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ABSTRACT Ensemble learning plays a crucial role in deep learning (DL) by improving classification
accuracy through the aggregation of multiple classifiers. However, traditional methods, such as bagging,
boosting, and stacking, face limitations when combining heterogeneous classifiers trained on unrelated tasks,
owing to their reliance on closely aligned objectives. To address these challenges, we propose Adjusted
Exponential Scaling (AES), a novel approach that combines diverse classifiers using probabilistic outputs,
such as those generated by the Softmax function. AES eliminates the need to modify DL architectures or
interfere with their training processes, thereby significantly reducing computational costs while ensuring
compatibility with existing systems.We demonstrate AES scalability in simulations, successfully combining
the outputs of up to 40 classifiers while maintaining probabilistic integrity. A formal verification using the
Z3 Satisfiability Modulo Theories (SMT) solver confirmed its accuracy and reliability. AES is designed for
simplicity and adaptability, making it particularly well suited for dynamic applications such as deepfake
detection and medical diagnostics, where real-time combination is critical. By providing a scalable and
computationally efficient solution, AES expands the applicability of ensemble learning and establishes a
foundation for future extensions to sequential and binary tasks, further enhancing its versatility in machine
learning challenges.

INDEX TERMS Ensemble learning, multiclass classification, adjusted exponential scaling (AES), classifier
integration, formal verification.

I. INTRODUCTION
Ensemble learning is a cornerstone of modern machine
learning that enhances prediction accuracy, reduces variance,
and mitigates bias by leveraging multiple models [1], [2].
Techniques such as bagging, boosting, and stacking have
demonstrated effectiveness across various domains, includ-
ing deepfake detection and medical diagnostics, by integrat-
ing complementary model strengths [3], [4].

The associate editor coordinating the review of this manuscript and

approving it for publication was Zhan-Li Sun .

Classification is a fundamental machine learning task that
assigns inputs to predefined categories with high precision
and reliability. Ensemble methods enhance classification
performance by addressing challenges such as overfitting
and bias through the combined strengths of diverse mod-
els [5], [6]. For example, convolutional neural networks
(CNNs) in an ensemble can improve image classification by
leveraging distinct feature representations. These capabilities
make ensemble learning particularly valuable in critical
applications where accuracy is essential, such as healthcare
diagnostics and fraud detection [7], [8].
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Despite these advantages, conventional ensemble tech-
niques face significant challenges when integrating hetero-
geneous classifiers trained on diverse, unrelated tasks. These
methods generally assume a shared label space and architec-
tural compatibility. Approaches such as stacking, which relies
on a meta-learner for output optimization, require additional
training and architectural modifications, thereby increasing
computational overhead and reducing accessibility in real-
world deployments [9], [10]. These limitations become
particularly evident when attempting to merge models with
distinct classification objectives, such as recognizing fruits,
animals, and gender simultaneously [11], [12], [13]. This
highlights a clear research gap in enabling architecture-
independent, inference-level integration of classifiers across
disjoint tasks.

To address this gap, this study introduces AES, a novel
architecture-agnostic approach designed to directly com-
bine classifier outputs without requiring additional training
or architectural modifications. Unlike traditional ensemble
methods, AES operates directly on probabilistic outputs,
such as those produced by the Softmax function, ensuring
computational efficiency while preserving the probabilistic
integrity of predictions. AES offers a scalable and accessible
solution for dynamic systems by avoiding modifications to
classifier architectures and eliminating the need for meta-
learners.

The effectiveness of AES is demonstrated through simu-
lations incorporating up to 40 classifiers while maintaining
high precision and scalability. Formal verification using
the Z3 Satisfiability Modulo Theories (SMT) solver [14]
further validates its accuracy and reliability in preserving
probabilistic properties. These attributes establish AES as a
robust and generalizable approach for addressing classifica-
tion challenges in diverse and dynamic environments.

Unlike traditional ensemble methods such as bagging,
boosting, and stacking, AES operates entirely at the inference
stage without retraining, meta-learners, or modifications to
classifier architectures. This enables seamless integration
of independently trained models with heterogeneous label
spaces, while preserving probabilistic integrity. These prop-
erties distinguish AES as a practical and scalable alternative
to prior approaches.

This paper is structured as follows: Section II reviews the
related literature; Section III details the AES methodology
and case study; Section IV presents the formal verification
process using the Z3 SMT solver; Section V discusses
key findings, limitations, and future directions; Section VI
highlights related studies; and Section VII concludes the
paper.

II. LITERATURE REVIEW
A. MULTICLASS CLASSIFICATION OUTPUTS
Multiclass classification is a fundamental task in DL that
involves assigning inputs to one of several predefined cate-
gories. Beyond determining the final prediction, the output
of a multiclass classification model reflects the confidence

levels, which are critical for high-reliability applications such
as medical diagnostics and fraud detection [15], [16], [17].
A thorough understanding of key components, such as logits
and the Softmax function, is essential for developing the
AESmethod, as it relies on probabilistic outputs for classifier
integration.

1) LOGITS: THE PRECURSOR TO PROBABILITY
DISTRIBUTIONS
Logits are raw, unnormalized scores produced by the final
layer of a classification model before applying an activation
function. These scores indicate the model’s confidence in
each class, based on the input characteristics. Logits are
optimized during training to effectively differentiate between
classes, making them essential for decision-making [18],
[19], [20]. However, because logits do not form a probability
distribution, they require transformation, which is typically
achieved using the Softmax function.

2) THE SOFTMAX FUNCTION: FROM LOGITS TO
PROBABILITIES
The Softmax function converts logits into a probability
distribution, ensuring that the sum of all class probabilities
is equal to one. This enables the probabilistic interpretation
of model predictions, which is critical for AES because it
combines the outputs of multiple classifiers. The Softmax
function is mathematically expressed as:

P(y = i | x) =
ezi∑K
j=1 e

zj
, (1)

where zi denotes the logit for class i and K is the total number
of classes.

For example, in a three-class classification, a probability
vector of [0.2, 0.7, 0.1] indicates that the model is most
confident in the second class, assigning it to probability of
70%. This probabilistic representation is fundamental for
AES, because it normalizes the classifier outputs before
integration [20].

B. COMBINING MULTICLASS CLASSIFICATION
Ensemble learning is widely used to improve classification
performance by integrating multiple models. It enhances
accuracy and robustness by leveraging the strengths of
diverse classifiers. Among the various approaches, ensemble
learning aggregates the outputs ofmultiplemodels to improve
predictive performance [21]

• Bagging (bootstrap aggregating): Trains multiple
models on different bootstrap samples of the training
data. Predictions are combined by averaging (regres-
sion) or majority voting (classification) [24], [25], [26].

• Boosting: Sequentially trains models, with each new
model focusing on correcting errors from the previous
one [29]. AdaBoost assigns higher weights to misclassi-
fied instances to improve accuracy [30].

• Stacking: Uses multiple base models to train a
meta-model that optimally combines their outputs [33].
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FIGURE 1. Generation of random classifier outputs using the softmax
function, demonstrating the probability distribution of class scores.

FIGURE 2. Illustration of classifier outputs combined into a unified
decision vector Vi , improving prediction accuracy.

While highly effective, stacking increases computa-
tional complexity due to meta-model training [36], [37].

C. CONTRIBUTION OF THIS STUDY
While ensemble learning enhances the accuracy and robust-
ness of classification, existing methods struggle to integrate
outputs from diverse multiclass classifiers. Techniques such
as stacking require modifications to DL architectures,
including training a meta-learner or adjusting model weights,
which increases computational complexity and necessitates
substantial DL expertise [4], [9], [39], [40].

To address these challenges, this study introduces AES,
a scalable method for combining diverse classifier outputs
without modifying model architectures. AES leverages
probabilistic outputs, such as those generated by the Soft-
max function, to seamlessly integrate classifier predictions.
Unlike traditional ensemble techniques, AES eliminates
architectural modifications and additional training, offering
a computationally efficient and accessible solution.

By preserving the probabilistic integrity of the classifier
outputs, AES provides a scalable and flexible method for
integrating classifiers trained on unrelated tasks, making it
highly suitable for real-world applications.

III. METHODOLOGY
A. DATASETS AND CLASSIFICATION MODELS
As detailed in Section II-A, the output of a multiclass
classification task is the probability vector produced by
the Softmax function. Rather than training DL models,
we simulated classifier outputs by generating Softmax-based
probability vectors, replicating the probabilistic distributions
observed in real-world classification tasks. This approach
allows for efficient evaluation of classifier combination
techniques without the computational overhead associated
with model training.

To ensure diversity in classifier outputs, we generated
random probability vectors for classifiers ranging from 2 to
40 classes, with each output containing between 2 and
5 probability scores. This randomness minimizes bias and
introduces diversity, mirroring variations found in real-world
classification systems. The process is illustrated in Fig. 1,
which visualizes the probability distributions generated by
the Softmax function for the simulated classifiers.

FIGURE 3. Illustration of the process for identifying max in Vi and
determining its occurrences.

FIGURE 4. Illustration of the sum of exponentials calculation for scaling
the combined output vector.

FIGURE 5. Illustration of the computation process for the scale rate (SR).

B. KEY STEPS IN PROPOSING THE AES METHOD
The AES method follows a structured process to efficiently
normalize and combine classifier outputs. This process
ensures that probabilistic integrity is maintained while
addressing cases in which classifiers assign equal confidence
scores to multiple classes. The following steps systematically
detail the AES process.

1) Combine classifier outputs (Vi): The outputs of
all classifiers are concatenated into a single vector,
consolidating the predictions into a unified structure
(Fig. 2).

2) Identify the most confident prediction (max): The
next step involves identifying max from vector Vi,
where max denotes the highest confidence score pre-
dicted by any classifier. Preserving this value ensures
that the most confident prediction remains dominant in
the combined output (Fig. 3).

3) Compute the Sum of the Exponentials (S): After
identifying max, the sum of exponentials is calculated
to scale the combined outputs based on confidence
levels. The computation differs depending on whether
a single or multiple max values exist:

S =

∑
i̸=max

evi (2)

If multiple max values exist, the sum is computed
across all values, including max:

S =

∑
i

evi (3)

4) Derive the Scale Rate (SR): Once S is determined, the
scale rate is calculated to normalize the outputs. If there
is only one max, SR is computed as:

SR =
1 − max

S
(4)

If multiple max values exist, the scale rate is adjusted
as:

SR =
1
S

(5)
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FIGURE 6. Illustration of the normalization process using SR to ensure
the combined output vector Vi forms a valid probability distribution.

FIGURE 7. Illustration of randomly generated classification outputs using
the softmax function. These outputs represent diverse classifier
predictions for different class distributions.

FIGURE 8. Illustration of the combined output vector obtained from
multiple classifier probability distributions. The sum of probabilities is
preserved to ensure a valid representation for further processing.

5) Normalize the Combined Output: The final step
applies SR to normalize the combined output, ensuring
a valid probability distribution:

v′i = SR · evi (6)

• Singlemax: SR is applied only to non-max values,
preserving max as is.

• Multiple max: SR is applied uniformly to all
values, maintaining proportional normalization.

C. RESULT
This section presents the implementation of the AES method
and demonstrates its application, from the generation of
classification outputs to their combination and normalization.
AES operates directly on classification model outputs.
To simulate real-world scenarios and reduce bias, random
classification outputs were generated using the Softmax
function, as described in Section III-A. This simulation
replicates diverse classifier outputs, enabling a realistic AES
evaluation. As illustrated in Fig. 7, 15 outputs were generated,
each representing a different classifier handling between
two and five classes. These probability distributions sum to
one, reflecting the probabilistic nature of the classification
tasks.

The first step of the AES method consolidates the
probability distributions of multiple classifiers into a single
vector, thereby creating a unified representation for further
processing. As shown in Fig. 8, the combined vector

FIGURE 9. Illustration of the computation of max, S, and SR. These key
computations ensure the proper normalization of the combined output
vector.

FIGURE 10. Illustration of the normalized output vector after applying SR.
The total sum of the vector is preserved as one, ensuring the validity of
the probability distribution.

incorporates all the generated outputs while preserving their
contributions. The total sum of the combined outputs was
confirmed to be 15.0, corresponding to the sum of the
probabilities across all classifiers.

In the next step, key computations prepare the combined
vector for normalization. The maximum value (max) is
identified within the vector, as illustrated in Fig. 9. In this
example, the maximum value is 0.6885, which is classified
as a single maximum because no other values are equal.
Subsequently, S is calculated by summing the exponential
values of all non-maximum elements in the vector. This
calculation ensures that SR reflects the contributions of non-
maximum values, maintaining their relative significance.
In this case, S is calculated as 72.639, and SR is determined
to be 0.00429, ensuring that the combined vector retains its
probabilistic nature upon normalization.

Finally, SR was applied to normalize the combined
vector. As shown in Fig. 10, the normalized vector sums
to one, demonstrating the successful completion of the
normalization process with minimal floating-point precision
error. In particular, the maximum value of the normalized
output remains unchanged at 0.6885, preserving the integrity
of the highest classification probability.

These results confirm the effectiveness of the AES
method in normalizing the output of diverse classifiers while
preserving the most confident predictions. Following these
steps, the next phase involved formally evaluating the method
using rigorous verification.

D. CASE STUDY:APPLYING AES ON CLASSIFICATION
MODELS
AES is designed to operate at the inference level and can
be applied directly to Softmax-normalized outputs from
pretrained models without modifying their internal archi-
tecture or retraining. To demonstrate the capability of AES
to handle diverse classifications in practical scenarios, this
section presents a case study involving several lightweight
classification models developed using MobileNetV2 [47].
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FIGURE 11. Outputs from four trained classifiers in response to a single
input image (apple), with Fruit receiving the highest probability across all
predictions.

1) MODEL OUTPUTS
Each classification model used in this case study was
implemented using MobileNetV2, a lightweight convolu-
tional neural network pretrained on ImageNet. Four separate
models were fine-tuned for the following tasks: (1) human vs.
car, (2) cat vs. dog, (3) bird vs. no-bird, and (4) a four-class
model trained on butterfly, cow, flower, and fruit. Each binary
classifier was trained on a balanced dataset consisting of
2000 images per class (4000 total), whereas the multiclass
model was trained on 8000 images in total. All models were
trained using the Adam optimizer with a learning rate of
0.0001 for five epochs. The Softmax activation function was
applied to the output layer to produce normalized probability
distributions over the target classes.

A single real input image (an apple) was passed through all
four trained classifiers to obtain the actual Softmax outputs.
Each model produced a normalized probability distribution
corresponding to its classification task. Fig. 11 shows the
results of each model, confirming the successful generation
of distinct task-specific predictions.

As shown in Fig. 11, each classifier produced a valid
probability distribution. For the input image of an apple, the
four-class model correctly assigned the highest probability
(0.9999) to Fruit. The other models predicted no-bird, cat,
and car as the most likely classes within their respective
tasks.

2) APPLYING AES TO MODEL OUTPUTS
Following the generation of individual Softmax outputs,
the AES method was applied to combine the predictions
from the four classifiers. First, all probability vectors were
concatenated into a single vector Vi, resulting in a combined
output with a total sum of 4.0, reflecting the sum of the
four normalized distributions. AES then identified the highest
probability in Vi, which was 0.9999 for the fruit class. As this
value was the unique maximum, the method proceeded with
single-max handling.

The sum of the exponentials for all non-maximum values
was calculated as S = 13.7721. Based on this value and
the maximum probability, the scale rate (SR) was computed
as approximately 1.07 × 10−5. The SR was then applied
to the non-maximum elements, while the maximum value
(fruit) was preserved. The resulting normalized output vector
had a total sum of 1.0, confirming its probabilistic validity.
Notably, the maximum value remained unchanged, retaining
the confidence of the top prediction while integrating outputs
from classifiers trained on unrelated tasks.

This example illustrates the practical application of AES
with real model outputs, demonstrating its ability to maintain

FIGURE 12. Application of AES to real classifier outputs, showing the
combined probability vector, the identified maximum value, the
computed scale rate (SR), and the final normalized output, confirming
probabilistic integrity.

probabilistic integrity and preserve the most confident
prediction without requiring architectural modifications. The
complete process—including the combined vector, scaling
procedure, and final normalized distribution—is presented in
Fig. 12.

IV. FORMAL VERIFICATION OF THE AES METHOD
Ensuring the correctness of DL systems is critical for
high-stakes applications, such as medical diagnostics and
autonomous driving. While empirical testing provides useful
insights, it cannot offer mathematical guarantees of reli-
ability. Formal verification methods, such as satisfiability
modulo theories (SMT) solvers, enable rigorous validation by
checking system properties against logical constraints. In this
study, the Z3 SMT solver is employed to formally verify that
AES outputs satisfy fundamental probabilistic properties.

A. Z3 FORMAL VERIFICATION PROCESS
The verification process was implemented in Z3 through the
following steps:

1) Solver Initialization:AZ3 solver instance was created
to provide the framework for applying constraints and
conducting evaluations.

2) Modeling the Output Vector: The AES-combined
output vector was represented as a set of real-valued
variables, each corresponding to a probability in the
final distribution.

3) Constraint Definition: Two core constraints were
applied:

• Sum-to-One Normalization: The total sum of
probabilities must equal 1 within a small tolerance
(ϵ) to account for floating-point precision.

• Maximum Confidence Preservation: The highest
probability in the vector must remain unchanged
after normalization, ensuring the top prediction’s
integrity.
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FIGURE 13. Z3 verification workflow: initialization, output vector
modeling, constraint definition, and evaluation.

FIGURE 14. Z3 verification results showing fractional representation of
the normalized output vector, confirming sum-to-one normalization and
maximum confidence preservation.

4) Verification and Model Evaluation: The solver
checked constraint satisfiability and returned a frac-
tional representation of the normalized vector, confirm-
ing compliance with the specified properties.

Fig. 13 shows the verification workflow implemented in
Z3.

B. Z3 VERIFICATION RESULTS
The Z3 solver confirmed that AES consistently satisfies
both defined properties: the normalized output vector sums
to one, and the maximum confidence score is preserved.
These results validate AES’s ability to maintain probabilistic
integrity during output integration, ensuring its suitability for
deployment in critical classification tasks. Fig. 14 presents
the verification results.

V. DISCUSSION
A. KEY FINDINGS AND IMPLICATIONS
This section discusses the implications of the AES method
and highlights its impact on ensemble learning and classifi-
cation tasks. The AES method effectively addresses a major
challenge in ensemble learning—integrating diverse classi-
fiers without requiring modifications to DL architectures.

By leveraging only the outputs of the classifiers, AES
eliminates the need for architectural modifications or meta-
learners, significantly reducing computational overhead.

This approach simplifies classifier integration, making AES
accessible even to individuals with limited expertise in
ensemble learning techniques.

AES has demonstrated capability to handle up to 40 clas-
sifiers in simulations, highlighting its scalability. This level
of integration is critical for high-dimensional classifica-
tion problems in which multiple models contribute to
decision-making in real-world applications. In addition, AES
enables incremental integration of classifiers without inter-
rupting system operations, offering flexibility in dynamic
environments. This characteristic is particularly valuable
in real-world applications, such as deepfake detection and
medical diagnostics, in which system adaptability is crucial.

The formal verification process using the Z3 SMT
solver further validated the reliability and accuracy of
AES. By ensuring that the normalized outputs retain their
probabilistic integrity and that the highest probability remains
unchanged, AES can be positioned as a robust solution for
diverse classification environments. These findings under-
score AES as a practical, efficient, and scalable method to
address challenges in ensemble learning.

B. COMPUTATIONAL COST AND APPLICABILITY
A key advantage of AES is its minimal computational
overhead. Operating entirely at the inference level, AES
combines Softmax-normalized outputs without modifying
model architectures, retraining, or employing meta-learners.
This design eliminates the need for backpropagation, gradient
updates, or joint optimization, making AES inherently
lightweight and fast. In practice, AES requires only basic
mathematical operations and can be efficiently executed
on standard hardware without GPU acceleration, confirm-
ing its suitability for real-time and resource-constrained
environments.

Traditional ensemble methods, such as stacking, are not
directly applicable to AES use cases. Stacking typically
assumes that all classifiers operate over a shared label
space and produce output vectors of equal dimensionality.
In contrast, AES supports the integration of classifiers trained
on unrelated tasks with distinct output dimensions, such
as combining a binary classifier (e.g., human vs. car) with
a multiclass model (e.g., butterfly, cow, flower, and fruit).
Consequently, AES’s efficiency cannot be directly compared
to stacking; instead, it provides a novel capability that
complements its computational simplicity and adaptability.

C. FUTURE DIRECTIONS
Although AES has substantial strengths, there are opportu-
nities for further research and development. One important
avenue is extendingAES to handle sequential and binary clas-
sification tasks, and regression problems. These expansions
would broaden the applicability of AES to a wider range of
machine learning challenges.

Another direction is the development of a modular AES
framework that facilitates seamless integration of diverse
classifiers into existing systems. By treating each classifier
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as an independent computational unit, this framework facil-
itates dynamic updating of classifiers without requiring the
retraining of the entire system. Such modularity is especially
advantageous for autonomous systems and evolving financial
models, where adaptability is essential.

Future work will also focus on validating AES on
larger, real-world datasets to empirically assess its robust-
ness across diverse domains, dataset scales, and class
cardinalities.

By addressing these research directions, AES has the
potential to become a foundational approach to classifier inte-
gration in machine learning. Its scalability, adaptability, and
efficiency make it a strong candidate for future advancements
in ensemble-based decision systems.

VI. RELATED WORK
This section reviews existing methods for integrating clas-
sifier outputs, highlighting their strengths and limitations.
Combining the outputs of diverse classifiers trained on
unrelated tasks remains a unique challenge in ensemble
learning, as traditional methods such as stacking, bagging,
and boosting primarily focus on homogeneous classifiers.
These techniques often rely on meta-learners or architectural
modifications, making them unsuitable for integrating classi-
fiers with heterogeneous objectives.

Conditional Max-Preserving Normalization (CMPN) [48]
was introduced to address this challenge by combining
classifier outputs while preserving the probabilistic integrity
of the predictions. CMPN employs a max-preserving scaling
mechanism, ensuring that the class with the highest proba-
bility remains unchanged while the outputs are normalized.
This approach allows classifiers trained on unrelated tasks to
be integrated seamlessly.

Although CMPN introduced a novel approach to pre-
serving probabilistic integrity in classifier integration, its
applicability remains limited. CMPN has been validated
using only four classifiers, and its max-preserving scaling
does not account for confidence-level variations across clas-
sifiers. As a result, CMPN struggles in large-scale ensembles,
where classifier outputs exhibit significant variability.

To address these limitations, AES introduces an expo-
nential scaling mechanism, enabling it to handle up to
40 classifiers while maintaining confidence-level consis-
tency. By accounting for variability in classifier outputs,
AES improves the reliability of probabilistic integration and
expands the applicability of ensemble learning to diverse
real-world scenarios. Its demonstrated scalability makes it
particularly valuable in applications such as deepfake detec-
tion and medical diagnostics, where classifier adaptability
and precision are critical.

By focusing exclusively on classifier outputs, AES repre-
sents a significant advancement in methods for integrating
diverse classifiers. Its scalability, precision, and computa-
tional efficiency make it a practical solution for addressing
the challenges of ensemble learning in heterogeneous classi-
fication environments.

VII. CONCLUSION
This study introduced AES as a robust solution to the
limitations of traditional ensemble learning techniques.
By leveraging probabilistic outputs, such as those generated
by the Softmax function, AES avoids modifying classifier
architectures or requiring additional meta-learning, thereby
reducing computational complexity. This makes AES both
efficient and accessible, even for users with limited expertise
in ensemble methods.

AES enhances flexibility by enabling the incremental addi-
tion of classifiers without interrupting ongoing processes,
making it particularly valuable in dynamic systems. Its
scalability and reliability were demonstrated through both
simulations and real-world case studies, with formal veri-
fication ensuring probabilistic integrity and preservation of
the highest classification confidence score. These properties
establish AES as a reliable and adaptable method for diverse
classification environments.

Future work will explore extending AES to sequential and
binary classification tasks, as well as regression problems.
Furthermore, developing a modular framework for seamless
integration of classifiers could enhance its adoption in
real-world applications, such as autonomous systems and
financial analytics.

With these advancements, AES has the potential to serve as
a foundational framework for classifier integration in diverse
machine learning applications, offering a scalable, efficient,
and adaptable approach to ensemble learning.
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