists of
20 simulation runs, with 3 independent variables: magnetic
parameter (A), Eckert number (B) and titania concentration
(C)—each investigated across three levels: low (-1), medium
(0) and high (4 1). This design ensures a robust and efficient
exploration of the parameter space. The numerical data used
in the RSM model are generated through the MATLAB’s
bvp4c solver, ensuring computational precision (refer to
Table 4). The generalized response surface model (Eq. (16))
includes an intercept term (ro), linear terms reflecting indi-
vidual parameter effects (rA, s rc), quadratic terms cap-
turing nonlinear responses (rAz, g2, rcz) and interaction
terms describing the coupled influences between variables
(raB» TBCs e )- Through this statistical modeling, the study
provides deeper insights into the complex dynamics govern-
ing the ternary nanofluid system, aiding in the optimization
of flow and thermal performance.

(16)

Table 5 Experimental design

Run  Real Coded
M Ec @3 A B C Skin friction coefficient ~ Heat transfer coefficient

1 0.02 0 0.02 1 -1 1 0.992277926 1.972943458
2 0.015 001 001 0 0 0 0.945475824 1.955496862
3 0.01 0 002 -1 -1 1 0.951066016 1.927947380
4 0.01 001 001 -1 0 0 0.924774095 1.932676059
5 0.015 001 002 0 0 1 0.972285278 1.948945907
6 0.02 0.01 001 1 0 0 0.964973280 1.976008074
7 0.015 002 001 0 1 0 0.945475824 1.952885000
8 0.01 002 0 -1 1 -1 0.898211936 1.936579037
9 0.015 001 001 O 0 0 0.945475824 1.955496862
10 0.015 0 001 0 -1 0 0.945475824 1.958108724
11 0.015 001 001 O 0 0 0.945475824 1.955496862
12 0.015 001 0 0 0 -1 0.918451917 1.961265311
13 0.02 002 0 1 1 -1 0.937501668 1.978499496
14 0.01 0 0 -1 -1 -—1 0.898211936 1.940094553
15 0.015 001 0.01 0 0 0.945475824 1.955496862
16 0.01 002 002 -1 1 1 0.951066016 1.924306634
17 0.02 0 0 1 -1 -1 0.937501668 1.985182593
18 0.015 001 001 O 0 0 0.945475824 1.955496862
19 0.02 002 002 1 1 1 0.992277926 1.966010795
20 0.015 001 001 O 0 0 0.945475824 1.955496862

@ Springer



Heat transfer optimization and sensitivity analysis of ternary hybrid nanofluid flow over...

15825

Fig.6 Impact of the evaluated (a)
parameters using statistical data
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Figure 6 presents standardized Pareto charts illustrating
the influence of each design parameter on (a) skin friction
coefficient and (b) Nusselt number at a 95% confidence level.
For skin friction, term C has the greatest impact, followed
closely by term A. The interaction term AC also shows a
notable effect, while the remaining terms (AA, CC, BB, AB,
B, BC) have much smaller standardized effects, indicating
they are less significant in influencing skin friction. In con-
trast, for heat transfer, term A has the most significant effect,
followed by term C and then term B. The other terms (AB,

Yetin friction = 0.945476 + 0.020120A + 0.000000B + 0.026909C — 0.000603A% — 0.000001B>

—0.000108C? + 0.000481AC,

1000

1500 2000 2500 3000

Standardized Effect

AA, CC, BC, AC, BB) have relatively minor effects, sug-
gesting that they play a lesser role in affecting heat transfer.
Overall, these charts help prioritize the factors and interac-
tions that are most critical when analyzing or optimizing
skin friction and heat transfer. They highlight that terms A
and C are key contributors in both cases, although their rela-
tive importance varies depending on the specific response.
The models for the responses (skin friction and heat trans-
fer rate), which account for both main/individual effects and
their interactions, are given by the regression equations

a7
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Table 6 ANOVA for the skin friction coefficient

Source DF AdjSS AdjMS  F-value P value
A 1 0.004048 0.004048 33,713,782.86  0.000
B 1 0.000000  0.000000 0.00 1.000
C 1 0.007241 0.007241  60,304,402.95 0.000
A*A 1 0.000001  0.000001  8324.36 0.000
B*B 1 0.000000  0.000000 0.01 0911
Cc*C 1 0.000000  0.000000 267.03 0.000
A*B 1 0.000000  0.000000 0.00 1.000
A*C 1 0.000002  0.000002 15,385.02 0.000
B*C 1 0.000000  0.000000 0.00 1.000
Error 10 0.000000 0.000000

Lack-of-Fit 0.000000 0.000000 * *
Pure error 0.000000  0.000000

Total 19  0.011294

Yieat tansier = 1.95550 + 0.021704A - 0.002600B - 0.006147C - 0.001157A%~0.000002B>

significant. Factor A also has a strong and significant effect.
The interaction between A and C is important as well, show-
ing a significant combined effect. The quadratic terms for
A and C (AA and CC) are also significant, indicating that
their effects are not just linear. On the other hand, Factor
B and its interactions have no significant impact on skin
friction, as shown by very low F-values and high P values.
The error in the model is very small, and the lack-of-fit test
suggests the model fits the data well. Overall, Factors A
and C, along with their interaction and quadratic effects,
are the main contributors to skin friction, while Factor B is
not important. Figure 7 shows the individual value plots for
A and C. Both factors have a clear positive effect on skin
friction, with values increasing as A or C increase. This pat-
tern is consistent across different levels of the other factor,
meaning A and C independently increase skin friction. The
error bars show some variability, but the overall trends are

(18)

—0.000393C*~0.000807AB - 0.000039AC - 0.000047BC.

The sensitivity analysis is formulated by partially differen-
tiating the response function from Egs. (17) and (18), resulting
in the sensitivity functions expressed in Egs. (19) and (20).

7] (y skin friction )
JA

) (yskin friction )
0B

d (y skin friction )
aC

= 0.020120 — 0.001206A + 0.000481C,
= —0.000002B,

= 0.026909 — 0.000216C + 0.000481A,
19)

] (y heat transfer )
JA

7] (y heat transfer )
JB

0 (y heat transfer)
aC

clear. There is no strong evidence of interaction effects, as
the trends remain parallel.

Table 7 shows the ANOVA results for heat transfer, high-
lighting the importance of different factors and their inter-
actions. Factor A has the strongest effect, with a very high
F-value and a P value of 0.000, meaning it greatly influences
heat transfer. Factors C and B also have significant effects,
with high F-values and P values of 0.000. The quadratic
effects of A (AA) and C (CC) are significant, indicating
that their impact is not just linear. However, the quadratic
effect of B (BB) is not significant, showing that it does not

meaningfully affect heat transfer in a nonlinear way. All

= 0.021704 — 0.002314A — 0.000807B — 0.000039C,
= —0.002600 — 0.000004B — 0.000807A — 0.000047C, (20)

= —0.006147 — 0.000786C — 0.000039A — 0.000047B.

Table 6 shows the ANOVA results for the skin friction
coefficient, highlighting which factors significantly affect
skin friction. Factor C has the strongest effect, with a very
high F-value and a P value of 0.000, meaning it is highly

@ Springer

interaction terms (AB, AC and BC) are significant, mean-
ing the combined effects of these factors also influence heat
transfer. Overall, Factors A, B and C significantly affect heat
transfer, including their interactions and quadratic effects,
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Individual Value Plot of Skin Frict by A,C
Breakdown Report
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Fig. 7 Sensitivity analysis of A, B and C to skin friction

Table 7 ANOVA of the heat transfer

Source DF AdjSS Adj MS F-value P value
A 1 0.004711  0.004711  7,396,300.87  0.000
B 1 0.000068  0.000068 106,105.17 0.000
C 1 0.000378  0.000378  593,216.78 0.000
A*A 1 0.000004  0.000004 5777.35 0.000
B*B 1 0.000000  0.000000 0.02 0.901
C*C 1 0.000000  0.000000 667.52 0.000
A*B 1 0.000005  0.000005 8189.16 0.000
A*C 1 0.000000  0.000000 18.65 0.002
B*C 1 0.000000  0.000000 27.57 0.000
Error 10 0.000000  0.000000

Lack-of-Fit 5 0.000000  0.000000 * *
Pure error 5 0.000000  0.000000

Total 19 0.005172

except for the quadratic effect of B, which is not important.
The individual value plot in Fig. 8 shows the effects of A
and C on heat transfer while keeping B constant. Factor A
has a clear positive effect, with heat transfer increasing as A
increases. Factor C shows a slight negative effect, with heat
transfer decreasing a little as C increases. When looking at
heat transfer by C at different levels of A (top row), the trend
of decreasing heat transfer with increasing C is consistent,
though there is some variability. Similarly, when examining
heat transfer by A at different levels of C (bottom row), the
positive effect of A remains clear and consistent, despite
some variability. In summary, with B held constant, Factor
A is the main driver of increased heat transfer, while Factor
C has a smaller, slightly negative effect. The patterns suggest
little interaction between A and C, as their effects remain
fairly independent.
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Individual Value Plot of Heat Trans by A,C
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Fig. 8 Sensitivity analysis of A, B and C to heat transfer

Conclusions

This study provides a comprehensive numerical and statisti-
cal analysis of ternary hybrid nanofluid flow over a perme-
able moving surface incorporating the effects of Joule heat-
ing, magnetic field intensity and wall suction. The ternary
hybrid nanofluid consisting of Al,O;, Cu and TiO, nanopar-
ticles in a water base fluid demonstrates enhanced thermal
and flow performance under the influence of key governing
parameters. Numerical computation using the MATLAB
bvp4c solver confirms that the magnetic parameter and tita-
nia concentration significantly enhance the velocity profile,
while the Eckert number predominantly affects the tempera-
ture distribution. Suction plays a crucial role in stabilizing
the flow, suppressing backflow and maintaining thermal
efficiency. The integration of response surface methodol-
ogy (RSM) and central composite design (CCD) provides a
statistically robust platform for evaluating interaction effects
and conducting sensitivity analysis. The ANOVA results

@ Springer

confirm the magnetic parameter and titania concentration
as the most influential variables in both skin friction and
heat transfer responses. The developed regression models
offer predictive insights into optimizing the flow and thermal
characteristics of ternary hybrid nanofluid. Future work may
extend this investigation in several cases:

1) Incorporating unsteady flow and time-dependent bound-
ary conditions could provide a deeper understanding of
transient thermal behavior in dynamic environments.

2) The inclusion of thermal radiation and chemical reac-
tions could enrich the physical realism of the model.

3) Conducting experimental validation will be essential to
confirm the numerical trends and enhance model reli-
ability.

4) Extending the model to other geometries such as wavy
or rotating surfaces would broaden its applicability to
practical thermal systems in aerospace, biomedical and
industrial cooling technologies.
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