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 A B S T R A C T

We investigate localization–delocalization transition in the one-dimensional generalized Aubry–André–Harper 
(GAAH) model in a quasiperiodic superlattice potential. The critical interplay between the model’s two 
modulated energy scales — the hopping amplitude (𝑡) and the on-site potential (𝛥) — generates a rich phase 
diagram featuring extended, localized, and critical phases. We employ both static spectral and dynamics 
indicators to identify these phases. In static analysis, we compute the energy spectrum as a function of the 
common phase 𝜙 of the modulations and employ the inverse participation ratio (IPR) to map localization–
delocalization phase diagram as a function of 𝑡 and 𝛥. Dynamically, we model the evolution of an initially 
localized quantum state as a continuous-time quantum walk (CTQW), analyze the resulting probability distri-
bution and time-dependent IPR to corroborate the static results. This work establishes a direct correspondence 
between static spectral indicators and dynamics, providing a unified framework for characterizing localization 
in quasiperiodic systems. Our findings offer new perspectives for controlling quantum transport in engineered 
quantum platforms.
Introduction

Quasiperiodic systems hold an intermediate regime between per-
fectly ordered crystalline solids and fully disordered media [1]. These 
systems exhibit interesting spectral and transport properties that are 
different compared to conventional extended Bloch states and expo-
nentially localized states. One of the celebrated models in this class 
is the Aubry–André–Harper (AAH) model, originally introduced in 
the context of electrons hopping on a two-dimensional (2D) lattice 
subject to an external magnetic field [2–4]. In the simplest case, this 
model describes a one-dimensional (1D) tight-binding system with a 
modulated onsite or hopping potential that offers a convenient plat-
form to investigate transport and topological phenomena [5–8]. For 
an incommensurate frequency of the modulation, the system makes a 
sharp transition from extended to localized phase [9–23]. Unlike the 
Anderson model [24,25], the localization–delocalization transition in 
the AAH model is deterministic and has been extensively investigated 
in experiments using various physical platforms [26–34].

Beyond the canonical form, a generalized version of Aubry–André–
Harper (GAAH) model introduces additional control parameters that 
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results in both on-site and off-diagonal modulations [35]. This modifi-
cation breaks the exact self-duality of the original AAH model, leading 
to the emergence of mobility edges that separate localized states from 
extended states  [36–41]. The presence of tunable mobility edges not 
only enriches the physics of localization but also opens new avenues for 
controlling quantum transport and interplay with topological proper-
ties [42]. Indeed, specific GAAH models have been shown to host non-
trivial topological phases, a feature that has been successfully probed 
in experimental systems [27,29]. Recent experiments with ultracold 
atoms and photonic waveguide arrays have successfully realized the 
requisite diagonal and off-diagonal quasiperiodic modulations, firmly 
establishing the GAAH model as a testbed for these phenomena [43–
47].

However, a specific and potent realization of the GAAH model 
— implemented via an optical quasiperiodic superlattice potential — 
remains less explored in the context of localization. This particular 
model incorporates a more complex hopping modulation, characterized 
by the coexistence of both ‘‘Sin’’ and ‘‘Cos’’ terms, unlike previously 
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studied variants. This variant of the GAAH model hosts rich topo-
logical phases [48] and could potentially reveal new physics via its 
interplay with critical or localized phases. A systematic investigation 
of how the new added complexity into the GAAH model influences the 
localization–delocalization transition and the associated mobility edges 
is worth exploring. This is significant in the context of an interplay 
between multiple topological boundaries and localization could provide 
enhanced control over quantum transport.

In this work, we present a comprehensive study of localization–
delocalization transition in this specific GAAH model by employing 
both static and dynamical indicators. In the static analysis, we examine 
the single-particle energy spectrum as a function of the phase 𝜙 for 
various values of 𝑡 and 𝛥 and compute the IPR across all eigenstates 
to quantify localization properties and identify the mobility edge. We 
also compute the IPR averaged over all eigenstates to map a global 
phase diagram in the 𝑡 − 𝛥 plane. For the dynamical analysis, which 
offer a complementary insight directly accessible in experiments, we 
simulate the continuous-time quantum walk of an initially localized 
particle, extracting the time-dependent IPR and tracking the full prob-
ability distribution to characterize different transport regimes [49–
51]. This dual framework links static spectral diagnostics with real-
time propagation dynamics, thereby providing a unified perspective 
on localization phenomena in the GAAH model. Our findings reveal 
how the specific form of the hopping modulation in the superlattice 
potential reshapes the localization–delocalization phase diagram, and 
creates a distinct critical phase. These findings offer potential strategies 
for controlling quantum state localization and guiding transport in 
engineered quantum platforms, i.e., ultra-cold atoms confined in optical 
superlattices.

The remainder of this paper is organized as follows. In Section 
‘‘Model and methodology’’, we introduce the GAAH Hamiltonian and 
outline relevant parameters. Section ‘‘Static analysis’’ presents the static 
analysis, including the energy spectrum, the IPR of individual eigen-
states used to reveal the presence of mobility edges and the IPR 
averaged over all eigenstates, which enables us to map the localization–
delocalization phase diagram. The dynamical analysis is detailed in 
Section ‘‘Dynamics’’, where we investigate continuous-time quantum 
walks (CTQWs) and the time evolution of the IPR to characterize 
transport behavior. Finally, in Section ‘‘Conclusion’’, we summarize our 
findings and discuss possible directions for future research.

Model and methodology

We consider a generalized Aubry-André Harper model in 1D that 
describes the dynamics of a quantum particle in an optical superlattice 
potential in the tight-binding limit. The Hamiltonian consisting of both 
the hopping and onsite potentials can be written as [48]:

𝐻̂ =
∑

𝑚

[

(𝑡0 + 𝑉 od𝑚 )( 𝑐†𝑚𝑐𝑚+1 + 𝑐
†
𝑚+1𝑐𝑚)

+ 𝑉 d𝑚 𝑐†𝑚𝑐𝑚
]

, (1)

with 
𝑉 od𝑚 = −𝑡1 cos(2𝜋𝛽𝑚 + 𝜙) + 𝑡2 sin(2𝜋𝛽𝑚 + 𝜙), (2)

and: 
𝑉 𝑑
𝑚 = 𝛥 cos(2𝜋𝛽𝑚 + 𝜙 + 𝜙𝑟𝑒𝑙.). (3)

Here, 𝑡0 is the hopping amplitude, 𝑉 od𝑚  is the strength of the hopping 
(off-diagonal) modulation, 𝑉 𝑑

𝑚  is the strength of the onsite (diagonal) 
modulation, 𝜙 is the common phase factor, and 𝜙𝑟𝑒𝑙. is the relative 
phase between the onsite and hopping modulations. The creation (an-
nihilation) operator 𝑐†𝑚 (𝑐𝑚) creates (annihilates) a quantum particle at 
a lattice site with position index 𝑚. The superlattice potential described 
by the above Hamiltonian can be realized in experiments, e.g., based 
on neutral atoms, by superimposing two laser beams (as schematically 
2 
Fig. 1. Schematic of a quasiperiodic superlattice potential generated by su-
perimposing two laser beams of wavelengths 𝜆1 and 𝜆2 which are chosen to 
be incommensurate with each other.

shown in Fig.  1): one with short wavelength (𝜆1) acting as a primary 
lattice, and the other with long wavelength (𝜆2) acting as a perturba-
tion. The long lattice modulates both the onsite and nearest-neighbor 
hopping energies. Hence, the integrals 𝑡1, 𝑡2, and 𝛥 are proportional 
to the potential generated by the laser beam of longer wavelength. A 
detailed derivation of Eqs. (1)–(3) is given in [48].

The choice of the modulation frequency 𝛽=𝜆2∕𝜆1 is crucial as it 
can either result in a periodic potential (for rational values of 𝛽) that 
simulates the dynamic of a quantum system in a perfectly crystalline 
solid, or a quasiperiodic potential (for an irrational value of 𝛽) that 
simulates an aperiodic system. In this paper, we consider 𝛽 =

√

5+1
2

for which the superlattice potential is shown in Fig.  1. In this case, 
the model Hamiltonian (Eq. (1)) lacks translation symmetry for any 
translational operator. However, by an analogy with the 2D Harper 
Hamiltonian [2,3], the energy dispersion of this Hamiltonian can be 
studied by treating the phase 𝜙 as a quasimomentum in the direction 
perpendicular to the lattice. For the convenience of our analysis in the 
following sections, we consider 𝑡0 = 1, 𝑡1 = 𝑡2 = 𝑡, and work with 
dimensionless units. We set the lattice constant, the unit of energy, and 
the reduced Planck’s constant ℏ equal to 1.

To investigate the nature of our model system, i.e., whether it is lo-
calized, extended, or critical, we first study the dispersion of the energy 
spectrum and the probability densities associated with the eigenstates 
of the system. The GAAH model has topological properties and topo-
logical edge (TE) states exist in the energy spectrum when computed 
on an open chain. We therefore, show the probability densities both 
for TE states and bulk states for a few representative cases. Since, the 
TE states are always localized with probability densities concentrated 
at the end points of the lattice, these states can be distinguished from 
the bulk states. The nature of the system depends on the probability 
densities of the bulk states, i.e., if a quantum state has probability 
density concentrated in a small region in the bulk of the lattice then 
the system is localized and vice versa.

To rigorously characterize a phase diagram that encodes the be-
havior of all the eigenstates, we use IPR as a diagnostic tool. IPR is 
a powerful scalar metric for quantifying the spatial extent and local-
ization properties of quantum states. For a quantum particle residing 
on the 1D lattice, that can be described by a quantum state |𝛹⟩ =
∑𝑁
𝑚=0 𝜓(𝑚)|𝑚⟩ written in the position bases vectors |𝑚⟩, IPR is defined 

as [52]: 

IPR =
∑𝑁
𝑚=0 |𝜓(𝑚)|

4

(
∑𝑁
𝑚=0 |𝜓(𝑚)|

2)2
. (4)

This identifies the inverse of the number of lattice sites over which the 
probability density of the quantum state is significant. The importance 
of using IPR lies in its distinct scaling with system size 𝐿 in different 
phases: in an extended phase, IPR scales as ∼ 1∕𝐿, and hence, it ap-
proaches to 0 in the thermodynamic limit. In contrast, in the localized 
phase, the quantum state is localized over a few lattice sites with IPR 
∼ O(1). In the critical phase, the IPR scales with system size as 1∕𝐿𝜈 , 
with 0 < 𝜈 < 1. By computing IPR for the whole energy spectrum of 
the GAAH model for a range of 𝑡 and 𝛥 values, we can differentiate the 
extended, the localized and the critical phases.
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Fig. 2. First row: energy spectrum of the generalized Aubry–André–Harper model under open boundary conditions (OBCs) with parameters (a) (𝑡, 𝛥)=(0.3, 1), (b) 
(𝑡, 𝛥)=(1.5, 1), and (c) (𝑡, 𝛥)=(0.3, 4). The energy spectrum is asymmetric around 𝐸 = 0 because of broken particle–hole symmetry. The energy spectrum exhibits 
bulk bands, with TE states traversing the energy gaps. Second row: probability density of three representative eigenstates, i.e., right and left edge states, and a bulk 
state, chosen from the energy spectrum shown in the first row (filled circles of corresponding colors), same columns. The left and right edge states (indicated by 
blue and red color, respectively) are localized at the ends of the lattice in all three cases. The bulk state (indicated in black) is extended in (d), with intermediate 
behavior in (e), and localized in (f). All results are shown for 𝜙𝑟𝑒𝑙. = 0.
Static analysis

Energy spectrum

We numerically compute the energy spectrum of the Hamiltonian 
(Eq. (1)) for the 1D quasiperiodic lattice with open ends. We use 
three different values for the pair of parameters (𝑡, 𝛥). The choice 
of these values will become clear from the localization–delocalization 
phase diagrams in the next section. The energy spectrum is shown as 
a function of 𝜙 in Figs.  2(a)–(c). For these results, the relative phase is 
fixed at 𝜙𝑟𝑒𝑙. = 0. An immediate observation is that the energy spectrum 
is asymmetric around 𝐸 = 0. This is because of the quasiperiodic mod-
ulation of the hopping term that breaks the particle–hole symmetry in 
the Hamiltonian. In addition to the bulk bands in the energy spectrum, 
there exist states in the gaps between the bands. These states reflect the 
non-trivial topological nature of the Hamiltonian.

In Figs.  2(d–f), we plot probability densities of the edge states 
(indicated by blue and red colors) and bulk states (indicated in black) 
corresponding to the three cases of Figs.  2(a–c). In each case, the states 
are selected for specific values of 𝜙 and energy (indicated by filled 
circles in the corresponding figures of the first row). These results 
indicate that the edge states are localized at the corresponding ends 
of the lattice in all three cases. The probability densities of the bulk 
states are different for different values of the (𝑡, 𝛥) pair. As shown, the 
bulk state in Fig.  2(d) is delocalized over the lattice, in Fig.  2(e) it is 
localized with a finite spread over a few lattice sites, and in Fig.  2(f) 
it is completely localized. These results indicate that for the first pair 
of the control parameters of the Hamiltonian (𝑡, 𝛥) = (0.3, 1), the GAAH 
system is delocalized, for the second pair (𝑡, 𝛥) = (1.5, 1), the system has 
intermediate behavior, and for the third pair (𝑡, 𝛥) = (0.3, 4), the system 
is completely localized.

Localization–delocalization phase diagram

We computed the IPR for all quantum states of our model Hamilto-
nian (computed under periodic boundary conditions) for various values 
of the onsite modulation strength 𝛥. In Fig.  3(a), we show the energy 
spectrum of the GAAH model as a function of 𝛥 for 𝜙 = 0, with a 
system size of 𝐿 = 1000, 𝑡0 = 1, and 𝑡 = 0.5. The values of IPR for each 
energy eigenstates are overlaid on top of corresponding energies. The 
3 
IPR values smaller than 0.2 are indicated by blue color and represent 
extended states. These results show that all eigenstates for 𝛥 ≲ 1.5 are 
extended. The IPR values greater than 0.5 are indicated by red color 
and represent localized states. These states occur at 𝛥 ≥ 2.5. Similarly, 
IPR values between 0.2 and 0.5 are indicated by light blue to yellow 
colors and represent states with intermediate properties. These occur at 
1.5 ≤ 𝛥 ≤ 2.5. These results reveal that the states near the center of the 
spectrum remain extended up to relatively larger values of 𝛥, and states 
close to the edges of the spectrum tend to localize at lower modulation 
strengths. This energy-dependent localization behavior demonstrates 
the presence of single-particle mobility edges, i.e., localized and ex-
tended states co-exist at a given value of 𝛥 but are separated by critical 
energies.

To give a global look of the localization–delocalization transition, 
we compute IPR values for all eigenstates of the Hamiltonian for a 
range of 𝑡 and 𝛥 values and average these over eigenstates. Fig.  3(b) 
shows our results in the 𝑡−𝛥 plane for 𝐿 = 1000, and 𝜙 = 𝜙𝑟𝑒𝑙. = 0. The 
resulting phase diagram shows three regimes: (i) extended (IPR < 0.2), 
(ii) localized (IPR > 0.5), and (iii) intermediate (0.2 ≤ IPR ≤ 0.5). To 
investigate whether this intermediate region is a finite-size behavior 
of the system or represents a stable distinct phase, we analyze the 
system’s size dependence of the IPR. We report these results in Fig. 
3(c). The results for the extended and localized regions agree with the 
expectations, i.e., IPR scales as ∼ 1∕𝐿 in the extended phase and ∼
𝑂(1) in the localized phase. Hence, these regions corresponds to stable 
extended and localized phases. The scaling analysis for the intermediate 
region clearly shows that its behavior is similar to the localized phase, 
as the critical exponent of the IPR scaling with 𝐿 is 𝜈 = 0.02 which 
much closer to the localized phase value 𝜈 = 0. We conclude that this 
intermediate region is a finite-size effect and it is expected to disappear 
in the thermodynamic limit. The phase diagram then consists of two 
stable phases, i.e. the extended phase and the localized phase, in the 
thermodynamic limit.

We repeat these analyses for a non-zero values of 𝜙𝑟𝑒𝑙.. We show 
our numerical results for 𝜙𝑟𝑒𝑙. = 5.1291 in Figs.  3(d)–(f). Fig.  3(d) shows 
the energy spectrum and the energy resolved IPR. The relative phase 
affects the energy bands structure and shifts the localization transition 
boundary to higher values of 𝛥 for individual eigenstates. An interesting 
consequence of including the relative phase is the appearance of a 
stable ‘‘critical’’ phase as shown in Fig.  3(e). To confirm that it is indeed 
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Fig. 3. (a) Energy spectrum of the GAAH model as a function of the diagonal modulation strength 𝛥, computed for a system size 𝐿 = 1000, 𝜙 = 0 and 𝜙𝑟𝑒𝑙. = 0
under periodic boundary conditions (PBCs). The IPR values are overlaid (in colors) on top of corresponding energy values which indicate single-particle mobility 
edges. (b) The global localization–delocalization phase diagram in the 𝑡 − 𝛥 plane computed by averaging IPR values over all eigenstates for a range of values 
of 𝑡 and 𝛥. Three regions are visible: the localized region (IPR > 0.5), the delocalized region (IPR < 0.2), and an intermediate region where (0.2 ≤ IPR ≤ 0.5). 
The three pentagrams, labeled by ‘‘1’’, ‘‘2’’, and ‘‘3’’ are the representative points for the extended, intermediate, and localized regions, respectively. (c) Scaling 
analysis of the IPR with the system size indicates that the intermediate region is a finite size effect and its behavior is resembles the localized phase, i.e., IPR 
∝ 1∕𝐿𝜈 with 𝜈 = 0.02. (d)–(f) Same analysis as shown in the first row but with 𝜙𝑟𝑒𝑙. = 5.1291, keeping 𝜙 = 0. The intermediate regime in (e) is fully separated 
from the extended and localized phases. Finite size analysis (f) shows a stable critical phase with IPR ∝ 1∕𝐿𝜈 , with 𝜈 = 0.5 deviating from 𝜈 = 0 and 𝜈 = 1 which 
respectively correspond to the localized phase and extended phase.
a stable phase, and its behavior is different from the extended and 
localized phases, we analyze the IPR as a function of the system size 𝐿. 
The results presented in Fig.  3(f) show that the scaling of IPR with 𝐿
in the critical region is indeed different, such that it scales as ∼ 1∕𝐿𝜈

with 𝜈 = 0.5.
The emergence of a critical phase in the localization diagram of 

the GAAH model has been reported previously [35,45]. In our model, 
however, the presence of both ‘‘Sin’’ and ‘‘Cos’’ terms in the hopping 
modulation alters this phase diagram. Specifically, the boundaries be-
tween the extended-critical and critical-localized phases are shifted to 
lower values of 𝑡 compared to earlier studies [35,45]. It is also impor-
tant to mention that this phase diagram reflects the system’s global 
behavior, averaged over all eigenstates, unlike the energy-dependent 
mobility edges shown in Figs.  3(a) and 3(d). For a given parameters 
set, the assigned phase represents the system’s average character, a 
property we are going to study through dynamical analysis in the 
following section.

Dynamics

Continuous-time quantum walks (CTQWs) and dynamical IPR on a cyclic 
lattice

The impact of the onsite and off-diagonal modulations should also 
be visible in the dynamics of the GAAH system. To investigate these 
effects in the dynamics, we first consider the time evolution of a 
continuous-time quantum walk (CTQW) in the bulk of a GAAH cyclic 
lattice. We consider a quantum particle initially localized at 𝑚 = 0 site 
of the lattice, i.e. its quantum state can be written as: 

|𝜓(𝑡𝑒 = 0)⟩ = |𝑚 = 0⟩ (5)

and evolve this state using the GAAH Hamiltonian. The time evolution 
is governed by the unitary operator generated by the Hamiltonian, 

|𝜓(𝑡 )⟩ = 𝑒−𝑖𝐻̂𝑡𝑒 |𝜓(𝑡 = 0)⟩. (6)
𝑒 𝑒

4 
To keep the notation different from the hopping amplitude 𝑡, we denote 
the evolution time by 𝑡𝑒. Since, the Hamiltonian 𝐻̂ is Hermitian, the 
evolution operator is unitary and conserves the probability of the 
quantum state at any instant of time 𝑡𝑒. By computing the quantum 
state at any instant of time 𝑡𝑒 > 0 the probability distribution 𝑃 (𝑚, 𝑡𝑒)
across the lattice is computed by projecting the quantum state to the 
position bases states |𝑚⟩, i.e., 
𝑃 (𝑚, 𝑡𝑒) = |⟨𝑚|𝜓(𝑡𝑒)⟩|

2. (7)

This allows us to visualize how a quantum particle spreads in space, 
i.e. whether the wavefunction spreads ballistically, diffusively, or re-
mains localized as the time passes.

In Figs.  4(a)–(c), we show the probability distribution of the quan-
tum particle undergoing a CTQW in the 𝑚−𝑡𝑒 plane. We have used 
three different pairs of parameters (𝑡, 𝛥), which are indicated with the 
corresponding results. The common phase 𝜙 and the relative phase 𝜙𝑟𝑒𝑙.
both are set to 0. For (𝑡, 𝛥) = (0.3, 1) the quantum particle spreads 
ballistically in time as shown in Fig.  4(a). This is expected as the 
parameters values lie in the extended regime of the global phase 
diagram shown in Fig.  3(b). For (𝑡, 𝛥) = (1.5, 1) shown in Fig.  4(b), 
the quantum particle spreads very slowly which is not visible on the 
time scale we have reported here. However, the particle is spread over 
several lattice sites. In the case of (𝑡, 𝛥) = (0.3, 4), the quantum particle 
is strongly localized as probabilities are confined to the initial positions. 
The results of all three cases support the findings of the static analysis 
presented in the global phase diagram shown Fig.  3(b) for the case of 
𝜙 = 𝜙𝑟𝑒𝑙. = 0.

To further support the findings of the static analysis with real-time 
transport of a quantum particle, we computed the dynamical IPR from 
the time evolved quantum state. For each pair of parameters (𝑡, 𝛥)
considered in Figs.  4(a)–(c), we started with a quantum state initially 
localized around a single site in the middle of the 1D lattice and evolved 
it for a longer period of time, i.e. 𝑡𝑒 = 1000. This allows us to see 
the transient-time behavior as well as the steady state behavior of the 
dynamical IPR. In Figs.  4(d)–(f), we show our numerical results for 
(𝑡, 𝛥) = (0.3, 1), (𝑡, 𝛥) = (1.5, 1), and (𝑡, 𝛥) = (0.3, 4), respectively. On a 
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Fig. 4. (First row): Continuous-time quantum walks in the GAAH model under PBCs for three different values of the parameters pair (𝑡, 𝛥) indicated for each 
panel. (a) The quantum particle spreads ballistically which is a signature of an extended phase. (b) the case of intermediate regime as the particle spreads slowly, 
and (c) the case of localized phase as the probabilities do not spread. (Second row): Dynamics of the IPR computed for the same set of parameters considered in 
(a)–(c). The estimated values of the critical exponent 𝛼 of 1∕𝑡𝑒 in each case (d)–(f) are indicated in the corresponding insets. All results are simulated with 𝜙 = 0
and 𝜙𝑟𝑒𝑙. = 0.
Fig. 5. (a) CTQW and (b) dynamics of IPR computed for (𝑡, 𝛥) in the critical phase of the phase diagram for the 𝜙𝑟𝑒𝑙 = 5.1291 case shown in Fig.  3(e). As the 
critical phase is clearly separated from the extended and localized phases in this case, the IPR here decreases relatively faster with time (𝛼 ≈ 0.29) as compared 
to the case of 𝜙𝑟𝑒𝑙. = 0 shown in Fig.  4(e) where 𝛼 is ≈ 0.02.
log–log scale, the dynamical behavior of the IPR can be well captured 
by a power-law relation of the form
IPR(𝑡𝑒) ∝ 𝑡−𝛼𝑒 .

In each case, we extract the critical exponent 𝛼 of the inverse of the 
evolution time 1∕𝑡𝑒 by fitting the power law relation to the data at 
longer times. For the results presented in Fig.  4(d), we get the critical 
exponent 𝛼 ∼ 0.9. This shows that the IPR scales approximately linearly 
with 1∕𝑡𝑒 (till it reaches its minimum value set by the finite size of 
the system). This shows that the quantum particle spreads ballistically, 
which is a signature of an extended phase. Fig.  4(e) shows that after an 
initial fast descent followed by transient-time oscillations at a shorter 
time scale (𝑡𝑒 ∼ 101), the IPR decreases very slowly. The critical 
exponent in this case is 𝛼 ∼ 0.02 which corresponds to a slow spreading 
of the particle. Similarly, in Fig.  4(e) the IPR reaches its steady-state 
value after an initial fast descent. The power-law fit in this case gives 
𝛼 ≈ 0 which characterizes a completely localized phase. These results of 
the dynamical IPR are consistent with the results of the static analysis 
5 
presented in the phase diagram Fig.  3(b). This can be noticed by 
comparing both the values of IPR and the critical exponents 𝜈 and 𝛼
in static and dynamics analyses, which agree perfectly.

For a nonzero 𝜙𝑟𝑒𝑙. case, we repeat the dynamical analysis only for a 
pair of parameters in the critical phase as the behavior of the extended 
and localized phases does not change with 𝜙𝑟𝑒𝑙.. In Fig.  5, we report 
our numerical results for the evolution of a CTQW and the dynamical 
IPR. While the CTQW evolution does not show significant difference 
with the 𝜙𝑟𝑒𝑙. = 0 case (on the reported time scale), the behavior of 
dynamical IPR clearly deviates from the extended and localized phases’ 
behavior. This is quantitatively confirmed by a power law fitting that 
results in the critical exponent 𝛼 ≈ 0.29. These results corroborate with 
the results presented in the phase diagram shown in Fig.  3(e).

CTQWs on the GAAH lattice with open ends

The GAAH model has topological properties, i.e. it hosts TE states 
on a lattice with open ends. Our results presented in Fig.  2 show 
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Fig. 6. First row: Continuous-time quantum walks dynamics in the GAAH lattice under OBCs with 𝜙 = 0 so that the Hamiltonian hosts no TE states. The evolution 
of the CTQWs reflects the nature of (a) extended phase (b) intermediate regime, and (c) localized phase similar to the case of PBCs. Second row: we consider 
𝜙 = 0.95𝜋 for (d) and (e) so that the GAAH hosts TE states which affect the spread of the quantum particle. (f) The probabilities shown are averaged over 50 
values of 𝜙 in the range of 0 to 2𝜋. These results are simulated with 𝜙𝑟𝑒𝑙. = 0.
these states which are localized at the ends of the lattice. For a CTQW 
evolution, if we put a quantum particle at one of the two ends of the 
lattice, then the initial state will have a spatial overlap with the edge 
states. As a result, the evolution of the CTQW may not reflect the true 
nature of a phase corresponding to the chosen parameters (𝑡, 𝛥). For 
example, (𝑡, 𝛥) may be chosen from the extended phase or critical phase 
but the CTQW evolution will show that the quantum particle remains 
localized at the end of the lattice. In this case the localization will be 
due to the overlap of the initial state with TE states.

In Figs.  6, we show CTQWs evolution of a quantum particle initially 
localized at 𝑚=−25 under OBCs for the case of 𝜙𝑟𝑒𝑙. = 0. As the energy 
spectrum in Figs.  2(a)–(c) shows that TE states exist only for certain 
values of 𝜙. We study the evolution of a quantum particle for both 
cases, i.e., with and without TE states. In Figs.  6(a)–(c) we present our 
results for 𝜙 = 0, for which the GAAH Hamiltonian hosts no TE states. 
As a result, the evolution of the quantum particle, for a given pair of 
parameters (𝑡, 𝛥), is similar to the evolution in the case of periodic 
boundary conditions (PBCs). The results shown in Figs.  6(d)–(f) are 
simulated with the same parameters (𝑡, 𝛥) values as used for the results 
shown in the first row of the figures, but with different values of 𝜙. 
For example, the results shown in Figs.  6(d) and (e) are simulated with 
𝜙 = 0.95𝜋. This ensures the existence of TE states at the ends of the 
lattice. Because of the non-zero overlap of the initial state, the spread 
of the CTQW is affected. For the parameters chosen from the extended 
phase, see Fig.  6(d), the quantum particle has a larger probability to 
remain localized than to spread. Similar is the case of Figs.  6(e) which 
shows complete localization despite the fact that (𝑡, 𝛥) belongs to the 
intermediate regime. In both cases, the localization is due to the overlap 
of the initial state with the TE states. In Fig.  6(f), we show the evolution 
of a CTQW for (𝑡, 𝛥) in the localized phase. The localization of the 
probabilities is independent of 𝜙, that is, a quantum particle is localized 
regardless of the presence or absence of TE states.

Conclusion

In this work, we conducted a comprehensive study of the locali-
zation–delocalization transition in the one-dimensional generalized
Aubry–André–Harper (GAAH) model in optical superlattice potentials 
using static and dynamical probes. Within the static analysis, we 
6 
examined the single-particle energy spectrum as a function of the phase 
parameter 𝜙 for various values of 𝑡 and 𝛥. In the extended phase, the 
GAAH model with OBCs exhibits delocalized bulk states along with 
topologically protected edge states localized at the lattice ends. In 
contrast, in the localized phase, the bulk states become confined to few 
lattice sites. To characterize this behavior, we employed the inverse 
participation ratio (IPR) as a diagnostic tool to distinguish between 
localized, extended, and critical phases, computing both state-resolved 
and averaged IPRs. This approach enabled us to identify the presence 
of mobility edges and to construct a global phase diagram in the 𝑡 − 𝛥
plane that highlights localized, extended, and critical phases.

For the dynamical analysis, we considered continuous-time quan-
tum walks (CTQWs) of an initially localized particle. We evaluated 
the time-dependent probability distribution and the dynamical IPR. By 
analyzing the critical exponent 𝛼 of the inverse evolution time 1∕𝑡𝑒
of the dynamical IPR, we identified three distinct dynamical regimes 
in the phase diagram: extended, localized, and intermediate. Impor-
tantly, we observed a consistent correspondence between the static and 
dynamical results: phases identified as localized, extended, or critical 
through static IPR analysis exhibited transport behaviors that were in 
agreement with their spectral properties. Our findings provide a foun-
dation for exploring the interplay between localization and topological 
phenomena in the GAAH model in optical superlattice potentials.
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