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A B S T R A C T

In recent years, artificial neural networks (ANNs) have emerged as reliable and efficient computational tools for 
solving highly nonlinear and complex mathematical models in fluid dynamics. Motivated by the limitations in 
existing studies on nanofluid flows under magnetic influence, this work investigates the inclined magnetohy
drodynamic (MHD) flow of a Carreau nanofluid incorporating cubic autocatalysis and homogeneous heteroge
neous chemical reactions. The physical model considers temperature-dependent thermal conductivity and a 
magnetized environment to better capture real-world transport phenomena. A system of partial differential 
equations (PDEs) governing the flow, heat, and mass transfer is formulated and reduced to a set of ordinary 
differential equations (ODEs) using similarity transformations, with boundary conditions imposed over the in
terval [0, ∞).

The resulting ODEs are solved using the Artificial Neural Network (ANN) approach, with the MATLAB-based 
bvp4c solver employed for validation. Statistical comparisons confirm the accuracy of ANN with a mean square 
error below 10^-5. The results reveal that an increase in the homogeneous reaction parameter enhances nano
particle dispersion, thereby increasing the nanofluid temperature by approximately 18.6 % for the shear-thinning 
case and 22.3 % for the shear-thickening case. Moreover, the application of a stronger magnetic field intensifies 
the Lorentz force, leading to a 27 % reduction in velocity. The findings demonstrate the robust influence of 
chemical reactions and magnetic forces on heat and mass transport in non-Newtonian nanofluids, offering 
valuable insights for industrial and biomedical applications.

1. Introduction

Recently, the experimental and theoretical research in non- 
Newtonian fluids are expanding due to their significant application in 
the industrial field and engineering. Some of the manufactured non- 
Newtonian fluid are shampoo, starch, cocoa, toothpaste, jelly, etc. 
Since the correlation between 2 variables (shear stress and shear rate) in 
the non-Newtonian is indirectly proportional with each others, then it is 
appropriate to introduce the rheological properties, which these prop
erties describe the stress and strain rate tensors under the limitations of 

specific fluid flow. Rheological properties describe the effect of the 
forces acts on the fluid, and causes the fluid shape to change [1,2]. The 
Newtonian and non-Newtonian fluid are differentiated regarding the 
relationship between deformation rate and shear rate: the linear rela
tionship is owned by Newtonian fluid, whereas the nonlinear relation is 
showed by non-Newtonian fluid. However, the type of fluid which owns 
the very high and very low shear rates is known as Carreau fluid [3]. The 
studies regarding Carreau fluid and another fluidic attitude with 
different facts have been reported [4–6]. Different effected parameters 
and dissimilarities flow shapes were studied, but the common factor was 
that the fluid was Carreau-type and multiple numerical methods were 
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used in these previous studies [4–6]. Recently, the additional effects of 
motile gyrotactic micro-organisms [7], stagnation point flow [8,9], 
thermophoresis and Brownian motion [10], and thermal radionuclides 
[6] in the Carreau fluid flow have explored by Hosseinzadeh et al. [7], 
Hayat et al. [8], Waqas et al. [9], by Sultan et al. [10], and Shaw et al. 
[11].

The concentration of the fluid is determined by the involved mech
anisms of that fluid in the environment and industries. In addition, the 
chemical reaction whether the reaction is homogenous or heterogeneous 
will affect the fluid flow [12]. Some of the associated chemical processes 
involves the technologies in the food preparation, glassware or ceramics 
manufacturing, and polymeric synthesis. Many studies have recently 

Nomenclature

γ0 length of slip
n Carreau fluid index
B0 strength of magnetic field
k thermal conductivity
τ ratio parameter
C liquid concentricity
T liquid temperature
DB Brownian diffusion
DT thermophoresis coefficient
T∞ temperature noted at infinity
Tf Plate temperature
ϑ angle of projected magnetic field
ρf fluid density
γ velocity slip parameter
α thermal diffusivity
cp specific heat
M magnetic variable
Q∗ heat generating/sink variable
Q heat sink/source parameter
X reaction rate parameter
E,F Autocatalysis
Ga,Gb concentricity of chemical reactions
k1,ks homo/heterogeneous reactions rate
ΔHh homogeneous heat reaction
BLMS Backpropagated Levenberg-Marquard scheme

CFMNM Carreau fluid Magneto-nanofluidic model
DA heterogeneous reaction stoichiometric coefficient
u,v,w velocity component
x,y, z space coordinates
σ∗,k∗ Stefan Boltzmann constant
Pr NotationPrandtl number
Nb Brownian motion symbol
Nt thermophoresis parameter
Le Lewis number
We1,We2 local Weissenberg number
Bi Biot quantity
uw,vw Plate velocity in x- and y- axes
Nr radiation parameter
υ kinematic viscosity
cf skin-friction coefficient
Nux Nusselt number
Rex local Reynold number
σ1 reaction rate of electricity
λ velocity ratio parameter
Δ chemical reaction constant
ε diffusion coefficient
RH homogenous reaction
f , g dimensionless velocities
KT thermal conductivity
NN Neural Network
MNM Magneto-nanofluidic model

Fig. 1. Geometrical representation of flow model.
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been presented on the impact of chemical reactions, demonstrating their 
usefulness in a variety of disciplines of science and industry [13]. 
Chemical process produces the combination between two or more sub
stances, and can be occurs in the single phase (homogeneous) and 
different phase (heterogeneous). Other role in the chemical reaction are 
catalysts, and they have three types (positive, negative, or autocatal
ysis). The chemical process rate can be accelerated and slowed down by 
the positive catalyst and negative catalyst, respectively. Meanwhile, 
auto catalyst operates due to the condition that the mechanism aims to 
be achieved. The examples of catalysts are zeolites, aluminum chloride, 
hydrogen chloride, nickel, platinum, or palladium, etc. The numerical 
reports regarding autocatalysts and chemical processes have been pub
lished [14–17], where the fluid flow models described the effects of 
entropy generation [14,15], viscous dissipation [15], thermal relaxation 
and MHD flow [16,17], and cross flow [17].

The primary objective of this study is to formulate and solve a 
mathematical model describing the flow of a Carreau nanofluid influ
enced by a homogeneous–heterogeneous chemical reaction initiated 
through cubic autocatalysis. The model is considered within an inclined 
magnetized environment and incorporates velocity slip conditions along 
a bidirectionally stretching surface. Temperature variation within the 
fluid is governed by temperature-dependent thermal conductivity, while 
the thermal behavior is further modulated by internal heat generation 
effects.

2. The description of the problem formulation

The graphical representation of the model problem is illustrated in 
Fig. 1. There is considered an incompressible boundary layer and their 
dimensional Carreau nanofluid is flow with the effect of an magnetic 
field with 1st order rapidity slippage constraint over the bidirectional 
stretching sheet. Moreover, the isothermal cubic autocatalytic reaction 
is expressed by [18–21] 

E + 2F→3F, and its rate is given by
rate = GaGb.

}

(1) 

While isothermal cubic autocatalytic reaction is presented as below: 

E→F, and its rate is given by
rate = ksGa.

}

(2) 

The flow range is between z = 0 (minimum location) and z > 0. To 
produce a constant temperature, the condition at the boundary must be 
convective. The fluid velocities in x − axis and y − axis are symbolized 
by uw(x) and vw(x), respectively. C∞ , Cw, T∞, and Tf are ambient con
centration, nanoparticles concentration, ambient temperatures, and 
temperatures, respectively. 
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The boundary conditions are 

u = uw(x) + γ0
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, v = vw(x) + γ0
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here, 

uw(x, t) =
ax

1 − βt
, vw(x, t) =

ay
1 − βt

, (10) 

u→0,Ga→G∞,C→C∞,Gb→0, v→0,T→T∞ as z→∞. (11) 
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The subsequent set of ODEs are obtained, after implementing Eq. 
(12): 
[
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With the involvement of the below equations: 
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Then the final form of boundary constraints are 
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f(0) = 0, g(0) = 0,
fʹ(0) = 1 + γf ʹ́ (0), gʹ(0) = λ + γgʹ́ (0),

f(∞) = 0, fʹ(∞) = 0
θʹ(0) = − Krϕ(0),ϕʹ(0) + εφ(0) = ksϕ(0),

θ(∞) = 0, ϕ(∞) = 1

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(21) 

The parameters in the ODEs are:
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The skin friction coefficient and Nusselt number are indicated as 
[22–24] 
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The vectors form for related physical quantities is: 
⎡
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3. Results and discussion

The ODEs obtained are nonlinear, and will be solved through bvp4c 
coding in MATLAB software. This coding is developed by the concept of 
R-K numerical method. The current study implements the combination 
of artificial neural network and bvp4c method, to provide the numerical 
solutions on the Carreau nanofluid flow acted by the cubic autocatalysis, 
inclined magnetized environment, and bounded by the velocity slip. The 
temperature profile contain temperature-dependent thermal conduc
tivity, whereas concentration profile has the component of 
homogeneous-heterogeneous chemical reactions. The outcomes are 
presented by the graphs and statistical tables, which governed by the 
related parameters. Thermal dispersion in the Carreau nanofluid are 
produced by heat generation. There are several parameters in the cur
rent study, namely as Weissenberg numbers, magnetic parameter, ra
diation parameter, Prandtl number, strength coefficient homogenous 
reaction, Schmidt number, velocity ratio, temperature ratio parameter, 
thermal conductivity, unsteadiness parameter, diffusion coefficient, 
homogenous reaction, and is Carreau fluid index. These are symbolized 
as following: We1,We2, M, Rd, Pr, K, Sc, λ, θf , Kr, S, ε, RH, and n. Their 
impacts can be observed in the illustrations of temperature, velocity, and 
concentration. The velocity distributions depicted in Fig. 3(a and b) and 
S2 (a, b) illustrate the fundamental impact of non-Newtonian behavior 
and magnetic influence on fluid flow characteristics. In the shear- 
thinning (pseudoplastic) case, corresponding to (0 < n < 1) the fluid 

Fig. 2. (a and b). f(η) against M.

Fig. 3. (a and b). g(η) against M.

N.M. Katbar et al.                                                                                                                                                                                                                              Results in Engineering 27 (2025) 106598 

4 



exhibits reduced viscosity with increasing shear rate, allowing for 
enhanced velocity near the surface. Conversely, in the shear-thickening 
(dilatant) case with (n > 1), the fluid becomes more resistant to flow 
under shear, resulting in a diminished velocity profile. The presence of a 
magnetic field introduces a Lorentz force that acts in the opposite di
rection to the flow, effectively damping the fluid motion. This magnetic 
resistance is more pronounced in the dilatant regime due to the inher
ently higher flow resistance, thereby significantly suppressing velocity. 
These findings are critical for optimizing flow control in magnetically 
influenced industrial and biomedical systems using non-Newtonian 
nanofluids. As a result, velocity is decreased due to magnetic field as 
shown in Fig. 2(a and b) and 3(a and b). The effect of the Carreau fluid 
index n on the velocity profile is illustrated in Fig. 4(a and b). Physically, 
the parameter n characterizes the shear-dependent viscosity behavior of 
the Carreau fluid. As the value of n increases, the fluid exhibits less 
shear-thinning behavior, resulting in a decrease in effective viscosity at 
moderate to high shear rates. This reduction in viscosity decreases the 
internal resistance to flow, thereby allowing the fluid to move more 
freely. Consequently, an increase in n leads to an enhancement in the 
velocity profile of the fluid. This behavior highlights the significant role 
of the fluid’s rheological properties in controlling flow characteristics in 
non-Newtonian systems. Fig. 5(a and b) and S1(a, b) depict the behavior 
of the velocity profile with respect to the Weissenberg number We1,We2 
for both pseudoplastic (shear-thinning) and dilatant (shear-thickening) 

cases. The Weissenberg number is a dimensionless parameter that rep
resents the ratio of elastic (relaxation) forces to viscous forces in a 
viscoelastic fluid. Physically, a higher Weissenberg number indicates a 
greater influence of the fluid’s memory effects or elasticity. As the values 
of We1,We2 increase, the relaxation time of the fluid becomes more 
dominant, meaning the fluid resists deformation more strongly due to its 
elastic nature. This resistance suppresses the fluid motion, thereby 
reducing the velocity distribution. Thus, in both pseudoplastic and 
dilatant regimes, an increase in the Weissenberg number leads to a 
noticeable decrease in velocity, emphasizing the retarding influence of 
fluid elasticity on the flow behavior. The temperature and concentration 
profiles depicted in Figures S2- S8 highlight the complex interplay be
tween thermal diffusion, radiation, chemical reactions, and non- 
Newtonian behavior in Carreau nanofluids. Figure S2(a, b) illustrates 
the influence of the diffusion coefficient on the temperature distribution 
within the fluid. Physically, the diffusion coefficient quantifies the rate 
at which particles or molecules spread from one region to another. An 
increase in the diffusion coefficient enhances the rate of molecular 
transport, allowing species to move more rapidly from areas of lower 
concentration to higher concentration. This may seem counterintuitive, 
but in reactive or energy-coupled flows such as those involving nano
fluids such movement can lead to intensified interactions between par
ticles and the base fluid. These interactions generate additional thermal 
energy through mechanisms like Brownian motion and thermophoresis. 

Fig. 4. (a and b). f(η) and g(η) against n.

Fig. 5. (a and b). f(η) against We1.
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Consequently, higher diffusion coefficients promote more efficient en
ergy transfer within the fluid, leading to an overall rise in temperature, 
especially when strong concentration gradients are present. This 
coupling between mass and heat transfer emphasizes the role of mo
lecular diffusion in enhancing thermal performance in such fluid sys
tems. As shown in Figure S3(a, b), an increase in the Prandtl number Pr 
leads to a noticeable reduction in the temperature distribution within 

the fluid. Physically, the Prandtl number is defined as the ratio of mo
mentum diffusivity (kinematic viscosity) to thermal diffusivity. It 
characterizes the relative thickness of the velocity boundary layer 
compared to the thermal boundary layer. A higher Pr indicates that 
momentum diffuses much faster than heat, meaning the fluid has a 
lower capacity to conduct thermal energy. As a result, thermal diffusion 
becomes weaker, and heat remains confined near the surface or source, 

Fig. 6. (a–e). Bar graphs for local skin friction relates to We1, We2, M, n, and Sc.
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causing a thinner thermal boundary layer. This restriction in thermal 
transport leads to a decrease in the overall temperature within the fluid 
domain. Therefore, fluids with higher Prandtl numbers such as oils 
exhibit lower thermal conductivity and thus lower temperature profiles 
compared to fluids with lower Pr values, such as gases or water. 
Figure S4(a, b) reveals that stronger thermal radiation significantly 
raises the fluid temperature due to increased radiative heat energy ab
sorption. Furthermore, Figure S5(a, b) indicates that the homogeneous 
chemical reaction promotes temperature enhancement, as it involves 
interaction between nanoparticles and the base fluid, intensifying in
ternal heat generation.

Figures S6–S8 demonstrate that the diffusion parameter has a sig
nificant positive effect on nanoparticle concentration within the 
boundary layer in both pseudoplastic (shear-thinning) and dilatant 
(shear-thickening) flow regimes. Physically, the diffusion parameter 
characterizes the rate at which nanoparticles spread due to concentra
tion gradients. An increase in this parameter enhances molecular and 
particle mobility, allowing nanoparticles to diffuse more effectively 
from high-concentration regions toward areas of lower concentration. In 
both types of non-Newtonian fluids, this intensified diffusive transport 
leads to an accumulation of nanoparticles within the boundary layer. 
This behavior plays a critical role in systems where precise control over 
particle distribution is essential. For instance, in drug delivery applica
tions, efficient diffusion ensures targeted delivery and sustained release; 
in thermal energy storage, higher nanoparticle concentration enhances 
thermal conductivity; and in chemical reactors, improved mass trans
port supports faster reaction rates. Thus, understanding the influence of 
the diffusion parameter is vital for optimizing performance in these 
advanced engineering and biomedical systems.

The strength coefficient homogenous reaction parameter is respon
sible for decreasing the concentration distribution, as presented in 
Figure S7 (a, b). Besides, the concentration distribution is enhanced due 
to the numerical values of Schmidt quantity Sc, as shown in Figure S8 (a, 
b). The figure (a) displays the shear thinning case, whereas (b) illustrates 
the shear thickening case.

(Figs 6- S9), each of them have their figures as in (a-e) show the effect 
of the related physical parameters on the local skin friction and Nusselt 
number, respectively. The numerical outcomes for local skin friction is 
tabulated in Table 1, whereas the tabulation of Nusselt number is shown 
in Table 2.

Table 1 
The numerical values of skin friction for the 2D axes x− and y − .

We1 We2 S M n Frictional force 
along x − axis

Frictional force 
along y − axis

0.10 ​ ​ ​ ​ 2.4234169 1.1700415
0.20 ​ ​ ​ ​ 2.2824937 1.0703786
0.30 ​ ​ ​ ​ 1.8463254 0.9817985
0.50 0.20 ​ ​ ​ 0.9144275 4.4910224
​ 0.50 ​ ​ ​ 0.9135998 3.8765338
​ 0.70 ​ ​ ​ 0.9130784 3.0329594
​ ​ 0.20 ​ ​ 1.3601325 0.8749739
​ ​ 0.40 ​ ​ 1.3426635 0.8572848
​ ​ 0.80 ​ ​ 1.2022842 0.8178665
​ ​ ​ 0.40 ​ 1.3964775 0.9344596
​ ​ ​ 0.80 ​ 1.4810632 0.9847028
​ ​ ​ 1.20 ​ 1.5573543 1.0945558
​ ​ ​ ​ 0.60 1.2853425 0.9205395
​ ​ ​ ​ 0.80 1.473908 1.197946
​ ​ ​ ​ 1.00 2.639188 1.354682

Table 2 
Pr, We1, Sc, We2, S and n implication on Nusselt number.

Pr Sc We1 We2 S n Nusselt Number

0.10 ​ ​ ​ ​ ​ 0.002131929
0.20 ​ ​ ​ ​ ​ 0.002131254
0.30 ​ ​ ​ ​ ​ 0.002130059
0.50 0.30 ​ ​ ​ ​ 0.004388564
​ 0.60 ​ ​ ​ ​ 0.006516988
​ 0.90 ​ ​ ​ ​ 0.007383849
​ ​ 0.70 ​ ​ ​ 0.003093628
​ ​ 0.90 ​ ​ ​ 0.003084859
​ ​ 1.10 ​ ​ ​ 0.003076849
​ ​ ​ 0.70 ​ ​ 0.003125289
​ ​ ​ 0.90 ​ ​ 0.003121295
​ ​ ​ 1.10 ​ ​ 0.003117249
​ ​ ​ ​ 0.70 ​ 0.003081969
​ ​ ​ ​ 0.90 ​ 0.003055814
​ ​ ​ ​ 1.20 ​ 0.003028675
​ ​ ​ ​ ​ 0.40 0.003177036
​ ​ ​ ​ ​ 0.70 0.003229315
​ ​ ​ ​ ​ 1.10 0.003226135

Fig. 7. An illustration of a single neural model.
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4. Artificial neural network

This section deals with the discussion regarding ANN scheme. Fig. 7
interprets intelligent computation of neuron prototypical incorporated 
to improve the suggested network. Fig. 8(a–F) also probed its mecha
nism. Figures S10–9 are established for γ with attached temperature. The 
numerical values of the implementation of NN-BLMS for all the sce
narios are tabulated in Tables S1- S4, respectively. The specific cases for 
all the tables are listed as below: a) types of scenarios (1–6) for the 
Carreau nanofluid model (Table S1), b) Scenario 1: Carreau nanofluidic 
model (Table 3), c) Scenario 2: Carreau magneto-nanofluidic model 
(Table 4), d) Scenario 3: cross magneto-nanofluidic model (Table S2), e) 
Scenario 4: cross nanofluidic model (Table S3), f) Scenario 5: cross 
magneto-nanofluidic model (Table S4).

A single structured neural model for the proposed NN-BLMS scheme 
is presented in Fig. 7. NN-BLMS is being utilized by a neural network 
fitting tool (‘nftool’). The development of neural networks is regarding 
the backpropagation of Levenberg-Marquardt. Implementation of NN- 
BLMS contains six scenarios, which are varied by parameters Rd, Pr, λ, 
Nt, Nb, γ . In addition, the group of the three cases in EPNFM have 
constant values.

Formulated Table 3 corresponds to all six Cases. Reference data and 

its step size for NN-BLMS scheme are 0 until 4 and 0.04, respectively. 
The solution is obtained by the built-in command ‘NDSolve’. For 101 
input points, the dataset values for, fʹ, g, θ, and ϕ are trained with 70 %, 
validated with 15 %, and tested with 15 %. The scheme NN-BLMS is 
basically dependent upon the computing paradigm as shown in Fig. 8(a 
and b). All Fig. 9(a–F) are established for showing the convergence of 
MSE for train, validation, and test procedures. The assumed network 
achieved performance at 254, 167, 161, 113, 222, and 390 epochs. 
Fig. 10(a-F) is described to show the state transition dynamics of the 
Carreau fluidic model. Accuracy of results is hereby achieved for each 
Case. Fig. 11-S14 are presented for Case 2 of all six Scenarios. For error 
dynamic input between 0 and 4 is taken and 0.04 is the step size. 
Evaluation of error analysis is presented by histograms and related fig
ures are plotted and tabulated for the second case, and subjected to all 
scenarios (Fig. 12(a-F) and Tables S1-S4).

5. Final remarks

The study analyzes the inclined magnetohydrodynamic flow of 
Carreau nanofluids, incorporating cubic autocatalysis and chemical re
actions. It uses artificial neural networks to capture nonlinear behavior 
and validates predictions, providing insight into transport phenomena in 

Fig. 8. (a and b). ANNs configuration.

Table 3 
Achievement for Scenario 1: Carreau nanofluidic model.

State of problem Obtained Mean square error for different cases Production Gradientnumerical Mu Epoch Time taken

Numerical values of Training Validation process Numerical Testation

1.0 3.098 × 10− 10 5.41 × 10− 10 3.54 × 10− 8 3.10 × 10− 10 9.80 × 10− 8 1.0 × 10− 8 255 2.0
2.0 1.75 × 10− 9 3.31 × 10− 9 2.89 × 10− 9 1.73 × 10− 9 9.94 × 10− 8 1.0 × 10− 8 217 1.0
3.0 1.16 × 10− 9 1.85 × 10− 9 2.25 × 10− 7 1.14 × 10− 9 9.92 × 10− 8 1.0 × 10− 8 269 1.0

Table 4 
Outcomes of NN-BLMS for Scenario 2: Carreau magneto-nanofluidic model.

State of problem Obtained Mean square error for different cases Presentation Gradient Mu Epoch Time

Numerical values of Training Validation Testation occurrence

1.0 1.040×10− 10 6.490×10− 9 9.850×10− 8 1.040×10− 10 9.990×10− 8 1.001×10− 9 412 2
2.0 3.690×10− 9 1.240×10− 8 1.320×10− 8 3.680×10− 9 9.950×10− 8 1.001×10− 9 150 1
3.0 2.770×10− 9 9.640×10− 8 7.710×10− 9 2.770×10− 9 9.960×10− 8 1.001×10− 8 188 0
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Fig. 9. (a–f). State transition Case 2: dynamics of Carreau fluidic model.
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non-Newtonian fluids.
The outcomes of this research study can be concluded as follows: 

i. For the cases of pseudoplasticity and dilatant, the diffusion of 
nanoparticles cause the nanofluid temperature to be increased. 
The movement of these nanoparticles can be described from the 
process of homogenous reaction, where this reaction is involved 
in the heat transfer process of the Carreau nanofluid.

ii. However, the process of homogenous reaction parameter is 
responsible to decrease the concentration distribution.

iii. The slower rate of velocity is due to the intensified magnetic field, 
since this field generates the Lorentz force and this force opposes 
the flow.

iv. When n increases, then velocity distribution is increasing.

v. The temperature gradient causes the diffusion of the molecules 
from the lower concentration region, to high concentration 
region.

vi. For the cases of pseudoplasticity and dilatant in the Carreau 
nanofluid, temperature is decreased when Pr is rising.

vii. Temperature is enhanced as thermal radiation is increased.
viii. The enhancement concentration distribution of Carreau fluid for 

pseudoplasticity and dilatant models is caused by the diffusion 
parameter.
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