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Abstract
A nonlinear permeable shrinking sheet refers to a boundary where the permeability changes nonlinearly, and the sheet itself
is contracting or shrinking over time. Meanwhile, magnetohydrodynamics (MHD) models electrically conducting fluids as
a single continuous medium. Hence, this research integrates magnetohydrodynamics (MHD) models electrically conducting
fluids as a single continuous medium. The distribution of three nanoparticles—aluminum oxide (Al2O3), titanium dioxide
(TiO2), and silver (Ag)—in water (H2O) is considered to represent the ternary nanofluid model. Two analyses are performed:
(i) numerical analysis—to describe the mathematical model; and (ii) statistical analysis—to optimize the heat transfer rate
using Response Surface Methodology (RSM). The numerical results are obtained through bvp4c scheme in MATLAB after
applying similarity transformation to reduce the governing equations. The findings show dual solutions due to the shrinking
parameter,while ternary nanoparticles enhance heat transfermore thanmono- or hybrid nanofluids. The nonlinearity parameter
increases temperature profiles, whereas heat generation decreases them. Further, Response Surface Methodology (RSM) is
applied to optimize the highest heat transfer rate by identifying three optimal parameter values for nonlinearity, radiation, and
heat generation. With a suggested desirability of 99.98%, the optimization approach suggests that minimizing nonlinearity
while maximizing radiation and heat generation parameters leads to the highest heat transfer rate. Potential applications of
this work can consider systems with thermal management such as high-temperature furnaces, or high-performance coatings
for aerospace surfaces that exposed to radiative and electromagnetic effects.

Keywords Ternary nanofluid · Nonlinearity · Optimization · Response surface methodology · Heat transfer rate

1 Introduction

Nanofluids consist of nanoparticles dispersed in abasefluid, a
concept introduced byChoi and Eastman in 1995 [1]. Adding
nanoparticles such as carbon nanotubes or metal oxides to
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base fluids significantly improves heat transfer capacity and
thermal characteristics, as these fluids brings better thermo-
physical properties than classic fluids. Huminic and Huminic
[2] reviewed recent studies on the thermophysical proper-
ties of hybrid nanofluids, as well as their heat transfer and
flow behavior in different heat exchangers. Findings show
that hybrid nanofluids improve thermal conductivity and
enhance heat transfer in these systems. Both experimental
and numerical studies further confirm that hybrid nanofluids
play a significant role in boosting heat transfer efficiency.
However, more research is needed to study different com-
binations of hybrid nanoparticles, their mixing ratios, the
stability of hybrid nanofluids, and the mechanisms that con-
tribute to heat transfer enhancement and efficiency, which
later is improved by adding a third type of nanoparticle.
The evolution of these nanofluids aims to optimize the fluid
performance for specific applications in electronics cool-
ing, automotive cooling systems, or spinning disk reactor [3,
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4]. The evolution toward ternary hybrid nanofluids, such as
those composed of aluminum oxide (Al2O3), titanium diox-
ide (TiO2), and silver (Ag), aims to capitalize on the unique
properties of each nanoparticle to achieve superior thermal
performance. As such, Ag offers excellent thermal conduc-
tivity, though they are expensive and can lead to potential
agglomeration issues. TiO2 nanoparticles are known for their
stability and high refractive index, but they exhibit lower ther-
mal conductivity compared to Ag. On the other hand, Al2O3

nanoparticles are cost-effective and provide good thermal
conductivity and chemical stability, but they may not match
the thermal performance of Ag. However, the complexity of
such a system may also pose challenges, including potential
difficulties in maintaining uniform dispersion, controlling
viscosity, and ensuring long-term stability of the suspen-
sion [5, 6]. Mahmood et al. [7] studied the impact of heat
generation and velocity slip on a stagnation point flow of
tri-hybrid nanofluid near a shrinking sheet. Their findings
showed that the ternary nanofluid resulted in the highest skin
friction coefficient and heat transfer rates compared to the
other two types of nanofluids. Nasir et al. [8] studied a non-
linear convection and radiation on ternary hybrid nanofluids
past a stretchable surface, while a magnetized ternary hybrid
nanofluid flowwith nanoparticle shape has been numerically
discussed by Shanmugapriya et al. [9]. They found that the
blade-shaped nanoparticles achieved the highest heat trans-
fer rate, which was significantly greater than that of hybrid
nanofluids. Gohar et al. [10] investigated tri-hybrid nanofluid
flowwith nonlinear radiation over a spinning disk, highlight-
ing its relevance to energy use in technical and industrial
applications. Further, Madhukesh et al. [11] examined the
thermal performance of ternary hybrid nanofluid flow over
an inclined plate and a cylinder, reporting an increase in heat
distribution from 2.08 to 2.32% for the cylinder and from
5.19% to 10.83% for the plate. Additional studies on ternary
nanofluids can be found in the works of Sarangi et al. [12]
and Mohanty et al. [3].

A nonlinearly shrinking sheet refers to a surface that con-
tracts in a nonlinear manner as it moves in the direction of
the flow. Unlike a linear shrinking sheet, the rate of con-
traction for nonlinear shrinking sheet changes according to
a nonlinear function of position or time [13]. The concept
of this interest has applications in fields such as polymer
processing, cooling process of electronic devices, as well as
pumps and generators, since nonlinear shrinking sheet pro-
vides a more accurate representation of how surfaces interact
with fluids and improved the control over processing the
heat transfer. By integrating nonlinear effects, engineers and
scientists can better optimize performance and efficiency in
various applications [14]. As such, Zaimi et al. [15] devel-
oped a model of nanofluid flow over a nonlinearly permeable
stretching/shrinking sheet, while Khan et al. [16] performed
on a nanofluid flow past a nonlinearly stretching/shrinking

wedge with MHD and radiation. A study of hybrid nanofluid
flow past a nonlinearly permeable stretching and shrinking
surfaces with radiation has been initiated byWaini et al. [17]
and Lund et al. [18] then studied a three-dimensional rotating
flow of hybrid nanofluid past a nonlinearly shrinking sheet
withMHD. To date, several researchers have expressed inter-
est in nonlinearly shrinking sheet and have conducted studies
on them [19–21]. Further, velocity slip in boundary layer
represents an important aspect of fluid dynamics that can be
leveraged to improve the performance of various industrial
devices and applications. In boundary layer studies, velocity
slip defines as the velocity of a fluid near a solid surface that
deviates from that predicted by no-slip boundary conditions,
where the no-slip condition assumes that the fluid velocity at
the solid boundary is zero [22]. However, in certain practical
situations, this assumption may not hold true due to vari-
ous factors such as surface roughness, surface coating, or the
presence of nanoscale features. The velocity slip then occurs
when the fluid molecules near the solid boundary experience
reduced frictional drag, compared to what is predicted by
the no-slip condition, as explained by Sahraoui and Kaviany
[23]. One such example of velocity slip in applications is in
nanofluidic systems that is used for DNA sequencing [24].
To determine the fluid behavior, velocity slip effects allow
researchers to design novel nanofluidic channels and devices
with tailored fluidic properties, which enabling precise con-
trol over fluid flow and particle transport. Manjunatha et al.
[25] developed a work on slip effects through the blood flow
past a bi-directional stretching sheet by following the model
of tri-hybrid nanofluid, while Rafique et al. [26] performed
the effects of velocity slip and variable viscosity on ternary
Al2O3-Cu-TiO2/H2O nanofluid over a disk surface. Another
study of tri-nanofluid flow with linear radiation and slip flow
has been assessed by Sudharani et al. [27] and their analysis
showed the decaying of velocity profiles in ternary hybrid
nanofluid flow when the nanoparticle value improved. In
comparison with tri-hybrid and hybrid nanofluid, the ternary
nanomaterial showed to possess the higher heat transfer rate.
Recently, another comprehensive study byMumtaz et al. [28]
showed that a substantial impact on thermal conductivity by
the nanoparticle volume fraction. Based on this report, a 1%
increase in volume fraction improves the thermal conductiv-
ity by 6%, whereas this figure rises to 26% when the value
of fraction reaches 4%.

Building on the reviewed literature, this research examines
the theoretical aspects of magnetohydrodynamics (MHD),
velocity slip, thermal radiation, and heat generation in a
ternary nanofluid flow over a nonlinearly permeable shrink-
ing sheet.While previous studies have explored nanofluids in
different flow configurations, research on ternary nanofluid
flow over a nonlinearly shrinking sheet remains limited. In
particular, there is a lack of studies that apply an optimiza-
tion approach to improve heat transfer performance in this
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Fig. 1 The bvp4c process for the numerical analysis

setting. This research then addresses that gap by focusing on
optimizing heat transfer using theResponse SurfaceMethod-
ology (RSM). This combined approach highlights both flow
behavior and optimal thermal performance particular on the
nonlinearly shrinking surface, which has not been reported
in earlier studies. Further, the study has three main objec-
tives: (i) to formulate and model the mathematical equations
basedon the problem framework, (ii) to analyze howdifferent
parameters affect ternary nanofluid flow over a nonlinearly
shrinking sheet, and (iii) to determine the best combination
of three parameters value to maximize heat transfer.

The method of this research brings to two analyses: (i)
numerical, and (ii) statistical. For the mathematical model,
a similarity transformation technique is applied to convert
the nonlinear partial differential equations (PDEs) into a
system of nonlinear ordinary differential equations (ODEs).
Numerical analysis is then carried out using MATLAB’s
bvp4c function. This solver requires defining the differen-
tial equations, boundary conditions, and initial guesses, and
it iteratively refines the solution until it satisfies both the
ODEs and boundary conditions. This makes it a valuable
tool for solving a wide range of boundary value problems
(BVPs) arising in various scientific and engineering applica-
tions [29]. Figure 1 outlines the process of algorithm used in
this solver.

For the optimization process, nonlinearity, radiation, and
heat generation parameters are selected, and RSM is applied

using Minitab software to determine their optimal values for
achieving the maximum rate of heat transfer. The outcomes
of this research, derived from both numerical and statisti-
cal analyses, hold potential applications in advanced energy
systems requiring efficient heat and thermal management.

2 Formulation of Mathematical Model

2.1 Governing Equations

The formulation of this problem is based on several physi-
cal and mathematical assumptions to simplify the governing
equations and describe the flow system clearly, as depicted in
Fig. 2. These assumptions are listed below in chronological
order:

• The flow is steady, two-dimensional, and incompressible.
• The fluid electrically conducting and influence by a uni-
form transversemagnetic field of strength B0 applied along
the y-direction.

• The sheet is located at y � 0, with the flow taking place in
the region y ≥ 0.

• Cartesian coordinates x, y are defined such that the x-axis
lies along the sheet, and the y-axis is normal to it.

• The sheet moves with velocity u � uw(x)� + uslip(x),
where � > 0 indicates stretching, � < 0 denotes shrink-
ing, and � � 0 is a static sheet.

• Velocity slip at the surface is considered by uslip(x).
• The surface temperature is defined as Tw(x) � T∞ + T0( x

l

)m , where T0 is the characteristic temperature, l is the
characteristic length, T∞ is the far-field temperature, and
m is the nonlinear boundary condition for surface temper-
ature when m �� 0 and m �� 1.

• Effects of thermal radiation and volumetric heat generation
are included.

• The nanoparticles of Al2O3, TiO2, and Ag are assumed
to be uniformly dispersed, with no slip between the base
fluid and nanoparticles.

• Fluid properties are assumed to be constant, except for
the density variation in the buoyancy term (Boussinesq
approximation).

• The flow is confined within the boundary layer regime,
and external forces other than the applied magnetic field
are neglected.

Based on these assumptions, the boundary layer equa-
tions for continuity, momentum, and energy governing the
ternary nanofluid flow, which follow a quadratic form, can
be expressed in Cartesian coordinates (x, y) as [30]

∂u

∂x
+

∂v

∂y
� 0 (1)
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Fig. 2 Coordinate system for two surfaces

u
∂u

∂x
+ v

∂u

∂y
� μthn f

ρthn f

∂2u

∂y2
− σthn f

ρthn f
B2
0u

v � vw(x), u � ax� + L1(x)
∂u

∂y
at y � 0

u � ue(x) → 0 as y → ∞

(2)

u
∂T

∂x
+ v

∂T

∂y
� khn f(

ρCp
)
hn f

∂2T

∂y2
+

μhn f(
ρCp

)
hn f

(
∂u

∂y

)2

+
σhn f(

ρCp
)
hn f

B2
0u

2 − 1
(
ρCp

)
hn f

∂qr
∂y

+
Q0(T − T∞)
(
ρCp

)
hn f

T � Tw(x) + T0(x)
m at y � 0

T → T∞ as y → ∞ (3)

Here, u and v are the velocity components of the ternary
nanofluid flow along the x and y axes, respectively, and T is
the temperature. Further, parameter a is constant, L1 is the
velocity slip factor, Q0 is heat generation coefficient, and qr
is the radiative heat flux which expressed by

q � −4σ∗
3k∗

∂T 4

∂y
(4)

where k∗ is the coefficient of mean absorption and σ∗ is
the Stefan-Boltzmann constant. The expression for qr can be
simplified to T 4 ≈ 4T 3∞(T −3T 4∞) by ignoring higher-order
terms and expanding T 4 using a Taylor series around the far
field T∞. The symbol μ, k, ρ, σ , and

(
ρCp

)
are represented

as the ternary nanofluid’s dynamic viscosity, thermal conduc-
tivity, density, electrical conductivity, and heat capacitance,
respectively. Additionally, Tables 1 and 2 provide the prop-
erty correlations and thermophysical characteristics for three
nanoparticles namely Al2O3 (ϕ1), TiO2 (ϕ2), and Ag (ϕ3).

2.2 Mathematical Solutions

According to Waini et al. [17] and Obalalu et al. [33], the
following dimensionless variables can be introduced by

u � axm f ′(η),

v � −
[
(m + 1)aν f

2

]1/2
x (m−1)/2

[
f (η) +

m − 1

m + 1
η f ′(η)

]
,

θ (η) � T − T∞
Tw(x) − T∞

, η � y

√
(m + 1)a

ν f
x (m−1)/2

(5)

so that

vw(x) � −
[
(m + 1)aν f

2

]1/2
x (m−1)/2S (6)

and

L1(x) � x (m−1)/2L (7)

where η is a dimensionless similarity variable and L is veloc-
ity slip parameter. From Eq. (6), S is suction parameter being
that S > 0. Otherwise, S < 0 represents injection parameter
while S � 0 is impermeable condition.

The following BVPs can finally be obtained by con-
figuring Eq. (5) with Eqs. (2) and (3) via a similarity
transformation technique, which listed below as

μthn f /μ f

ρthn f /ρ f
f ′′′ − 2m

m + 1
f ′2 − σthn f /σ f

ρthn f /ρ f
M f ′ + f f ′′ � 0

(8)
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Table 1 Properties relationship
for ternary nanofluid [31] Properties Ternary nanofluid

Dynamic viscosity μthn f � μ f

(1−ϕ1)2.5(1−ϕ2)2.5(1−ϕ3)2.5

Density ρthn f � (1 − ϕ3)
{
(1 − ϕ2)

[
(1 − ϕ1)ρ f + ϕ1ρ1

]
+ ϕ2ρ2

}
+ ϕ3ρ3

Thermal capacity
(ρCp)thn f � (1 − ϕ3)

{
(1 − ϕ2)

[
(1 − ϕ1)(ρCp) f + ϕ1(ρCp)1

]

+ϕ2(ρCp)2

}

+ ϕ3(ρCp)3

Thermal conductivity
kn f
k f

� k1+2k f −2ϕ1(k f −k1)
k1+2k f +ϕ1(k f −k1)

khn f
kn f

� k2+2kn f −2ϕ2(kn f −k2)
k2+2kn f +ϕ2(kn f −k2)

kthn f
khn f

� k3+2khn f −2ϕ3(khn f −k3)
k3+2khn f +ϕ3(khn f −k3)

Electrical conductivity σn f
σ f

� σ1+2σ f −2ϕ1(σ f −σ1)
σ1+2σ f +ϕ1(σ f −σ1)

σhn f
σn f

� σ2+2σn f −2ϕ2(σn f −σ2)
σ2+2σn f +ϕ2(σn f −σ2)

σthn f
σhn f

� σ3+2σhn f −2ϕ3(σhn f −σ3)
σ3+2σhn f +ϕ3(σhn f −σ3)

Table 2 Properties of water and
three nanoparticles [5, 32] Physical properties Al2O3 TiO2 Ag H2O

ρ(kg/m3) 3970 4250 10,500 997.1

Cp(J/kg K) 765 686.2 235 4179

k (W/mK) 40 8.9538 429 0.613

σ (S/m) 35 × 106 2.38 × 106 6.3 × 107 5.5 × 10−6

1

Pr

1
(
ρCp

)
thn f /

(
ρCp

)
f

(
kthn f
k f

+
4

3
R

)
θ ′′

+
Ec

m + 1

(
f ′′2 +

σthn f /σ f

μthn f /μ f
M f ′2

)

− 2m

m + 1
f ′θ + f θ ′ + Qθ � 0 (9)

bound to

f (0) � S, f ′(0) � � + L f ′′(0), θ (0) � 1

f ′(η) → 0, θ (η) → 0 as η → ∞ (10)

The respective parameters in Eqs. (8) – (10) are then
defined as

M � σ f B2
0

aρ f
, Pr �

(
ρCp

)
f

k f
, R � 4σ ∗ T 3∞

k ∗ k f
,

Ec � u2w
Cp[Tw(x) − T∞]

,

L �
√
(m + 1)al2

ν f
, Q � Q0

(m + 1)a
(11)

where M is magnetic parameter, Pr is Prandtl number, R is
radiation parameter, Ec is Eckert number, Q is heat genera-
tion parameter, and L is velocity slip parameter.

Another important aspect in this formulation is the quan-
tities of interest for skin friction coefficient Re1/2x C f and the

local Nusselt number Re−1/2
x Nux . In most technical sectors,

determining these quantities helps in analyzing and improv-
ing system performance by providing a better understanding
of fluid behavior and thermal management efficiency. The
quantities of interest are further introduced by [17]

C f � μthn f

ρ f u2w(x)

(
∂u

∂y

)∣
∣
∣∣
y�0

, Nux � kthn f
k f [Tw(x) − T∞]

(
− ∂T

∂y

)∣
∣
∣∣
y�0

(12)

and we simplified Eq. (12) with Eq. (5) so we achieve

Re1/2x C f � μthn f

μ f
f ′′(0), Re−1/2

x Nux � −
(
kthn f
k f

+
4

3
R

)
θ ′(0)

(13)

where Rex � uw(x)x
ν f

is the local Reynolds number.
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2.3 Analytical Solution for theMomentum Equation

In this section, analytical solution is presented as a bench-
mark to support the numerical findings for ternary nanofluid
flow over a nonlinear permeable shrinking sheet. This solu-
tion provides an explicit form of velocity and temperature
profiles that serve as a reference case. Such a closed-form
result is valuable for validating the accuracy and stability of
the numerical approach, see Maranna et al. [34] and Lone
et al. [35]. The derivation was made possible by introducing
simplifying assumptions: the flow is steady and laminar, the
base fluid and nanoparticles possess constant thermophysical
properties, viscous dissipation is neglected, and velocity slip
is approximated up to the first-order term. These assumptions
reduce the nonlinear system to a tractable form suitable for
analytical treatment.

By disregarding specific parameters such as ϕi for i � 1,
2, 3, while we setM � 0 and m � 1, the BVP in Eq. (8) can
simplify to

f ′′′ − ( f ′)2 + f f ′′ � 0

f (0) � S, f ′(0) � � + L f ′′(0), f ′(η) → 0 as η → ∞
(14)

which corresponds to the classical case of a viscous fluid.
This particular form of the equation is known to admit an
exact analytical solution at [36]

f (η) � S +
�

α + α2L

[
1 − exp(−αη)

]
(15)

Here,α represents the effective distance parameter. For the
solution to be physically relevant,αmust be positive (α > 0),
which ensures the potential existence of multiple solutions.
By description, analytical solution based on the boundary
layer equations provides meaningful outcomes especially in
cases where numerical methods may introduce approxima-
tion errors.However, obtaining closed-formsolutions is often
limited to simplified caseswith reduced governing equations.
In practical scenarios involving complex fluid interactions,
numerical approaches become essential for capturing the full
range of physical effects and since it produces velocity and
temperature profiles that converge with the boundary con-
ditions, only one root of α is retained in the formulation.
Alternative roots give rise to unbounded or non-physical
behaviors, which are not consistent with the flow system
under consideration. The retained root therefore ensures that
the analytical solution functions as a reliable comparison for
the numerical results. Hence, by substituting Eq. (15) into
Eq. (14), we obtain

α2 − αS − � � 0 (16)

Table 3 Comparison of f ′′(0) against suction parameter S

S f ′′(0)

Mishra et al. [30] Current analysis

− 0.7 − 0.7111 − 0.7110142

− 0.4 − 0.8214 − 0.8214379

0.0 − 1.0014 − 1.0013901

0.5 − 1.2207 − 1.2206877

0.7 − 1.4099 − 1.4099816

where

α � S +
√
S2 + 4�

2
(17)

so it leads to the expected result that �c � − S2
4 , where

�c < 0 represents the critical value of � beyond which
the BVP in Eq. (14) has no practical solutions. Further-
more, by setting � � 1 and S � 0, Eq. (15) can simplify
to f ′′(0) � −1. This result is consistent with the classical
solution initially presented by Crane et al. [37] for boundary
layer flow induced by a stretching sheet. The values of f ′′(0)
are then computed with different numbers of S, which listed
accordingly in Table 3.

2.4 Analytical Solution for the Energy Equation

For the analytical solution, the problem is simplified by con-
sidering the case where the nanoparticle fractions (ϕ1, 2, 3 �
0.0) and all other parameters are absent. Under these condi-
tions, the BVP in Eq. (9) reduces to

θ ′′ + Pr f θ ′ � 0

θ (0) � 1, θ (η) → 0 as η → ∞ (18)

which represents the temperature profiles in the absence
of additional thermal effects. The corresponding analytical
solution is given by

θ (η) � 1 −
( ∫ h

0 Pr f dh
∫ ∞
0 Pr f dη

)

(19)

where Eq. (19) satisfies the governing equation under these
simplified conditions. The heat transfer rate −θ ′(0) is then
determined from this solution so that

−θ ′(0) � 1
∫ ∞
0 Pr f dη

(20)

To ensure accuracy, computed values of −θ ′(0) for dif-
ferent Prandtl numbers Pr are compared between numerical
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Table 4 Comparison of
numerical and analytical
solutions for the −θ ′(0)

Pr −θ ′(0) Khan and Pop [38] Wang [39]

Solution from Eq. (18) Solution from Eq. (20)

2 0.911358 0.911358 0.911 0.911

7 1.895404 1.895403 1.895 1.895

20 3.353912 3.356904 3.354 3.354

70 6.462249 6.462199 6.462 6.462

solution from Eq. (18) and analytical solution from Eq. (20)
as listed in Table 4. For consistency in comparison, the anal-
ysis is conducted by setting ϕ1 � ϕ2 � ϕ3 � 0.0 and
neglecting the effects of Eckert numberEc, magnetic fieldM,
and radiation parameter R. The close agreement between the
obtained results and previous studies confirms the reliability
of both the numerical and analytical approaches.

3 Numerical Results

The results in this research are based on the mathemati-
cal models described in Eqs. (8)–(10), which were solved
using a finite difference approach through bvp4c scheme
in MATLAB software. This scheme applies the three-stage
collocation method of Lobatto-IIIa approach per subinter-
val. The accuracy of the numerical solution for the BVPs
in Eqs. (8)–(10) relies on this method [40]. The plot of skin
friction coefficient Re1/2x C f andNusselt numberRe−1/2

x Nux
for three nanofluids: mono, hybrid, and ternary, is presented
in Fig. 3. It was observed that two solutions exist within
the range �c ≤ � < 0, with ternary nanofluid showing
the widest range of dual solutions. Over a shrinking sur-
face, the fluid flow can develop two different solutions when
the shrinking parameter � reaches certain critical values: (i)
the first solution—generally stable and linked to higher wall
shear stress, and (ii) the second solution—often unstable and
associated with lower shear stress, which justify by Ahmed
et al. [41].

The presence of the lower (second) solution is not only
a mathematical justification but also carries physical inter-
pretation. Although typically unstable, the lower solution
signals the boundary between sustained flow and flow break-
down. Recognizing the existence of the lower solution helps
to define the limits of operational stability, since exceeding
these conditions may push the system into a non-physical
regime where the boundary layer detaches [42]. As �

approaches a critical limit, two possible flow behaviors
occurred prior to the bifurcation process on the boundary
layer. When this threshold is exceeded, real solutions no
longer exist, suggesting that the flow cannot sustain itself
and may experience separation [43]. In practical systems,

such bifurcation behavior is linked to operating limits where
stable and unstable flow regimes coexist. For example, in
electronic cooling systems, reaching a bifurcation point may
cause boundary layer detachment and this leads to reduced
heat transfer efficiency and increased drag. Operating near
such thresholds also can result in unstable heat dissipation
whichpotentially triggeringoverheatingor performance loss.
Therefore, identifying the critical parameter ranges associ-
ated with bifurcation helps engineers design systems that
avoid unstable regimes [44]. Figures 4, 5, 6 then present the
effects of the nonlinearity parameter m, magnetic parameter
M, radiation parameter R, and heat generation parameter Q,
accordingly, where the range of dual solutions can further be
observed.

Further, two profiles of velocity f ′(η) and temperature
distribution θ (η) with shrinking parameter � are presented
in Fig. 7, where we notice the increase in � parameter signif-
icantly increases velocity profiles f ′(η). As � increases, the
shrinking effect intensifies and causing the flow domain to
contract more rapidly. This contraction generates a stronger
shrinking effect on thefluid near the sheetwhich increases the
flow velocity. Simultaneously, the increased � contributes to
a thinner boundary layer. This reduces the thermal diffusion
from the sheet to the surrounding fluid. This effect, combined
with the radiative cooling influence, results in a decrease
in the first solution of temperature profiles θ (η). The work
between the momentum and thermal boundary layers under
the combined effects of radiation and the ternary nanopar-
ticles further amplifies these trends. Figure 8 then depicts
the profiles of f ′(η) and θ (η) against slip parameter L. From
Fig. 8a, a declining pattern of both solutions in f ′(η) can be
attributed to the reduced resistance against the wall when L
increases, which allowing it to slip more easily rather than
adhering closely to the boundary. In terms of temperature
profiles θ (η), the first solution is shown to increase probably
due to the fluid near the wall does not carry away heat as effi-
ciently with less frictional force at the boundary. Although
the addition of three nanoparticles could generally enhance
thermal conductivity, the reduced boundary layer friction due
to higher slip limits the effectiveness of heat transfer at the
surface.
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Fig. 3 Three types of nanofluids against a Re1/2x C f , and b Re−1/2
x Nux

Fig. 4 Nonlinearity parameter m against a Re1/2x C f , and b Re−1/2
x Nux
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Fig. 5 Magnetic parameterM against a Re1/2x C f , and b Re−1/2
x Nux

Fig. 6 Re−1/2
x Nux against parameter of a radiation R, and b heat generation Q
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Fig. 7 Shrinking parameter � against a f ′(η), and b θ(η)

Fig. 8 Velocity slip parameter L against a f ′(η), and b θ(η)
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Fig. 9 Nonlinearity parameter m against a f ′(η), and b θ(η)

The effect of nonlinearity parameter m on both profiles
of f ′(η) and θ (η) is visualized in Fig. 9. By definition, the
stretching or shrinking behavior of the sheet becomes more
pronounced in a nonlinear manner when m increases, which
in turns enhances thefluid’smomentumnear the surface. This
leads to an increase in the first solution of f ′(η) because the
fluid is being ‘pulled’ or ‘pushed’ more strongly by the sur-
face’s nonlinear behavior. Simultaneously,whenm increases,
it alters the shrinking rate along the sheet which introduces
a spatially varying effect that can enhance fluid motion
near certain regions of the sheet. This variation impacts the
temperature distribution θ (η) as displayed in Fig. 9b. Addi-
tionally, the nonlinear nature from the shrinking sheet may
lead to changes in the thermal gradients and allowing more
heat to accumulate within the fluid near the sheet. Further,
Fig. 10 shows the f ′(η) and θ (η) against magnetic param-
eter M where the second solution of the velocity profiles
f ′(η) are shown to decrease. When the magnetic parameter
M increases, the Lorentz force that arises from the interac-
tion of the fluid’s motion with the imposed magnetic field
becomes stronger. This force acts as a resistive drag and
opposes the flow motion, which generates the velocity of
the nanofluid to decrease across the boundary layer. Based
on the temperature profiles θ (η) in Fig. 10b, this suppres-
sion of fluid motion indirectly impacts the thermal profile as
well. The reduced velocity weakens convective heat trans-
fer within the boundary layer. With diminished convective
effects, the thermal diffusion process dominates, causing a

reduction in the overall temperature distribution as observed
in the second solution.

Figure 11 then displays the effect of thermal radiation
parameterR and heat generation parameterQ on temperature
profiles θ (η), where the results show that mixed behaviors
attended on the solutions against R, whileQ parameter tends
to dejecting θ (η). For the second solution in Fig. 11a, R
parameter enhances the profiles of θ (η) by increasing the
thermal energy emitted from the surface and raising the heat
transfer to the surrounding fluid. This radiative heat flux con-
tributes to additional energy and leads to a higher thermal
boundary thickness. Conversely, the heat generation param-
eter Q represents as a negative source term in the energy
equation, which implies that energy is being dissipated rather
than supplied. The effect of this constantly lowering the
overall temperature distribution within the nanofluid flow.
From an application perspective, these findings are relevant
for systems that related with thermal control. An increase
in R can be advantageous in high-temperature furnaces, as
such, where stronger radiative transfer enhances heat extrac-
tion from surfaces. On the other hand, heat generation can
reduce temperature distribution in the high-temperature fur-
naces because internal heat sources need to be controlled to
prevent excessive temperature rise.
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Fig. 10 Magnetic parameterM against a f ′(η), and b θ(η)

Fig. 11 θ (η) against parameter of a radiation R, and b heat generation Q
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Table 5 Setting of level for three
parameters Parameter Coded parameter Level

− 1 (Low) 0 (Medium) 1 (High)

m X 1.5 1.6 1.7

R Y 0.5 0.7 0.9

Q Z 0.1 0.2 0.3

4 Optimization of Heat Transfer Rate by RSM

Based on the numerical analysis obtained, optimization using
Response SurfaceMethodology (RSM) is conducted to iden-
tify three parameters that significantly influence the response
and to determine their optimal levels. RSM is a collection
of statistical and mathematical tools designed to model and
analyze problems where the response is affected by multi-
ple variables. Introduced by Box and Wilson in the 1950s
[45], the goal of RSM is usually to optimize (minimizing
or maximizing) the response as this method is further widely
used in engineering,manufacturing, and scientific research to
improve processes and design experiments efficiently. Visu-
alization tools such as contour plots and three-dimensional
surface plots are integral to RSM to provide insights between
the variables and their combined effects on the response.Over
the years, RSM has been widely adopted in dynamics stud-
ies across various fields such as by Wang et al. [46] and Abu
Bakar et al. [47]. The core idea of RSM is to approximate
the true relationship between input variables and the response
using polynomial equations, typically quadratic, and to iden-
tify optimal operating conditions, which the general equation
for a second-order polynomialmodel inRSM is given by [48]

response � γ0 +
n∑

i�1

γi xi +
n∑

i�1

γi i x
2
i +

n∑

i< j

γi j xi x j + E

(21)

where res is the response variable, xi is the input variables,
γ0 is the intercept, γi , γi i , and γi j are the coefficients, respec-
tively, and E represents the error coefficient.

In this RSM analysis, three parameters of nonlinearity
m, radiation R, and heat generationQ are selected to maxi-
mize the heat transfer rate Re−1/2

x Nux (response)while other
parameters are fixed at ϕ1 � ϕ2 � ϕ3 � 0.01, S � 2.0,
� � −2.0, L � 0.1, and Ec � M � 0.5. Table 5 is then
presented a detailed overview of these parameters, including
their coded values and levels. Additionally, Table 6 lists the
experimental design for the RSM analysis.

RSM is occupied to analyze the developed mathemat-
ical model, with the results summarized in Table 7 are
based on ANOVA analysis. According to Jain et al. [49],
a variable term is statistically insignificant when its p-value

exceeds 0.05. For the initial model predicting the response
Re−1/2

x Nux , the term Z2 were identified as insignificant and
excluded from the model due to its high p-values. Following
these adjustments, the revised correlations for uncoded and
coded coefficients derived from Eq. (21) are now presented
in an updated form of

i. Uncoded equation:

response

�
{
0.9581 + 3.561m − 1.0033R − 0.5555Q − 0.2714m2+

0.43204R2 − 0.5945mR + 0.1501mQ + 0.0274RQ
(22)

ii. Coded equation:

response �
{
4.745 + 0.231X − 0.269Y − 0.029Z − 0.003X2+

0.017Y 2 − 0.012XY + 0.002X Z + 0.0005Y Z
(23)

Figure 12 then presents the residual analysis, including the
Normal Probability Plot, Histogram, Versus Fits, and Ver-
sus Order plots. These visualizations verify that the model
assumptions—normality, independence, and homoscedastic-
ity of residuals—are met, which confirms the validity of the
regression model. Meanwhile, Fig. 13 displays the contour
and surface plots for the response Re−1/2

x Nux , which offer-
ing a visual representation of the relationship between the
variables of m, R and Q parameters and the response. The
plot indicates that optimal parameter values for maximizing
the Re−1/2

x Nux arem � 1.7 (highest number), R � 0.5 (low-
est number), and Q � 0.1 (lowest number). These optimal
values are further validated by six alternative combinations
as outlined in Table 8 as the RSM analysis confirms that the
highest value of m, and lowest values of R and Q achieve
a maximum heat transfer rate Re−1/2

x Nux with a suggested
desirability of 99.98%.

5 Conclusions

This study examines the steady, two-dimensional, incom-
pressible flow of a ternary nanofluid Al2O3–Cu–TiO2/H2O
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Table 6 Experimental design for

Re−1/2
x Nux

Runs X (m) Y (R) Z (Q) Response (Re−1/2
x Nux )

1 − 1 − 1 − 1 4.81767

2 1 − 1 − 1 5.29996

3 − 1 1 − 1 4.30270

4 1 1 − 1 4.73755

5 − 1 − 1 1 4.75424

6 1 − 1 1 5.24265

7 − 1 1 1 4.24158

8 1 1 1 4.68232

9 − 1 0 0 4.51258

10 1 0 0 4.97269

11 0 − 1 0 5.03149

12 0 1 0 4.49378

13 0 0 − 1 4.77469

14 0 0 1 4.71564

15 0 0 0 4.74530

16 0 0 0 4.74530

17 0 0 0 4.74530

18 0 0 0 4.74530

19 0 0 0 4.74530

20 0 0 0 4.75430

Table 7 ANOVA analysis for the
response Source Deg. of

freedom
Adjusted sum
square

Adjusted mean
square

F-value p-value

Model 8 1.26569 0.158212 1,864,153.99 0.000

Linear 3 1.26329 0.421098 4,961,651.51

X 1 0.53195 0.531951 6,267,792.32

Y 1 0.72257 0.722574 8,513,833.71

Z 1 0.00877 0.008770 103,328.50

Square 2 0.00125 0.000624 7356.46

X2 1 0.00002 0.000024 277.72

Y2 1 0.00096 0.000956 11,260.66

2-Way
Interaction

3 0.00115 0.000384 4521.49

XZ 1 0.00113 0.001131 13,323.75

YZ 1 0.00002 0.000018 212.36

ZZ 1 0.00000 0.000002 28.35

Error 11 0.00000 0.000000

Lack-of-Fit 6 0.00000 0.000000 * *

Pure Error 5 0.00000 0.000000

Total 19 1.26570
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Fig. 12 Residual analysis for the response

flow over a nonlinear impermeable shrinking sheet with
velocity slip, radiation, magnetohydrodynamics, and heat
generation. The formulation of mathematical model starts
with the partial differential form, which are transformed into
ordinary differential equations using a similarity transfor-
mation method. The numerical solutions are obtained using
bvp4c function inMATLAB.Additionally,ResponseSurface
Methodology (RSM) is applied to determine optimal condi-
tions for maximizing the heat transfer rate by selecting key
parameters. The findings from the numerical and statistical
analysis are summarized as follows:

i. A comparison with previously published results shows
strong agreement, verifying the accuracy of the present
model.

ii. Multiple flowbehaviors are observed based on shrinking
parameter � < 0, which presenting two branches of
solutions.

iii. The ternary nanofluid achieves higher heat transfer per-
formance compared to both conventional and hybrid
nanofluids.

iv. The temperature profiles show varying trends depend-
ing on the magnetic parameter M, shrinking parameter

�, and radiation parameter R. Heat generation parame-
ter Q reduces the temperature, whereas the nonlinearity
parameter m increases it.

v. The optimization using RSM shows that the highest heat
transfer rate is obtainedwhen the nonlinearity parameter
m is maximized, while R and Q are minimized, with a
desirability of 99.98%.

Here, this research contributes to the ongoing study on
ternary nanofluids by providing both numerical and statis-
tical understandings, which also brings the novelty that is
reflected in the simultaneous consideration of the nonlin-
earity parameter, radiation parameter, and heat generation
parameter under a ternary nanofluid model. Although this
work is limited to a theoretical and numerical framework,
the potential future research could consider the effects of dif-
ferent nanoparticle shapes, dynamic viscosity models, and
unsteady flow conditions. In addition, experimental vali-
dation of the findings would help bridge the gap between
theoretical and real-world applications, particularly in cool-
ing technologies where effective heat dissipation is critical
to maintain optimal performance and prevent overheating.
Current findings from this work suggest that the model of
nonlinear shrinking surface in ternary nanofluids combined
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Fig. 13 Contour and surface plots for the response
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Table 8 Suggestion of
parameters to maximize the
response

Solution m R Q Response fit Composite desirability

1 1.70000 0.50000 0.10000 5.29985 99.989%

2 1.70000 0.50000 0.29895 5.24283 94.602%

3 1.70000 0.55136 0.10000 5.21990 92.435%

4 1.54277 0.50000 0.10000 4.92271 64.356%

5 1.54864 0.50000 0.29383 4.87707 60.043%

6 1.70000 0.78854 0.29375 4.82621 55.238%

7 1.50000 0.90000 0.10000 4.30286 5.789%

with optimized parameter settings can be applied to achieve
higher energy efficiency and prevent overheating in practi-
cal engineering designs, such as high-performance battery
systems or thermal sensors in electronic devices.
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