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In this work, we develop and analyze a fractional-order stochastic model for COVID-19 transmission,
incorporating the effects of vaccination. The model is formulated using the Atangana-Baleanu
fractional derivative in the Caputo sense, which captures memory and hereditary properties of

disease transmission more accurately than classical derivatives. We first examine the positivity

and boundedness of the deterministic fractional model and determine its equilibrium points. The
model is then extended to a fractional stochastic differential equation (FSDE) to account for random
fluctuations and uncertainties in disease dynamics. We establish the existence and uniqueness of
solutions for the FSDE model using stochastic analysis techniques. To numerically solve the FSDE, we
develop a novel numerical scheme that accommodates the non-local nature of the Atangana-Baleanu
derivative. The real data of COVID-19 in Pakistan have been used to estimate the model parameters.
Numerical simulations are presented for both the deterministic fractional model and its stochastic
counterpart. These simulations illustrate the impact of the fractional-order parameter on disease
dynamics, showing how different orders influence the rate of infection and convergence to equilibrium.
Additionally, we analyze scenarios under varying parameter values to explore conditions for disease
elimination, highlighting the role of vaccination and stochasticity. Our findings demonstrate that
fractional stochastic modeling provides deeper understanding of COVID-19 transmission dynamics and
can be a valuable tool in assessing control strategies under uncertainty. The originality of this work
stems from the integration of Atangana—Baleanu fractional derivatives with stochastic modeling,
supported by a new numerical solution method providing a more realistic and flexible approach to
modeling COVID-19 transmission under uncertainty.

The COVID-19 infection shook the world economy and human health. A lot of infected cases have been reported
around the globe, and at the same time, a high number of deaths have been reported throughout the world.
As the infection continues to spread within the human population, different variants of COVID-19 have been
reported in many parts of the world, where one variant is found to be more severe than the other. Researchers
and scientists are always exploring vaccine development to combat coronavirus disease. Different types of
COVID-19 vaccines have been developed with different names for the disease curtail. After the vaccination of
the people in each country, the number of infected people dropped day by day, and after some time, the cases
have almost reached to minimum.

The COVID-19 infection has been identified in nearly all parts of the world, resulting in a significant number
of cases and fatalities. Various mathematical models or other theoretical approaches are presented to highlight
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the COVID-19 issue!~®. For example, the authors in! considered the COVID-19 model in fractional derivative
using the impact of public health awareness. In? the authors considered the COVID-19 model in fractional
derivatives by considering the Atangana-Baleanu derivative concept. The impact of public sentiments on the
modeling of COVID-19 infection dynamics is described in®. The COVID-19 model employed to investigate
the early reported cases using a fractional-order approach is presented in?, while the COVID-19 model with
optimal control interventions based on real data is given in®. The literature regarding the mathematical models
that were developed to find out the disease propagation, the early control of the disease, and to determine their
basic reproduction number. Some simple mathematical models were also presented to determine the basic
reproduction and some statistical approaches were used to show the possible details of the infected cases and the
future trend of the disease. One important thing that we saw in the COVID-19 cases was the peak of the infected
cases, where one can determine the peak of the cases using statistical or mathematical modeling approaches to
determine/predict the possible peak and the days required for the disease elimination based on the specific data
used.

Various mathematical models utilizing fractional derivatives have been reported to investigate disease
dynamics; see, for example,’. The concept of stochastic differential equations has been applied to analyze
the coronavirus disease, as presented in!0. The real cases of the coronavirus in the UAE have been used to
obtain parameters with realistic values, and further to obtain results for curtailing the infection in the UAE. A
mathematical model that incorporates the assumptions of treatment of the infected individuals of COVID-19
has been explored in'!. A mathematical model that focuses on vaccination strategies for coronavirus infection
is discussed in'% In'3, the authors analyzed COVID-19 infection data from India using a Caputo-Fabrizio
derivative model. A cholera infection model in terms of fractional derivative is discussed in'%. A monkeypox
disease model considering the fractional derivative has been used in'>. A coronavirus infection under the
environmental contamination has been considered in'®. Some more work on fractional order models, we can
refer the readers to see'’ "%,

Mathematical models that are designed in terms of stochastic environments are considered useful for the
prediction of disease and spread, as they account for uncertainty and randomness in biological mathematical
models. The deterministic mathematical systems usually have some constraints?!. Disease extinction probability
cannot be taken into consideration by a deterministic model?%. In order to depict random fluctuations in
physiological parameters and natural processes like cell development and death, this model incorporates
stochastic components. Particularly in human viral infections, random variations in environmental factors like
temperature, humidity, and precipitation can greatly influence the transmission of the disease. These stochastic
effects capture the impact of shifting environmental variables in biological models. A fractional stochastic
mathematical model that is designed to study the media awareness in disease spread has been explored in?.
An SIR fractional model in a stochastic environment has been analyzed in?*. A fractal-fractional stochastic
coronavirus model incorporating the vaccination effects has been explored in. The dynamics of Ebola infection
in terms of stochastic fractional environments have been analyzed by the authors in?. The combined effects
model with stochastic and fractional calculus to understand the coronavirus infection has been explored in?’.

In this investigation, the COVID-19 infection model with vaccination in stochastic fractional differential
equations is considered. The model is first presented with integer-order derivatives, subsequently reformulated
in terms of the ABC derivative, and later generalized to fractional stochastic differential equations. We provide
the EU of the system, their positivity and boundedness, and a non-negative solution. The sensitivity analysis has
been performed by using the PRCC method and provided comprehensive details about the sensitive parameters
that have an effect on the disease model. A numerical solution for the model with an effective scheme has
been shown. Numerical simulations are performed and analyzed to evaluate the influence of different parameter
values on disease control.

Mathematical model

This section presents the mathematical modeling of the COVID-19 infection model in integer order derivative.
We partition the total population into six distinct compartments: susceptible individuals S(f), representing
unvaccinated persons at risk of infection; vaccinated individuals V(¢); exposed individuals E(t), who are infected
but not yet infectious; asymptomatic infectious individuals A(#); symptomatic infectious individuals I(t); and
recovered individuals R(f). The overall population at time  is therefore expressed as

N@)=S8@)+ V() + E(t) + A(t) + I1(t) + R(¢t).

Vaccinated individuals are initially protected from infection due to the immunological response induced by the
vaccine. However, as vaccine efficacy wanes over time, some vaccinated individuals may become susceptible
to the virus again. On the basis of these assumptions, we formulate a system of nonlinear ordinary differential
equations to characterize the transmission dynamics of the virus across the defined compartments®.
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According to the initial assumption

5(0)=S0>0, V(0)=Vo >0, E(0)=FE; >0, A(0)=Ag >0, I(0) =1 >0, R0) =Ry >0. (2)

The system is characterized by several key parameters that govern its dynamics. The recruitment rate of the
healthy people is given by II, while & denotes the natural death rate. Disease propagates when susceptible
persons are exposed to infectious contacts through either symptomatic or asymptomatic transmission routes,
characterized by the rates a1 and a2, respectively. Vaccination of susceptible individuals is administered at a
rate w, while waning vaccine immunity occurs at a rate 6. Recovered individuals may experience natural loss of
immunity, represented by the rate .

Given the absence of a perfect coronavirus vaccine, the parameter ¢ accounts for vaccine efficacy. The
incubation period following exposure is denoted by 6. The movement of exposed individuals into the
asymptomatic compartment A(f) occurs with rate ¢é. Individuals who develop symptoms move to the
symptomatic infectious compartment I(t) at a rate (1 — g)J. The recovery rate for asymptomatic infections
is denoted by p1, while that for symptomatic infections is represented by p. Disease-induced mortality at the
symptomatic stage is represented by the parameter d. Coronavirus has been responsible for significant mortality
worldwide.

Formulation of fractional model and related definitions
The following basic definitions will be utilized in developing the fractional-order model.

Definition 1 The Atangana-Baleanu derivative in Caputo sense (ABC) and their respective fractional integral

is hereby presented:
A]E(C,Dtg( ( / |: ) :| w

ABC(() is the normalization function which satisfies ABC(1) = ABC(0) = 1. The AB arbitrary integral of
order ( for a function ¢ is given by

ST 60) - g o0 = CABEOTE) ™ [ (6= 0 o(o)as

where 0 < ¢ <18, ¢ € [0,00), and ¢(t) defines a differentiable function over the interval [0, c0) such that
¢’ € L'(0, 00), E¢ is the Mittag-Leffler function (MLF).

Converting an integer-order epidemiological model to a fractional-order model offers several key advantages.
Fractional models incorporate memory and hereditary properties, making them more suitable for capturing the
long-term dynamics and history-dependent behavior of infectious diseases. Unlike integer-order models, which
assume that the future state depends only on the present, fractional models account for the influence of past
states, leading to more accurate and realistic descriptions of disease spread. This enhanced modeling capability
often results in better fitting of real-world data and improved predictions, especially in complex systems like
COVID-19, where disease transmission is influenced by delayed responses and long-term immunity effects.
Therefore, the classical differential operator given in (1) is replaced by the Atangana-Baleanu (AB) fractional
derivative.
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OFEDES(t) =11 — W — (4 w)S + KR40V,
DV () =ws — (1) BV
ngDfE(t):M—F(l—Tﬁ)W%M—(&—Fu)E, 3)

0 “DfA(t) = 6gE — (n+ p1) A,
0 CDEI(t) = —(d+p+p)I +6(1 - q)E,
0“D{R(t) = p1A+ pl — (1 + k)R,

with the associated non-negative initial conditions,

S(0) = So >0, V(0) = Vo >0, E(0) = Ey >0, A(0) = Ay >0, 1(0) = Io > 0, R(0) = Ro > 0.

Before analyzing model (3), we first verify its biological feasibility by examining the existence, uniqueness, and
positivity of solutions, as well as the invariance of the feasible region in RS.. The feasible region is defined as

RS — {(S,V,E,A,J,R) ER’ | S,V,E,A,I,RZO}.

In the next subsection, this condition will be elaborated.

Existence and Uniqueness (EU)
Here, we establish the EU results for the model (3) in non-integer order derivative in ABC sense. For this
purpose, we present the following result:

Theorem 1 ?’There exists a unique solution to the fractional differential equation

0 “Dy(t) = f(t), (4)

which can be obtained through the inverse Laplace transform and the convolution theorem, and is given by

z(t) — / f(s s)¢ 7 ds. (5)
Now, we use Theorem 1 to transform the system (3) into a Volterra-type integral equation, given by:
S(t) — S(0) — AH11(S,t) = / Hi1(S,s)(t — )" ds,
V(t) — V(0) — AH12(V,t) = / Hio(V,s)(t —s)¢ 'ds,
E(t) — E(0) — AH13(E, t) / Hi3(E, s)(t — )< 'ds,
(6)

A(t) - ( ) .AH14(A t / H14 A S)(tfs)c 1d8

I(t) — 1(0) — AH15(1,t) / His(I,s)(t —s)¢ " ds,

R(t) — R(0) — AH6(R,t) / Hig(R,s)(t —s)* 'ds.

where A = and B = Also,

A]B(C(( W
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Hiy (S, t) =11 — W—(mw)ﬁmwm

Hoa(Vit) = ws - O —w)(ax—ﬁ-azA)V 0+ V.

Hip(,p) = el Lot ellV 5y, @
Hia(At) = —(p+ p1)A + 0qFE,

His(I,t) = —=(p+d+p) I+ (1 —q)dE,

Hi6(R,t) = —(k+ p)R+ pl + p1A.

To prove that the kernels H1;, for i, 1 to 6 satisfy the Lipschitz condition, we have to show that these kernels are
Lipschitz continuous with respect to the given functions. Consider that S, S, V, V, A, A, E, E, I, I, R, and R
representing bounded functions, such that

mam{S, S, V,V,A A E E,I,1, R7R} < B.

For H11(S,t) and H1: (5’, t), the following inequality holds,

His(4.8) — Hi(8,9)] =H _(ltadi§-8) (u+w>(s_s>H,
<L) 5 5wt w)lls - Sl ®

where v1 =

S((JFN)B +(u+w)>|55||,§ AR

(W + (n+ w)> Follow the results given in® (see Theorem 1), the kernel Hi1(t,S)

satisfies the Lipschitz condition. In a similar way, the following inequalities can be obtained:

[ Ha(t, V) = Hiz(t, V)| < 72ll = V + V],

| His(t, B) = His(t, B)l| < sl — E + B,

| Hua(t, A) = Hua(t, Al < yall = A+ AL ©
1 Hs(t, 1) — Hus (8, I)|| < sl = I+ 1],

||His(t, R) — His(t, R)|| < || — R+ Rl|,

where’yg:M—l—(,u—l—G),’yg:u+6,’y4:u—i—pl,'yg):u—&—p—i—dand'yg:fi—&—u.Thus,for

all kernels Hi;, ¢ =1, 2,3, ..., 6, the Lipschitz condition holds. Furthermore, we use the fixed point theory to
obtain the existence of the solution of the system (3). The recursive formulation of the Eq. (6) is shown by the
following expressions,

t
Sn(t) — AHu(Snfl,t) = B/ (t — S)<71H11(Sn71,8)d8,
0
t
Vn(t) — Ang(anl,t) = B/ (t — 5)471[‘112(‘/71717 S)dS,
0
t
En(t) — AH13(En-1,t) = B/ (t — ) " Hiz(Ep_1,s)ds,
’ (10)

t
An(t) — AH14(Ap—1,t) = B/ (t — ) Hia(An—1, s)ds,
0

t
In(t) — AHi5(In—1,t) = B/ (t —8) " His(In-1,5)ds,
0

t
R (t) — AHi6(Rn—1,t) = B/ (t —s) "Hig(Rn_1,s)ds.
0
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The appropriate initial conditions for (10) are So = S(0), Vo = V(0), Eo = E(0), Ao = A(0),,Io = I(0) and
Ro = R(0). From (10), the various expressions for the successive terms are provided as follows:

Dy, = Sn(t) — Snh-1 (t) = .A(Hn(Sn,],t) — H]](Sr71727t)) + B/ (Hn(sn,hs) — Hqq (S",Q,S))(t — s)ci]ds,
0

ot
Po,n = Va(t) = Vaor(t) = A(Hr2(Vi-1,t) — Hia(Va-2,t)) + B/ (H12(Vao1,8) — Hi2(Va—2,))(t — )" ds,
0

Pan = En(t) = Bn1(t) = A(H13(En-1,t) — Hi3(En2,t)) + B /t(ng(Enfh $) — Hi3(En—1,5))(t — 5)° " "ds,

, (11)
t
Pan = An(t) = An-1(t) = A(H14(An-1,1) = Hia(An-2,1)) + B/ (H1a(An—1,8) — Hia(An—2,5))(t — 5)4715537
0
<I>5,n = n(t) - n—l(t) = .A(Hls(ln—l,t) - Hls(In—Lt)) + B/ (H15(In,7178) - H15(In7278))(t — S)(ilds,’
0
t
Po,n = Ru(t) = Ru-1(t) = A(His(Rn-1,1) — Hig(Rn2,t)) + B/ (Hi6(Rn—1,5) — His(Rn—2,5))(t — 5)* " "ds.
0
and hence we have
Su =Y Bra(t) =0,V = > ®o(t) = 0,En — Y D3i(t) =0,
i:nl iil ’Lil (12)
A, — Z @471'(1‘,) =0,1, — Z (I)5y~;(t) =0,R, — Z q:'ayi(t) =0.
i=1 =1 =1
By using Egs. (8) and (9), the norms of both sides of Eq. (11) can be solved. We obtain
t
[[@1,n|] < Ay1||®1n—1]| + B%/ [@1,n—1(s)|[(t — ) 'ds,
0
t
[[@2,n|] < Av2||P2n—1]| + 3%/ [@2,n—1(s)|[(t — ) 'ds,
0
t
[|[@s,n|] < Ays||P3n—1]| + 3%/ [@3,n—1(s)|[(t — ) 'ds,
o (13)
[|[@anl| < Ava|[Pan—1]| + 3%/ [@a,n—1(s)][(t — )" ds,
0
t
[[@5,n|] < Ays||Ps5n—1]] + 3%/ (@5, (5)]](t = 5)° "ds,
0
t
[|@6,nl| < Avs||P6,n—1]| + B’%/ || @6,n—1(s)][(t — )" ds.
0
We now state the following Theorem.
Theorem 2 Model (3) contains a specific solution if and only if we can find tmaz such that
7A+M<1 i=1,2,..,6 (14)
" T(QABC(C) e

Proof It is assumed that S, V, E, A, I and R representing bounded functions, and also it has been proven previ-
ously that these functions also holds the Lipschitz condition. As we can see from the Eq. (13) and applying the
recursive principle, the below inequalities hold:

tc’}q " tC'yg "
[[@1,n]] < (A’Yl + W) [1Soll, [|P2,n]] < (A’72 + W) [1Voll,

[[@3,n]] < (A’YS + W) [1Eoll, [|Panll < (A’Y4 + W) [|Aoll, (15)
[[®5,n]] < (A’Ys + A]MXC)F(C)) [[Zol], [|P6,nll < (AMC(C)F(() +A%') [|Roll-

We establish the existence and uniqueness of the solution to (12) by analyzing the behavior of ||®; »(¢)|| — 0,
asn — oo and t = tymas with i =1, ..., 6. To demonstrate that Eq. (6) is the solution of Eq. (3), we consider
the following:
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S(t) = S(0) = Sp — Uy, V() = V(0) =V, — Uy,
E(t) — E(0) = B, — U3, A(t) — A(0) = A, — Uy, (16)
I(t) = I(0) = I, — U5, R(t) — R(0) = R, — W .

where W, ,, (), for i = 1, ..., 6 refers to the remainder terms in the series expansions. The norm of the term
W1 n(t) is given by,

1 (0)]] Al (S, 1) — Hia (S, ’”*W/ 1H31(S.8) = His (S, 9)][(¢ = 5) ' ds,

(17)
S
<[IS = Sl <A+ FBC(C)F(C))%

As one can now apply an iteration method to inequality (17) at t = ¢ynq2, we obtain

tc n+1
max n+1
[[1,. ()] < < AMC(C)(C)) nooN. (18)

We achieve || ,(¢)|| — 0 as n — oco. According to laid down procedure we have ||U;,(t)|| — O,
i = 2,3, ...,6. Thus, the function that meets the requirement of Eq. (6) is the solution of Eq. (3). The fact that
the solution to model Eq. (3) is now established. Consider S*, V*, E*, A*, I* and R" represent another set of
solution for the system (3). Thus, the below relationship is satisfied:

S(t) = S*(t) = A(Hu(S,t) - Hu(S*vt)) +B/t <H11(57 t) — H11(S*7t)> (t—s)"""ds. (19)

By applying the same procedure as in Eq. (13) and (15) to take the norm of both sides on Eq. (19), we obtain:

'Ylt< *
(1A’YI1WC(§)F(C))|S“)S Ol <o. (20)
We confirm that for ¢ = .4, we have
Y1t
(1 — A’Yl — AIB(C(C)F(O) 2 0. (21)

which clearly state that [|S — S™|| = 0. As the result, we conclude S = S™. By using a similar approach, it can
beobtainedV =V*, E=FE* A=A, ] =1"and R = R*.0O

Positivity and boundedness

Here, we determine the solution space (S, V, E, A, I, R) associated with the model (3) under non-negative initial
conditions. Specifically, we focus on identifying a feasible region, denoted as RS, which remains positively
invariant under the dynamics of the system (3). We present the following theorem:

Theorem 3 Let N =S+ V + E+ A+ 1+ Rand
6 1I
=S VE,ALLR)eERIOSSHV+E+A+TI+R=NZ o
It can be demonstrated that the closed set I is positively invariant under the dynamics of the system (3).
Proof We can confirm that N is the total population of the model under consideration. By computing fractional

derivative at ¢ € (0, 1], we get

AEC DS N (¢ t) = __ABC DCS’(t) | ABC DSV (t ) +-4BC DfE(t) | ABC DEA() | ABC Df[(t) 4 ABC DfR(t)

=I—-wS+V+E+A+I+R)-—dIl 22)
We obtain the following by using the Laplace transform on Eq. (22) both sides:
LIPEDE(N(1)] = LT — pN — dI] < L[ TT - pN],
*‘i?ﬁ%ijffg) +un(s) < 4 A2 O ;f 2, )
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where N(s) will represent the Laplace transform of [N(#)](s) and N(0) is the initial condition. Write (23) in term
of N(s), we have

Is¢~ D€ (1 — ¢) 4 ¢] + ABC(C)sC 1N (0)
N(s) < ABC(O)s¢ + pu[s<(1 = O) + (] ’

Therefore,
o s — ¢) + ] ABC(¢)s¢ ' N(0)
TABC(C) + (1= Quls¢ + p¢  [ABC(C) + (1 — Quls® + pu¢”

< (1 -¢) > st
[ABC(C) + (1 - )4l

N(s)

s + meoh aon
N ( ¢ > 6= (¢+1)

N ( ABC(¢)N(0) ) st
ABC(¢) + (1 = ¢)

I

e
A (ST ey

Exerting inverse Laplace transform on both sides, we obtained the following inequalities
(1 —¢) ABC(¢)N(0) —Cut )
N E
)= (ABC(C) T On T RBC(O) + (1 é“)u) « (AB@(@) - On
N ¢t 5 —Cpts
ABC(Q) + (1= Q) T \ABC(O) + (1~ Q)

MLF with two parameter p > 0, g > 0 is interpreted as

Ep,q(Y) = Z ;
s p)+4q

Laplace transform of this function is,

sP—4

q—1 P\ —
LI By (e0t)] = ——

1
Given that s > |v|?. MLF gratify?

1

Ep,q(Y) = Y {Epyqp(y) - F( ! (25)

q-p)
The MLF has asymptotic behavior, which is given as follows by’!,

Yy~ 14 qm
~ g _ — 00, <
Eq,q+1(Y) g+ (q ¥ 1)] + O(|Y| )7 |Y| 00, 2 < |aTgY‘ ST (26)

j=1

Follows from Egs. (24) to (25) and (26), one can see the result, N (t) < % as t — oo. Consequently, I is

interpreted as positively invariant in the region concerning (3). O

Solution non-negativity
We now demonstrate that the solution to model (3) remains non-negative for all variables, provided that the ICs
are non-negative. We provide the following result:

Theorem 4 The solution of associated with the system (3) will always remain non-negative, provided that the ICs
are non-negative.

Proof Let’s begin with the first equation of the system (3), given by:

(a1I 4+ (IQA)S

SEEDES(t) =10 — — (u+w)S+ KR+ 0V

N
I A
> _<(a1 + azA) +(M+w)>5
N
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According to Theorem 3, all populations are confined within bounds, and therefore, we have:

maz{S,V,E,A,I,R} <M, M>0. (27)
So, we get
0 CDES(t) > —a1S
where c; = (‘“LN”A) + (i + w). The application of Laplace transform and its inverse, as described previously,

we get the below result:

~ ABC(¢)S(0)s¢ —(t°cr
S“)ABC@)+CM1—Cf%J<AECK)+ch—O)' o

Utilizing the characteristics of MLF, the terms on the right-hand side of the bounding Eq. (28) guarantee that
S > Oforallt > 0. In the same way, we are able to confirmthat V' > 0, E > 0, A > 0,1 > 0,and R > 0. This
completes the proof. [J

The potential equilibrium points of model (3) will be examined in the following subsection:

Disease Free Equilibrium (DFE)
We represent the DFE of the system (3) by Ep which is given by,
I1(0 + ) Mw
, ,0,0,0,0 ).
@+p+w) p@+p+w)

EO = (S07‘/05E07A07107R0) = (l,l,

Basic reproduction number (R o)
The basic reproduction number with the vaccine R, is provided in%, specifically,

O+ p+w(l =) ad(l—q) a2dq

T (p OO0+ ptw) ((d+u+p) (u+m))’

The value of Ro stands for the mean number of person to person transmission in a community. When ¢ =1
and w = § = 0, R, simplifies to the number of generations in a population at which the transmission of the
social infection is maintained (Ro):

Ro — 1 <a15(1—q) n a20q )

(n+6)\(d+p+p)  (n+p1)

Endemic steady state point
We have the expression for the endemic equilibrium (EE) for the system (3) is shown by F1 and obtained as
follows:

B = (S*7V*7E*’A*,I*7R*)'

where
g - OV, + 11 + kR. _ wS.
* Bet+putw 7T u+0+(1—9)B]
* * 1 - * *
o Bt 1=V, @B 09
) p1+p
I _ 0(1 —q)E. R — ol + p1As
Td+p+p’ T K+p
When the expression given in (29) are substituted in . = o +V*@éii%;4;1* T5z_> We obtain a quadratic
equation in B« and it is given below:
b1B7 + bof + bz = 0. (30)
where
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b =1—=v)(p+p)((k+p)(p+d+6(1—q) +p)+5(1—qp)+

6q(1 = ¥)(d+ p+ p)(p1 + K+ p),

ba = (L =) (d+p+p)(k+w)(pr + 1) (0 + p+w) + dg(w — a2)] + dp1quw+
6(1 = q)(X =) (pr + p)l(w — a1)(k + p) + pw] + (0 + p)(d + 1 + p)

X (&4 p)(pr + p 4 0q) + p1q) + 06(1 — q)(pr + 1) (0 + 1) (K + p + p),
bs=(k+p)(ptd+p)(u+p)d+p)(p+w+0)(0+p+(1-vw)(l—-Ry).

For more details about this, we refer the reader to see’®. Further, the work in?, has explained in details the
stability of DFE and EE, so we omit it here, see?.

Parameter estimation

This section outlines the estimation process for the model parameters based on real COVID-19 data in Pakistan.
The cumulative confirmed cases from 13 May 2022 to 30 September 2022 were obtained from a reliable online
source 3>, All simulations were conducted using a daily time scale.

A nonlinear least-squares curve fitting technique was applied to estimate the model parameters by fitting
the model to the observed cumulative data. The model considered for parameter fitting excluded vaccination,
focusing on the natural transmission dynamics of the disease. Some of the parameters involved in the model
such as the natural birth rate IT = 9330 and the natural death rate jt = z=— == were computed directly from
demographic data. The remaining parameters were estimated by fitting the model output to the reported case
data.

The total population of Pakistan in 2022 was considered as N (0) = 230,557,367 *°. The initial values
for the model compartments were given by: S(0) = 230,255,033, F(0) =3 x 10°, A(0) =2 x 10° ,
1(0) = 334 (the reported symptomatic cases on 13 May 2022), and R(0) = 0. There is no specific information
regarding the exposed and asymptomatic are assumed as a best fit in model fitting.

After fitting, the estimated parameter values were obtained and is given in Table 1. Using these fitted
parameters, the basic reproduction number was computed to be approximately Ry ~ 1.2591, indicating the
potential for sustained transmission in the absence of interventions.

The data fitting results are shown in Fig. 1(a), which demonstrates a strong agreement between the model
and observed case data, validating the estimated parameters. Figure 1 (b) represents the corresponding residual
of the data fitting.

In the next phase of the study, we introduce vaccination into the model to assess its impact on controlling
the outbreak. In this context, the parameter w represents the vaccination rate of susceptible individuals and is
set to w = 0.001. The vaccine efficacy is modeled by ) = 0.6, and waning immunity following vaccination is
captured by the parameter # = 0.01. These values account for imperfect vaccine protection and the gradual loss
of immunity over time, which are critical factors in the evaluation of long-term disease control strategies.

Sensitivity analysis

In order to analyze the interactions of the different parameters of our model, we use Latin Hypercube Sampling
(LHS), a method for generating sets of parameter sets, such that each dimension is sampled across the entire
domain with probability density proportional to the given density for each variable®**%”. Meanwhile, to assess
the degree of variability in the model parameters, LHS is combined PRCCs.

We use the discretization approximation and assume that there are uncertain parameters that have a chance
variable distributed uniformly within +30% of a baseline value. Latin Hypercube Sampling was performed for
these distributions with 1000 samples being randomly created. Partial Rank Correlation Coefficients (PRCCs)
were calculated for each of the following parameters: (1, a1, a2, w, 6,1, 8, g, p1, p, d) in relation to the outcome
variable, the basic reproduction number R.. The sign of the PRCC indicates whether variations in the input
parameters have a positive or negative impact on the output variable3®.

Parameter | Description Value Source
I Recruitment rate into susceptible population | 230557367 1 | Estimated
a1 Asymptomatic infection rate 0.8983 Fitted
as Symptomatic infection rate 0.3827 Fitted
I Natural mortality rate 1/(67.7x365) | 32

K Rate of loss of immunity 0.3129 Fitted
Fy Exposed duration 0.9982 Fitted
q Fraction of exposed people 0.9931 Fitted
p1 Asymptomatic recovery rate 0.3028 Fitted
P Symptomatic recovery rate 0.7926 Fitted
d Symptomatic case fatality rate 0.6784 Fitted

Table 1. Description of the parameters obtained from the fitting process (3).
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Fig. 1. The graph represents the data fitting of the model (3) for { = 1, and their corresponding residuals. Sub-
figures (a) and (b) respectively represents the model versus data fitting and their corresponding residuals.

PRCC Values for R

\*@\QQQQQ%QQ\Qb

Parameters

Fig. 2. Sensitivity analysis showing PRCC results that demonstrate the dependence of R, on the model
parameters.

Parameters with PRCC values greater than 0.4 (in absolute value) are considered to have a strong influence,
with a negative PRCC indicating an inverse relationship®®*. A moderate correlation is defined for parameters
with 0.2 < |[PRCC| < 0.4, while weaker correlations are observed when | PRCC| < 0.2%.

Figure 2 highlight that the parameters (a2, 0, ¢, w, ¢, p1) exhibits the most significant impact on the outcome
function, specifically the reproduction number R.,. Conversely, the parameters (u, a1, d, p, d) demonstrate a
moderate impact on the basic reproduction number. We see in Fig. 3 (a) to (b) that decreasing a2 reducing the
basic reproduction number from 1.2591 to 1.0296 which shows a strong impact in absence of vaccination, and
so the number of cases in asymptomatic and symptomatic classes are decreased well. Similarly, in Fig. 3 (c) to
(d), when reducing ¢, the asymptomatic cases decreases while in (d) the symptomatic cases increases which
shows an impact for the basic reproduction number reduce it to 1.1285. The key parameters that contribute to
increasing the reproduction number R, are the transmission rate az. On the contrary, the parameters that lead
to a decrease in R, include the proportion of natural death rate .

Epidemiology often faces challenges in predicting the daily infection rate, as it tends to fluctuate based on the
prevailing circumstances. This variability can be incorporated by applying a stochastic process. By accounting for
environmental white noise, the model in (3) is transferred into a stochastic system, incorporating the derivative
of Brownian motion, through the introduction of nonlinear perturbations in each of the model*. A detailed
explanation for such derivation and of how the model is transformed into its stochastic version can be found

il’l41’42.

Stochastic fractional model using ABC derivative

In real-world disease dynamics, not everything follows a fixed pattern random events, unpredictable behavior,
and inconsistencies in data reporting often play a major role. A purely deterministic model assumes perfect
knowledge and uniform behavior, which isn't always realistic. That's why incorporating randomness, or
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Fig. 3. The impact of a2 = 0.3827,0.3127 and g = 0.9931, 0.7931 on the asymptomatic and symptomatic
individuals, see Sub-Fig. 3 (a) and (c), and symptomatic compartments, see Sub-Fig. 3(b), and (d).

stochasticity, becomes essential. By transitioning to a stochastic fractional model, especially one based on
the Atangana-Baleanu-Caputo (ABC) derivative, we can better reflect the unpredictable nature of disease
transmission. This approach adds a layer of realism, accounting for the chance-driven variations that a
deterministic model might miss. The stochastic fractional model in ABC sense is given below:

B (a1l + a2A)S

EEDES(t) =11 N

— (+w)S + KR+ 0V + v Hi(t, S)Wo(t),

DV = ws - (1 - Do v vy ),
tepsp = WIS o )OI @AV G, B0, 6D

SEEDSA(t) = 8qE — (u+ p1) A + vaHy(t, A)Ws(t),
0" CDI(t) = (1 — q)3E — (u+d+ p)T + vs Hs(t, )Wia(t),
0 “D{R(t) = pI + p1A — (5 + )R+ veHo(t, R)Ws(t).

S(0) = So > 0, V(0) = Vo > 0, E(0) = Eo > 0, A0) = A >0, 1(0) = Ip > 0, R(0) = Ro > 0.

where Wy (+), Wi (+), Wa(-), Ws(+), Wa(-), W5(+) depicts the standard Brownian motion and H1, Ho, Hs, Ha,
Hs, Hg represents the stochastic constants, and v;, for ¢ = 1, ..., 6 are noise intensity parameters.

Existence and Uniqueness (EU)
Here we examine the EU of the solution to system (31) in the presence of stochastic components.

0°“ Dy S(t) — H11(S,t) = vi Ha(t, S)Wo(t)
t

0"°DyV () — Hia(V, 1) = vaHa(t, V)W (1),

0"“D; E(t) — Hi3(A,t) = vsHa(t, E)Ws (1), (32)
0°“Dy A(t) — Hia(E,t) = vaHa(t, A)Ws(t),

0" D I(t) — Hus(I,t) = vs (t NWa(t),

6"D; R(t) — His(R, ) = vsHe (t, R)Ws(t).
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where
Hii(S,t) =TT — b2 DS (4 0)S + kR + 6V,
His(V,1) = w8 — (1 — ) 2T — (9 4 )V,
Hig(A, 1) = 505 (1 )@l V(5 g, 63
Hiy(E,t) = 0gE — (1 + p1)A,
Hys(1,t) = (1 — q)0E — (u+d+ p),
Hig(R,t) = pI + p1A— (k+ p)R.
The following conditions are proved, |H1;(t, Y;) 12,
|H(t,Y:)|” < Ki(1+|Yi[*), ¥ ¢t € (0,77,
and |Hy(t,Y;') — Hu(t, Y7)%
|H(t, V) — Hi(t, Y2)|? < Ki(|Y;' = Y72 %), Yt € [0,T], fori=1,2,..,6.
,andY; = S, VA E, I, R.
2
\H1 (S, 1) :'H S (al S s er oV
2 |S‘2 2 2 2 2 2 2 2 2 2 2
<3| 77+ T @+ aa AP + (u +w)7[S] + 67 VIE + 7[RI,
2 |S‘2 2 2 2 2 2 2 2 2 2 2
Bl 77+ =5 (a1 sup |I|"+a3 sup [A]" | + (p+w)’[S]"+6° sup |[V["+r" sup |R|"],
N 0<t<T 0<t<T 0<t<T 0<t<T
2 |S‘2 2 2 2 2 2 2 2 2 2 2
3™+ r (@il lleo + a2[[ATleo | + (1 +w) IS + 07V [oo + &7 R |oo ), (34)
<o (1t ) o (g (P 1A% ) i),

ﬁ(aﬂlp\\m +a§||A2Hoo) +(p+w)?

K1/3

53(w2+62\\vzllm+~2HR2H0¢) <1+ \Slz)v

<Ki(1+|S]).

a3|12[lco+a3]|A%|loo | +(p+w)?

K1/3

1
N2<
where K1 = 3<7r2 +02(|V?||s0 +n2|RQ|m) and

<L
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(a1I + G,QA)V ?

[Hia(V, )] =|ws — (1 — ) 2220 (04 v

)

1
o151+ 0 7 i (0P A IV 0 V)

1
§3<w2 sup |S|? M Chd ) +¢) <a1 sup |I1? + a3 sup \A\ >|V|2+(9+M)QV2),

0<t<T 0<t<T

14 )2
<3<w2|52|~’>o + % (af|f2|oo +a§|A2|oo> VI + (9+u)2V2>,

2
0 <a%||12|oo+a%||A2||oo> +(0+p)?
<3w?||S?|| [ 1 VI,
<3w?(|S%] ( + e Vi

<K>(1+|V]).

2
“*N"’;<a%|12|m+a§|AQ|m +(O+m)?

where Ko = 3w?||S?||o0 and 773 <1
2
1 A)S I AV
|Hi3(B, )| = M_F(l_ww — (6 +pE| ,
N N
3
< (151 0P ) (0P 4 R ) + 64 1P,
3
g—z( sup [SP*+(1+ )" sup W) < sup |1+ a3 sup |A\2> + (64 10 BP,
N2\ o<i<r <t<T 0<t<T 0<t<T
3
Sz (||52||oo (1 +1/1)2||V2Hoo) <Gf||12||oo +G§HA2Hoo> + (8 + ) B,

<3* <H52||oo +(1+9)%V? ||oo> (afl\IQHoo +a§\|A2Hoo> x

(1 N (04 p)°

wT (HSQHM +( +w)2uv2nm) (afHI?Hoo + a%IIAzlloo)

2

Ks/3

<Ks(1+|E]).

whereKs—i%J&z(HSQ|oo+(1+¢>2|v2|oo> (a%||12|oo+a3|A2||oo) nd GES < 1.

(35)

(36)
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2

|H14(A,1)]> =|6gE — (n+ p1)A

)

§3<62q2 sup |E|* + (p1 +u)2|AI2>,

0<t<T

(37)
<3 <62q2|E2|oo + (p1 + u)2|A2> )

2
<3621 2|1 [ 1 (p1 +p) A2
<318 o (14 LA ),

<Ka(1+]AP),

2
where K = 362%||E?|| o and L2~ < 1.

K4/3
2

I

|Has(1, )] —‘(1 —q)6E — (u+d+p)I

§3<62(1 g+ (u+d+p)2|1|2),

§3<62(1 La sup B (u+d+p>2|f|2>,
0<t<T

(38)

§3<52(1 + )| Bl + (u+d+p)2lfl2),

d 2
<3°(1 + |12 | (1 ¥ %uﬁ),

<Ks(1+|1%),

where K5 = 362(1 + q)2|| E?||oc and &t2td® 1

K5/3
2

I

|Hus(R, 1) —‘pf +mA - (k4R

s3<p2f|2 ; (H+u)2|Rl2),

<3 <p2 sup |I” + (k + u)2|R|2> :

0<t<T

§3<p2|12|oo + (ﬁ+u)2|R|2),

k4 p)?
<3711l (1+ (KJQ,)'R'Z)

<Ks(1+ |RJ?).
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where K¢ = 3p%||T?||oc and (';ja’;;z < 1. We get the following, for every ¢t € [0, T]:

[Hi(t, S)? = v}|S|2 <vi(1+18°), [Ha(t, V)] =3 |V[* <u3(1+[V]?),
B = v B <vs(L+ |EP), [Ha(t, A)I® = vil AP < vi(1+|A]%), (40)
D =P <vEQ+|IP), |He(t, R)” = v§|RI* < vg (1 + |RJ?).

We verifying the other condition given by,
|Hu1(t, S) — Hui(t, S1)[? = |11 — (220202 DS () 4 )S 4 kR + 6V —
H+M+(M+W)SI_HR 0V|2

— eGS0 () (5 - S,
<4 (a%u\%a%]\vAle)\sfsu?

+(u+w)2|S—S1|2) (41)

2 2 2 2
< 4 R34 ) +(u+w)2>|5—51|2
< K1|S — 512
[Hia(t, V) — Hia(t, Vi)[? = |wS — (1 — ) @52V (94 )y —

wS + (1 — ) erlte2 Vi 4 (g 4 y)V; 2,
=| = (1 — )2 D0 (9 4 p)(V - V)P,

20712021 412 2
<4 (1 +w)2 (a7 |1] +a2]|\7A2‘ )|V =v1] + (9+N)2|V_ V1|2) (42)

< 4 (1 4 gy Pl radia%) >+(u+0)2>|V—V1|2
< KoV = Wi

|His(t, E) — Hs(t, By)|* = |{Le2DS 4 (1 — ) (1ltee DV (54 ) E—

(a1[+1\¢;,2A)S (1 1/}) (a11+a2A)V (6+,U,)E1‘2,

= |64 e - B, )
< 4(5+ p)2(E — By

< K3|E — E1)%.

|Haa(t, A) — H14(15J11)|2 = |6gE — (4 p1)A — 6qE + (u+ p1)As]?,
f|—(ﬂ+01)(14 A1), (44)
<A(p+p1)° \A A?

< K4|A— A2

|His(t, I) — His(t, I1)[? :2|(1 —Q)SE— (u+d+p)I —(1—q)0E+ (u+d+p)Li|?,
=|-(p+d+p)(I—-1L), (45)
<A4(p+d+p)°| - L[?

< Ks5|S — 512

|H16(t, R) — H16(t,R1)|2 = |pI + p1A — (K, + /.I,)R — pf—|— ,0114 + (K + M)R1|27
=| = (v +p)(R—Ry)[?

747(I£+/J/)2|R—R1|2 (46)
< Ks|R — Ri1).

|H11(t,S) — Hui(t,51)]* = 3078 — S1]* < Ki|S — S1f?,

|Hia(t, V) — Hiz(t,V1)]> = 305|V = Vi|? < K|V — Vi |?,

|His(t, E) — His(t, Ev)|° = 213|E — E1|* < Ks|E — EA|?, (47)

|Hia(t, A) — H14(t,A1)2|2 zsggﬂA ,4;1\ < K4|lA - 2Al|2

|Hus(t, I) — Has(t, 11)]| : §Z;5|I L] <2Kf\1 L7, ,

|H(t, R) — His(t, R1)* = S021R — Rif® < Kol R — Ry

We get the result if the condition given below is satisfied

o )2
L [ a2l +ad 1A%l | +(utw)? CEPE afHI(t)2Hm+a§HA(t)2Hm>+(0+u)2
max{

©G+w? (p1+w)?  (ptpt+d)? (Hﬂt)g} <1
®1/3 ) K2/3 ) K3/3 0 K4/3 ' Ks/3 ° Kg/3 :

Numerical scheme for the model using Atangana-Baleanu derivative
Now consider the case where the differential operator is Atangana-Baleanu. The following results are presented:

S(t) = AH11 (S, 1) 4+ Avi Hi (S, T)WO(T)+B/ CHy1 (S, 7)dr+ B/ CH1 (S, 7)1 Wo(7)dr + S(0), (48)
JO (4]
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V(t) = AH12(V,7) + Ave Ha (V, 7) Wi (7) + B/Ot CHyo(V,)dr+ B/Ot CHy(V,7)vaWi(r)dr + V(0), (49)
E(t) = AHi3(E, 7) + Avs H3(E, 7)Wa(T) + B/OtCng(E, T)dr+ B/()tCHS(E,T)ygI/i/Q(T)dT + E(0), (50)
A(t) = AH1a(A, 7) + Ava Hy (A, 7)Ws(T) + B /O t CHu(A,7)dr+ B /0 t CH.(A, T)vaWs(r)dr + A(0), (51)
I(t) = AHy5(I,7) + Avs Hs (I, 7)Wa(7) + B /O t CHis(I,7)dr+ B /0 t CHs(I,7)vsWa(r)dr + 1(0), (52)

R(t) = AHi6(R, 7) + AvgHo(R, 7)Ws(7) + B / CHis(R,7)dr+ B / CHe(R, T)vsWs(7)dr + R(0), (53)
0 0

where C = (t — 7)<~ '. Here the function H11 and H are approximately using the Lagrange Polynomials taken
from*3. This yields to:

S(tns1) = AH11(Sn,tn) + Avi Hy (S t) [Wo(tni1) = Wo(tn)] + By Y Hii(Sy-2,tg—2) Mox

g=2
+ B2 Z {H11(Sg_1, tg—1) — H11(Sg—27tg—2)}ﬂfo2 + B3 Z {Hll(sm tg) — 2H11(Sg-1,t9-1)
g=2 9g=2

+ H11(5972,t972)} X Moz + Bi1 Z H1(Sg—2,tg—2)Mo1[Wo(tg—1) — Wo(tg—2)] + Bav1
9= (54)
> {Hmsgfl,tgfl)[vvo(tg) — Woltg—1)] = Hi(Sg-2,tg—2)[Wo(ts—1) — w0<tg,2)]}M02

g=2

n

+ By y {Hl(Sg,tg)[Wo(tgH) — Wo(tg)] — 2H1(Sg-1,19-1)[Wo(tg) — Wo(tg—1)]

g=2
+ Hi(Sg-2,tg—2)[Wo(tg-1) — WO(tg—2)]}Mo&

CAnTr T _CAOCT R, = A

where B = 5@y B2 = aporc ABOT(CT3)

V(tnt1) = AH12(Va, tn) + Ava Ho (Vi tn) [Wh (bng1) — Wi(tn)] + B Z Hi2(Vy—a,tg—2)Mo1

9g=2
+ B2 Z {HIZ(‘/gfl,tgfl) - H12(V9727t972)}Af02 + B3 Z {H12(Vg7tg) — 2H12(Vy—1,t4-1)
g=2 g=2

+ Hl?(‘/g727tg72)} X Moz + Bivz Z Hy(Vy—2,tg—2)Mor[Wi(tg—1) — Wi(tg—2)] + Bara
9=2 (55)
> {Ha(vg_h tg—1)[Wi(te) — Wilte—1)] — Ho(Vy—2,tg—2)[Wi(ts—1) — Wi <tg_z>1}Moz

g9=2

n

s Y HaV )W) = W )] = 2Vt W)~ Wity

g=2

+ H2(Vy727 t9*2)[W1 (tgfl) - (t9*2)]}M03’
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E(tny1) = AH13(En,tn) + AvsH3(En, tn)[Wa(tny1) — Wa(tn)] + Bi ZH13(EQ727tg72)M01

g=2
+ B2 Z {Hla(Eg—l,tg—l) - H13(Eg—2,tg—2)}]woz + B3 Z {H13(Eg,t_q) —2H13(Ey-1,tg-1)
g=2 g=2

+ HlS(Eg—Zytg—Q)} X Moz + Bivs ZHa(Eg—Q,tg—z)]V101[W2(tg—1) — Wa(tg—2)] + Bavs

o=2 (56)
Z {Hii(Ey*hty*l)[W?(ty) - W2(ty*1)] - H3(Eg*27 ty*2)[W2(ty*1) - W2(ty*2)]}M02
+ Bsvs Z {H3(Eg,tg)[W2(t_q+1) = Wa(ty)] = 2H3(Eg—1,tg-1)[Wa(tg) — Wa(tg—1)]

+ H3(Eg—2,tg—2)[Wa(tg—1) — WZ(tH)]}Mozv

A(tns1) = AH14(An, tn) + AvaHa(Ap, tn) [Wa(tng1) — Ws(tn)] + Ba ZH14(Ag—2, tg—2)Mn

g=2
+B: Y {HM(Ag—ng—l) - H14(Ag727t972)}Moz +Bsy {HM(Agv tg) — 2H14(Ag-1,t9-1)
g=2 g=2

n

+ H14(Ag—27tg—2)} X Moz + Biva ZH4(Ag—27tg—2)M01[W3(tgfl) — Ws(tg—2)] + Bava
. 9=2 (57)
Z {H4(Ag—17t9—1)[w3(t9) - W3(tg—1)] - H4(Ag—2>tg—2)[w3(tg—1) - W3(tg—2)]}M02

9=2

+ Bsva Z {H4(Agvtg)[W3(tg+1) — Ws(tg)] — 2Ha(Ag—1,15-1)[Wa(tg) — Wa(tg—1)]

9=2

+ Hi(Ag—2,t5-2)[Wa(tg—1) — Wa(tg—2)] }]\403,

I(tns1) = AHis5(In, tn) + Avs Hs (I, ty) [Wa(tnt1) — Wa(tn)] + Ba Z His5(Ig—2,tg—2)Mo1

g=2

n n

+ B2 Z {H15(Ig717tgfl) - H15(1g727tg72)}M02 + B3 Z {Hls(fg,tg) —2H15(Ig-1,tg-1)
g=2 g=2
+ His(Ig—2, t972)} X Moz + Bivs Z Hs(Ig—2,tg—2)Mo1[Wa(tg—1) — Wa(tg—2)] + Bavs
9=2 (58)
> {Hsugfl, tg-1)[Walte) = Wa(ty—1)] = Hs (I, tg2)[Wa(ty—1) — m(tg,z)}}Mw

g9=2

n

+ Bsvs Z {HS(I.@, tg)[Waltg+1) — Walty)] — 2Hs(Ig—1,t9-1)[Wa(ty) — Wa(tg—1)]

9=2

+ Hs(Ig—2,tg—2)[Wa(tg—1) — Wa(tg—2)] }M03,
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R(tu+1) = AHus(Ru, tn) + AveHo (Ruy ta) [Ws(tn1) — Ws(ta)] + Bu > His(Ry—2,tg—2) Moy

g=2
+ B2 Z {Hw(Rg—l,tg—l) - HlG(Rg727tgf2)}A102 + B3 Z {Hle(Rg,tg) —2H16(Rg—1,t4-1)
g=2 g=2

+ Hlﬁ(R972yt9—2)} X Mos + Bive Z Hg(Rg—2,tg—2)Mo1[Ws(tg—1) — Ws(tg—2)] + Bave
g=2

(59)

> {HG(Rg,l,tg,l)[W;,(tg) = Ws(tg-1)] = Ho(Rg—2,tg—2)[Ws(tg—1) — WS(tg—2)]}Mo2
+ Bav » {H6(3g>tg)[W5(ty+1) — Ws(tg)] — 2Hs(Rg—1,t-1)[Ws(tg) — Ws(tg—1)]

9=2

+ Ho(Rg—2,tg-2)[Ws(tg-1) — Ws(tgfz)}}Mn&

where M1 = [(n — g +1)¢ — (n — g)C]

Moz = (ng+1)<(ng+3+2q)(ng)((ng+3+3§“1]
Mos = {( —g+1)° {Z(n—g)z+(3C+10)(n—9)+2§2+9C+12} —(n—g)° [2( —g)2+(5C+10)(n—g)+6C2+18(+12H

Numerical simulations

Using the numerical scheme described earlier, we present numerical simulations for different values of the
fractional-order (. For all simulations, a fixed temporal step size of A = 0.01 was used to ensure numerical
stability and to accurately capture the system’s dynamics. Both the deterministic and stochastic schemes were
confirmed to converge robustly to the true steady-state solutions.

The baseline numerical values for the model parameters are taken from Table 1. The constants for the
stochastic noise terms are setto vy =2 x 1074 andv; =2 x 1072 fori = 2,...,6.

Specifically, the results shown in Figs. 4 to 9 correspond to the Disease-Free Equilibrium (DFE) case, simulated
with the following parameter values: ;1 = 1/(67.7 x 365), IT = p x 230557367, a1 = 0.8983, a2 = 0.3827,
w =0.01, K = 0.3129, § = 0.9982, ¢ = 0.9931, p1 = 0.3028, p = 0.7926, d = 0.6784, § = 0.01, ¢ = 0.6,
and the aforementioned noise constants v; -1, using a step size of h = 0.01.

We provide simulation results in Figs. 4 to 16. Figure 4 compares the susceptible compartment S(¢) for the
fractional-order and stochastic fractional-order systems across various values of ¢. Figure 5 presents a similar
comparison for the vaccinated compartment V(¢). Likewise, Figs. 6 to 9 show the comparison for the exposed
(E), asymptomatic (A), infected (I), and recovered (R) compartments, respectively. These results demonstrate
that the solution converges to the disease-free equilibrium (DFE).

Figures 10 to 15 represent the model solutions for the fractional and stochastic fractional differential
equations. The results show that the solutions approach the endemic equilibrium (EE) point. The parameter
values used in these simulations (Figures 10-15) are:

x10°
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Fig. 4. Comparison of the susceptible compartment S(¢) for different values of the fractional-order .
Parameters for the Disease-Free Equilibrium (DFE) case: u = 1/(67.7 x 365), I1 = u x 230557367,

a1 = 0.8983, ax = 0.3827, w = 0.01, k = 0.3129, 6 = 0.9982, ¢ = 0.9931, p1 = 0.3028, p = 0.7926,
d=0.6784,0 = 0.01,% = 0.6, 1 = 2 x 107, ; = 0.02 (fori = 2, ..., 6).
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Fig. 5. Comparison of the vaccinated compartment V() for different values of (. Parameters are the same as in

Fig. 4 for the DFE case.
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Fig. 6. Comparison of the exposed compartment E(t) for different values of (. Parameters are the same as in

Fig. 4 for the DFE case.
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Fig. 7. Comparison of the asymptomatic infected compartment A(t) for different values of (. Parameters are
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Fig. 8. Comparison of the symptomatic infected compartment I(¢) for different values of (. Parameters are the
same as in Fig. 4 for the DFE case.
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Fig. 9. Comparison of the recovered compartment R(¢) for different values of (. Parameters are the same as in
Fig. 4 for the DFE case.
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Fig. 10. Comparison of the susceptible compartment S(¢) for different values of the fractional-order (.
Parameters for the Endemic Equilibrium (EE) case: p = 1/(67.7 x 365), I1 = p x 230557367, a1 = 0.8983,
a2 = 0.3827,w = 0.001, k = 0.3129, § = 0.9982, ¢ = 0.9931, p1 = 0.3028, p = 0.7926, d = 0.6784,

0 =0.01,% =0.6,v1 =2 x 1074, 1; =0.02 (fori = 2, ..., 6).
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Fig. 11. Comparison of the vaccinated compartment V() for different values of (. Parameters are the same as

in Fig. 10 for the EE case.
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Fig. 12. Comparison of the exposed compartment E(#) for different values of (. Parameters are the same as in

Fig. 10 for the EE case.
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Fig. 13. Comparison of the asymptomatic infected compartment A(¢) for different values of (. Parameters are

the same as in Fig. 10 for the EE case.
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Fig. 14. Comparison of the symptomatic infected compartment I(¢) for different values of (. Parameters are
the same as in Fig. 10 for the EE case.
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Fig. 15. Comparison of the recovered compartment R(¢) for different values of . Parameters are the same as
in Fig. 10 for the EE case.

p=1/(67.7 x 365), II=pu x 230557367, a1 =0.8983, ay = 0.3827,
w=0.001, x=0.3129, &§=0.9982, ¢ =0.9931,
p1 = 0.3028, p=0.7926, d=0.6784, 6=0.01, v =0.6,

nm=2x10"" 1n=2x10"% wv3=2x10"2,

va=2x10"% w5 =2x10"% wvs=2x10"2,

with a step size of h = 0.01.

The variation in the fractional-order ¢ correctly captures both the disease-free equilibrium (DFE) and
endemic equilibrium (EE) solution behaviors, which is characteristic of fractional model simulations.

Figure 16 shows the impact of the vaccine efficacy rate 1 for a fixed fractional-order ¢ = 0.95. As the vaccine
efficacy 1 decreases, the population sizes of the model compartments change accordingly.

Conclusion

In the present work, we formulated a mathematical model for COVID-19 infection using fractional differential
equations with the Mittage-Leffler kernel, which effectively captures the memory effects in disease dynamics.
The model was further extended into a fractional stochastic differential equation framework to account for
random fluctuations and uncertainty inherent in real world epidemic spread.

We established the positivity and boundedness of the model and derived its equilibrium points in the
fractional deterministic case. The existence and uniqueness of solutions to the FSDE were rigorously proven,
and a new numerical scheme tailored to the Atangana-Baleanu-type fractional stochastic model was proposed
and implemented. The real COVID-19 data from Pakistan for the specified period were used to estimate realistic
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Fig. 16. Impact of the vaccine efficacy rate (1)) on the system compartments for a fixed fractional-order
¢ = 0.95. Parameters: = 1/(67.7 x 365), II = u x 230557367, a1 = 0.8983, a2 = 0.3827, w = 0.01,
Kk =0.3129,5 = 0.9982, ¢ = 0.9931, p1 = 0.3028, p = 0.7926, d = 0.6784, 6 = 0.01.

parameter values. Simulations were carried out to examine the influence of the fractional-order parameter and
other key parameters on disease dynamics, particularly their role in disease elimination scenarios.

The novelty of this study lies in the integration of fractional calculus in the Mittag-Leffler sense with stochastic
modeling, offering a more realistic and flexible framework for capturing both memory effects and randomness
in COVID-19 dynamics. This approach enhances the ability to simulate and understand the impact of fractional
dynamics on control strategies, including vaccination.

This research provides a foundation for several important extensions. Future work will focus on incorporating
spatial heterogeneity to analyze geographic variation in transmission and intervention efficacy. Furthermore, the
model will be extended to include additional compartments, particularly a vaccinated-but-susceptible class, to
more accurately represent waning immunity and breakthrough infections.
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Data is available from Refs [33, 34].
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