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Abstract A fractional order delay SIR model in
Mittag–Leffler kernel is proposed. The model initially
presented in integer order system and later extended by
applying the Atangana-Baleanu derivative. The essen-
tial properties of the model are investigated. Equi-
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librium points of the fractional system are analyzed,
and multiple equilibrium points are identified and dis-
cussed. The permanence of the model for R0 ≤ 1
is established. Local stability of the fractional model
is examined. For the fractional system, we prove the
existence and uniqueness (EUs) result. We obtain the
numerical results for fractional delay system by pre-
senting a novel computational procedure, and various
sets of numerical values are used to generate graphical
results. Different solution behaviors of the model are
observed for various numerical values and fractional
order parameters.

Keywords Delay model · Permanence · Stability
results · Numerical scheme · Discussion

1 Introduction

The comprehension of disease control and eradication
is a primary objective of mathematical epidemiology
[1]. In order to examine ecological and epidemiolog-
ical phenomena, mathematical models are frequently
utilized, see [2]. For example, to investigate the plant
disease dynamics a mathematical model with detailed
results is provided in [2]. Mathematical compartmental
models are frequently used to illustrate how infectious
illnesses propagate throughout a community. In this
way, there are several subclasseswithin the overall pop-
ulation under study. The entire population is split into
three groups in this instance: susceptible, infectious,
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and recovered or removed, which are often represented
by the letters S, I, and R. It is stated that the sickness
condition of this group determines its structures [3]. An
epidemic disease model in SIR type that addresses the
contacts among healthy and infected people to estimate
the ill individuals in community within a specific time
frame. A mathematical model in the form of an SIR
model considered in [4] for the disease spread among
humans and vector. Therefore, it is reasonable to sup-
pose that after an individual infects a susceptible vector,
a delayperiod existswhile the infectious agents develop
within the vector before it is capable of transmitting the
infection. Delays in time have been identified as caus-
ing system instability [5]. Several authors considered
the time delays and the distributed delays in their work,
see [6–8], which proved that the incubation is harmful
for the stability and asymptotic analysis of the model.
The smoking model in Mittag–Leffler kernel has been
investigated in [9]. A fractional derivative approach in
the modeling of Hepatitis B is presented in [10].

From the past decades, researchers have taken keen
interest in FDs to model and simulate mathemati-
cal models that arise from various fields of science
and engineering. Under different kernels, researchers
have constructed and analyzed mathematical models in
application domains. TheAtangana-Baleanu [11], gen-
eralized cardinal sine kernel [12], and Caputo-Fabrizio
[13] etc., are examples of FDs with non-singular ker-
nel classes. FDs are classified mainly into two cate-
gories, i. e., the class of singular kernel that includes
Caputo type and theRiemann-Liouville (RL) fractional
differential equations [14–16]. Because FD operators
are non-local, and serve as an effective and conve-
nient mathematical tool by addressing real life prob-
lems depending on memory effects, they allow for a
more reasonable representation of complex behaviors.
Many research works have been presented in the liter-
ature to study the dynamics and solution of the frac-
tional order systems [17–21]. For example, the authors
in [17] constructed differential mathematical models in
singular and non-singular kernels by providing effec-
tive numerical schemes for their numerical solution. In
[18], the authors investigated the dynamics of Lassa
fever to understand its dynamics in fractional deriva-
tive. In [19], a fractional system for diabetes has been
constructed to obtain the solution in Caputo case. The
authors in [20] used the fractional derivative to under-
stand the drug resistance in the facilitation survival
model. The COVID-19 outbreaks and their impact of

on vaccination has been considered in [21] in terms of
fractional order model. To study cancer dynamics in
the framework of the MIttag–Leffler kernel, a mathe-
matical model has been proposed in [22].

In the recent past, many FD models with non-
singular kernel have been considered in various appli-
cations in fractional calculus. Specifically, it has been
found that the FD model with Mittag–Leffler (ML)
under Atangana-Baleanu derivative (ABD) is appropri-
ate for characterizing a wide range of complicated real
life problems. In fractional order models, the Mittag–
Leffler (ML) functions arise naturally as a solution to
the fractional differential equations (FDEs). FDEs are
the generalization of the integer order system by incor-
porating the memory effects, which shows the non-
linear behavior of the model. The ML functions are
used often to describe processes with long time mem-
ory while the model with traditional derivative relies
on assumptions of “instantaneous” responses. The ML
kernel allows for gradual or delayed reactions which
are essential in complex biological systems, such as
anomalous diffusion, and long term dependencies. Bio-
logical models, such as immune response and disease
latency, exhibit memory effects, where current state
depends on the past events. This includes delayed reac-
tions, such as immune response or disease incubation
periodswhich cannot be captured by integer ordermod-
els. TheML kernel FDs are used to describe real-world
challenges which fail to comply with the power-law.
They have all the characteristics of fractional operators
that include a power-law kernel, including non-locality
and non-singularity. FDs with ML kernels have been
used extensively and suitably to describe a number of
fractional calculus applications; for example, see [23–
26]. The authors in [23] considered the ML kernel by
presenting some novel properties associated with frac-
tional derivatives. A class of FDDEs to provide the
existence and uniqueness results has been presented
in [24]. The application of the ML kernel to the mod-
eling of mpox infection has been considered in [25].
The authors in [26], considered the fractional deriva-
tive approach for the solution of financial system under
the variable demand elasticity.

The models in fractional calculus that appeared
usually are the fractional delay differential equation
(FDDE), which is a differential equation that combines
FDs with temporal delays. Differential systems con-
taining FDs and delays can be used to precisely artic-
ulate the real life problems relying on time delays and
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memory effects, which reflect the influence of previous
states on the present situation. FDDEs are considered
highly effective tool to handle real world problem that
contain history in various areas such signal processing,
population dynamics, ecology, psychology, control the-
ory, and neural networks. Regarding the existence and
achieving the unique solution associated with FDDEs,
this can be seen in the work of [24,27–29]. Conse-
quently, computational techniques have been suggested
to resolve these models, as exemplified by references
[30–32]. Nonetheless, the majority of FDDEs that have
been explored follows that power law-kernel and FD
Caputo derivative [24,27–32]. For example, the linear
FDDEs with multiple delays has been considered in
[27] to present the associated the result associated to
it. An FDDEs model have been used by the authors in
[28] to provide the bifurcation and stability results. Nth
order FDDEs with multiple terms have been explored
by the authors in [29] by establishing the stability and
existing of solution. An operational matrix approach to
handle numerically the FDDEs has been explored in
[30]. The numerical solution of FDDEs by consider-
ing the generalized Adams technique is given in [31].
FFDEs with higher order numerical approaches has
been presented in [32].

In this work, we consider a time delay model and
present its analysis in the framework of FDDEs. Pre-
senting in Section 2, the definition ad integral, which
makes the foundation for the proposed problem. Con-
struction of the model and their associated properties
are respectively discussed in Section 3, and 4. In Sec-
tions 5, and 6 discuss the stability analysis, as well
as the existence of solution and their uniqueness. The
numerical scheme and its graphical results are given
in Sections 7 and 8 respectively. The summary of the
results is shown in Section 9.

2 Fractional derivatives involve
Mittag–Leffler(ML)

We present some related definitions of FDs involving
ML kernels. In [11], the authors introduced an ML
based FDs defined by:

Definition 1 ( [11]) Suppose η ∈ (0, 1), b > 0, and
g ∈ B1(0, b), the FD in ML form of g of order η is
described as, for t ∈ (0, b):

Dη
t g(t) = B(η)

1 − η

∫ t

0
Eη(−ψη(t − τ)η)g′(τ )dτ, (1)

where ψη = η/(1−η), andB(0) = B(1) = 1, defines
the normalization function.Whereas Eη isML function
for η > 0, and x ∈ C ,

Eη =
∞∑
j=0

x j

�(η j + 1)
,

and B1(0, b) = {g ∈ C1[0, b]| g′ ∈ L ′(0, b)}.
Definition 2 [11] Suppose η ∈ (0, 1), b > 0 and g ∈
L ′(0, b), then the fractional integral associated with
ML FD of g order η described as, for t ∈ (0, b):

I ηg(t) = A1g(t) + A2

∫ t

0
(t − τ)η−1 f (τ )dτ,

where A1 = (1−η)
B(η)

, and A2 = η
B(η)�(η)

.

3 Mathematical model

An SIR epidemic model incorporating disease trans-
mission with an incubation period is given within
the framework of fractional delay differential equa-
tion, consideringMittag–Leffler kernel. Previously, the
authors in [3] constructed themodel for the integer case
in delay differential equations. The host population is
categorized into three different groups: The healthy
people, S(t), those infected with the disease, I (t), and
infectious people who are removed or recovered from
an infection, R(t), at any time t . It is assumed that the
healthy population S(t), grows according to the logis-
tic growth model, which is characterized by a carrying
capacity B, and the intrinsic growth rate b, while the
incidence has been used in the model as a bilinear mass
action. Models with logistic growth rates describe sit-
uations where the population grows rapidly when its
size is small, but as it approaches the carrying capac-
ity, then the growth rate decrease due to the available
limited resources, eventually stabilizing. Based on the
above discussions, we present the model in the follow-
ing taking from [3]:⎧⎪⎨
⎪⎩

dS
dt = −κS(t)I (t − τ) + b

(
1 − S(t)

B

)
S(t),

d I
dt = κS(t)I (t − τ) − (d1 + δ)I (t),
dR
dt = δ I (t) − d2R(t),

(2)

where τ > 0 represents the incubation time, κ is the
average number of interactions per infected individual
per unit time, and d1 and d2 respectively denote the nat-
ural mortality rate of the infected people and recovered
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individuals. The parameters given in the system (2) are
positive. Now, we nondimensionalize the system (2)
using the relation,

S = S

B
, I = I

B
, R = R

B
, t = tκB, b = b

κB
,

d1 = d1
κB

, d2 = d2
κB

, δ = δ

κB
.

Then, the system (2) reduces to the following when
dropping the ’bar’:⎧⎨
⎩

dS
dt = −S(t)I (t − τ) + b(1 − S(t))S(t),
d I
dt = S(t)I (t − τ) − (d1 + δ)I (t),
dR
dt = δ I (t) − d2R(t),

(3)

The initial conditions (ICs) ψ = (ψ1, ψ2, ψ3) of the
system (3) in the Banach space can be defined as fol-
lows:

C+ =
{
ψ ∈ C([−τ, 0] ∈ R

3+) : ψ1(π) = S(π),

ψ2(π) = I (π), ψ3(π) = R(π)
}
,

where R
3+ = {(S, I, R) ∈ R

3 : S ≥ 0, I ≥ 0, R ≥
0}. From a biological point of view, it is assumed that
ψ j (0) > 0, for j = 1, 2, 3. Then, we extend the system
(3) to the fractional delay differential equation follows
the ABD established for the FDEs given by,

⎧⎨
⎩

Dη
t S(t) = −S(t)I (t − τ) + b(1 − S(t))S(t),

Dη
t I (t) = S(t)I (t − τ) − (d1 + δ)I (t),

Dη
t R(t) = δ I (t) − d2R(t),

(4)

where η is the fractional order.

4 Basics of the model

Solutions boundedness

Assume that X (t) = S(t) + I (t) + R(t), then the time
differentiations of X (t), and the use of equations (4),
we get

Dη
t X = b(1 − S)S − d1 I − d2R,

≤ bS − d1 I − d2R,

≤ S(b + 1) − S − d1 I − d2R,

≤ Z(b + 1) − dX,

where d = min{d1, d2, 1}. The use of integration on the
above equation [33], leads to the following solutions

X (t) ≤ Z

d
(b + 1)+

(−Z

d
(b + 1)+X (0)

)
Eη(−dtη),

where Eη is the ML function. We get 0 ≤ X (t) ≤
(Z/d)(b+1)when t tends∞. So, the feasible solution
associated to system (4) enter the region

� =
{
(S, I, R) ∈ [0, 1]3 : X ≤ Z

d
(b + 1) + ε, ∀ε > 0

}
.

(5)

4.1 Analysis of the equilibrium points

The following three equilibrium points, namely D0,
D1, and D2 exists for system (4), that is

(i) A trivial equilibrium exists, D0 = (0, 0, 0).
(ii) DFE equilibrium exists, D1 = (1, 0, 0).
(iii) A positive endemic equilibrium exists,D2, given

by

D2 = (S∗, I ∗, R∗) =
(
δ + d1, b (δ + d1)

(1 − R0),
bδ(R0 − 1)(d + δ)

d2

)
,

where R0 = 1
d1+δ

.

4.2 Permanence

Theorem 1 If R0 ≤ 1, then the system (4) solutions
� for any ε holds (S(t), I (t), R(t)) → (1, 0, 0) for t
approaches ∞.

Proof Define a Lyapunov function,

L(t) = I (t) + g1R(t) + g2

∫ t

t−τ

I (ψ)dψ

+g3
2

(S(t) − 1)2, (6)

where g j > 0, for j = 1, 2, 3. Then, differentiating of
(6) with t , using model (4), we have

Dη
t L(t) = Dη

t I (t) + g1D
η
t R(t) + g2[I (t)

−I (t − τ)] + g3(S(t) − 1)Dη
t S(t),

= S(t)I (t − τ) − (d1 + δ)I (t)

+g1[δ I (t) − d2R(t)]
+g2[I (t) − I (t − τ)]
+g3(S(t) − 1)[−S(t)I (t − τ)

+b(1 − S(t))S(t)],
= [S(t) − g2 + g3S(t)(1 − S(t))]I (t − τ)

+[−(d1 + δ) + g1δ + g2]I (t)
−g1d2R(t) − g3bS(t)(1 − S(t))2,
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= [S(t) − g2 + g3S(t)(1 − S(t))]I (t − τ)

+
[
g1δ + g2 − 1

R0

]
I (t)

−g1d2R(t) − g3bS(t)(1 − S(t))2. (7)

Now choosing g j > 0 for j = 1, 2, 3 that satisfy,

g1δ + g2 <
1

R0
, and (1 + g3)

2 < 4g2g3, (8)

then Dη
t L(t) ≤ 0. Since, D0 is unstable, D

η
t L(t) = 0

is equivalent to S = 0, I = 0, R = 0, then the maxi-
mum invariant set in {(S, I, R) ∈ � : Dη

t L(t) = 0} is
theD1, which is the singleton set. Then, the Lyapunov
LaSalle’s theorem shows that (S(t), I (t), R(t)) →
(1, 0, 0) when R0 < 1 for t → ∞. From condition
(8), it is possible that g2 > 1,similarly, we canwrite the
second condition g23+2(1−2g2)g3+1 < 0, that can be
true if g3 > 0 if (1−2g2) < 0, and (1−2g2)2 > 1. For
the case when R0 = 1, implies that d1 + δ = 1. Since
S′(t) ≤ b(1 − S(t))S(t), S(t) is decreasing always
with above 1. If it is below 1 then it must be below 1
strictly for all the times.With this two cases arises, S(t)
approves unity when t → ∞, and there exists T such
that S(t) less than unity for all t > T . In first case it is
to show that I (t) approaches 0. We integrate the first
equation of the model (4) and obtain

S(t + τ) − S(τ ) = −
∫ t+τ

τ

S(v)I (v − τ)dv

+
∫ t+τ

τ

b(1 − S(v))S(v)dv,

≤ −
∫ t+τ

τ

I (v − τ)dv

+
∫ t+τ

τ

b(1 − S(v))S(v)dv,

≤ −
∫ t

0
I (v)dv

+
∫ t+τ

τ

b(1 − S(v))S(v)dv.

So,∫ t

0
I (v)dv ≤

∫ t+τ

τ

b(1 − S(v))S(v)dv − S(t + τ)

+S(τ ) ≤ S(τ ) ≤ S(0).

When t → ∞, we get I (t) → 0 and I (t) ∈ L1(0,∞).
To get the result for the second case, let

V (t) = I (t) +
∫ t

t−τ

I (v)dv.

Then for every t > T + τ ,

V ′(t) = I ′(t) + I (t) − I (t − τ)

= (S(t) − 1)I (t − τ) < 0.

Follows the result given in [34], we prove limt→∞ I (t)
= 0.We have from equation third of the model (3), that
limt→∞ I (t) = 0 implies limt→∞ R(t) = 0. Which
proven that limt→∞(S(t), I (t), R(t)) → (1, 0, 0)
when R0 ≤ 1. 
�

5 Local stability

The local asymptotical stability (LAS) of the equilib-
rium pointss associated to the model (4) shall be dis-
cussed in the present part. Consider a general Jacobian
matrix of the system (4) at D = (S, I , R):

J =
⎡
⎣ −I + b − 2bS − λ −Se−λτ 0

I Se−λτ − (d1 + δ) − λ 0
0 δ −d2 − λ

⎤
⎦ .

(9)

The Jacobian J atD0 has the characteristics equation

(λ − b)(λ + d2)(λ + d1 + δ) = 0. (10)

One of the root of the equation (10) has a positive root,
that is λ = b, that makesD0 unstable. AtD1, we have
the characteristics equations,

(λ + b)(λ + d2)(δ + d1 + e−λτ + λ) = 0. (11)

The two roots of (11) has negative real parts, that is
λ = −b, λ = −d2 and root of

G(λ) = δ + d1 − e−λτ + λ = 0, (12)

when τ = 0, we have λ = 1− (δ + d1) = 1− 1
R0

< 0
if R0 < 1. If λ = iθ is the solution of equation (12),
then it becomes,

θ2 + (d1 + δ)2 = 1 = θ2 + 1

R2
0

,

implies that θ has a negative roots, and hence G(λ) has
roots that contain negative real parts which makes D1

LAS. If R0 = 1, then λ = 1 − (d1 + δ) = 1 − 1
R0

=0
is the root of (12). To determine other roots, we take
λ = α + iθ , then we have

α + iθ + d1 + δ − exp(−(α + iθ)) = 0, (13)

and further simplifying, when R0 = 1, we get (α +
1)2 + θ2 = exp(−ατ). For α ≤ 0 it is sure that D1 is
linearly neutrally stable.
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6 EU result of the fractional system

We present the EU results associated to the system (4)
in this section. To establish the result, we follow the
procedure given in [35] that presented to obtained the
EU for the epidemic disease model. Here, we provide
result for our proposed model, by applying first the
integral operator given in (2) on model (4), and obtain
the following:

S(t) − S(0) = A1K1(G(t))

+A2

∫ t

0
(t − ξ)η−1K1(G(ξ))dξ,

I (t) − I (0) = A1K2(G(t))

+A2

∫ t

0
(t − ξ)η−1K2(G(ξ))dξ,

R(t) − R(0) = A1K3(G(t))

+A2

∫ t

0
(t − ξ)η−1K3(G(ξ))dξ, (14)

where G(t) = [S(t), I (t), R(t)], and
K1(G(t)) = −S(t)I (t − τ) + b(1 − S(t))S(t),

K2(G(t)) = = S(t)I (t − τ) − (d1 + δ)I (t),

K3(G(t)) = = δ I (t) − d2R(t).

Let K (G(t)) = [K1(G(t)), K2(G(t)), K3(G(t))], and
G0 = [S(0), I (0), R(0)], then we can expressed equa-
tion (14) in the following way,

G(t) − G0 = A1K (G(t))

+A2

∫ t

0
(t − ξ)η−1K (G(ξ))dξ. (15)

The iterative process leads to

Gn(t) − G0 = A1K (Gn−1(t))

+A2

∫ t

0
(t − ξ)η−1K (Gn−1(ξ))dξ,

G0(t) = G0. (16)

From equations (15) and (16), we get

Gn(t) − Gn−1(t) = A1

[
K (Gn−1(t)) − K (Gn−2(t))

]

+A2

∫ t

0
(t − ξ)η−1[K (Gn−1(ξ))

−K (Gn−2(ξ))]dξ. (17)

Let �n(t) = Gn(t) − Gn−1(t), and so Gn(t) =∑n
i=0 �i (t). So, we have

‖�n(t)‖ =
∥∥∥A1

[
K (Gn−1(t)) − K (Gn−2(t))

]

+A2

∫ t

0
(t − ξ)η−1[K (Gn−1(ξ))

−K (Gn−2(ξ))]dξ

∥∥∥,

≤ A1

∥∥∥K (Gn−1(t)) − K (Gn−2(t))
∥∥∥

+A2

∫ t

0
(t − ξ)η−1

∥∥∥K (Gn−1(ξ))

−K (Gn−2(ξ))

∥∥∥dξ. (18)

When K satisfy Lipschitz condition with respect to G,
then

‖�n(t)‖ ≤ A1L
∥∥∥Gn−1(t) − Gn−2(t)

∥∥∥
+A2L

∫ t

0
(t − ξ)η−1

×
∥∥∥Gn−1(t) − Gn−2(t)

∥∥∥dξ,

= A1L
∥∥∥�n−1(t)

∥∥∥
+LA2

∫ t

0
(t − ξ)η−1

∥∥∥�n−1(t)]
∥∥∥dξ.

(19)

Further, we get

‖�n(t)‖ ≤
(
A1L + ηLtη

B(η)�(η + 1)

)2‖�n−2(t)‖.
(20)

Also, we can get

‖�n(t)‖ ≤
(
A1L + ηLtη

B(η)�(η + 1)

)n‖�0(t)‖,

≤
(
A1 + ηtη

B(η)�(η + 1)

)n
Ln max

t0∈[0,T ] G0(t).

(21)

Consider G(t) = ∑n
i=0 �i (t), then we define the

sequence G(t) = Gn(t) + �n(t), where �n(t) → 0
when t → ∞. So,

G(t) − Gn(t) = A1K (G(t) − �n(t))

+A2

∫ t

0
(t − ξ)η−1K (G(ξ) − �n(ξ))dξ. (22)

Further, we have

G(t) − G0 − A1K (G(t) − �n(t))

− A2

∫ t

0
(t − ξ)η−1K (G(ξ) − �n(ξ)) dξ

= �n(t) + A1[K (G(t) − �n(t)) − K (G(t))]
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− A2

∫ t

0
(t − ξ)η−1[K (G(ξ)

− �n(ξ)) − K (G(ξ))] dξ. (23)

Taking norm, we get

‖G(t) − G0 − A1K (G(t))

+ A2

∫ t

0
(t − ξ)η−1K (G(ξ)) dξ‖

≤ ‖�n(t)‖ + A1‖K (G(t) − �n(ξ)) − K (G(ξ))‖
+ A2

∫ t

0
(t − ξ)η−1‖K (G(ξ)

− �n(ξ)) − K (G(ξ))‖ dξ

≤ ‖�n(t)‖ + A1L‖�n−1(t)‖
+ ηtη

B(η)�(η + 1)
L‖�n−1(t)‖. (24)

Equation (24) leads to the following when n → ∞
G(t) − G0 = A1K (G(t))

+A2

∫ t

0
(t − ξ)η−1K (G(ξ))dξ,

which completes the proof.

6.1 Uniqueness of solution

We prove the uniqueness of the model (4) by consid-
ering that there exists two solutions namely, G(t), and
H(t), then we can write

‖G(t) − H(t)‖ ≤ A1L‖G(t) − H(t)‖
+ ηtηL

B(η)�(η + 1)
‖G(t) − H(t)‖,

≤
(
A1L + ηtηL

B(η)�(η + 1)

)

×‖G(t) − H(t)‖. (25)

Taking n times, we get

‖G(t) − H(t)‖ ≤
(
A1L + ηtηL

B(η)�(η + 1)

)n

×‖G(t) − H(t)‖. (26)

If A1L + ηtηL
B(η)�(η+1) < 1, then ‖G(t) − H(t)‖ ≤ 0

implies G(t) = H(t). This shows that the delay frac-
tional system has a a unique solution.

7 Numerical solution

A number predictor-corrector approaches were sug-
gested in the scientific literature for computing IVPs
that have Caputo kind problems formulated in FDEs,
see [36–39]. The Adams approach for the fractional
system established by the authors in [36] has been
shown as an among the most successful and cor-
rect numerical approaches to deal with IVPs that
constructed in FDES under the Caputo derivative.
The authors in [12] presented the predictor-corrector
numerical approach for the solution involved in IVPs
that involve ML FDs. The present scheme that we are
going to present in the following is the modification
of the method in [16]. A general time delay fractional
model can be represented as follows:{

Dηx(t) = g(t, x(t), x(t − θ)), t ∈ [0, T ],
x(t) = f (t), t ∈ [−θ, 0], (27)

where 0 < η < 1, θ > 0, T > 0, and Dη is a
ML kind of FD (Dη =ML Dη). In integral form the
equation (27) can be formulated as:{
x(t) = x(0) +ML Iηg(t, x(t), x(t − θ)), t ∈ [0, T ],
x(t) = f (t), t ∈ [−θ, 0].

(28)

The problem defines a uniform grid over the domain
[−θ, T ] with grid points ti = ih, with i = −m,−m +
1, ..., 0, ...n−1, n. The parameters n, andm are chosen
such that the grid spacing satisfies h = T

n = θ
m , where

h is the grid spacing. Over the internal [−θ, 0], the
values xi = x(ti ), for i = −m,−m + 1, ..., 0 can be
organized as xi = f (ti ). We are now focusing on the
interval [0, T ] and considering the grid points ti+1, for
i = 0, 1, ..., n − 1, the following is obtained,

x (ti+1) = x(0) + A1g (ti+1, x (ti+1) , x (ti+1 − θ))

+ A2

i∑
j=0

∫ t j+1

t j
(ti+1 − ρ)η−1 g(ρ, x(ρ),

x(ρ − θ))dρ. (29)

To obtain the approximation xi+1 ≈ x(ti+1), the proce-
durementioned in [12] can be used to get. For obtaining
the predictor step, one can consider the trapezoidal rule
on (29) for computing the integrals that give the below
corrector formula for i = 0, 1, ..., n − 1,

xi+1 = x(0) + A3

i∑
j=0

a j,i+1g
(
t j , x j , x j−m

)
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+ (A1 + A3) g (ti+1, xi+1, xi+1−m) , (30)

since x
(
t j − θ

) = x( jh − mh) ≈ x j−m , where

a j,i+1 =
⎧⎨
⎩
iη+1 − (i − η)(i + 1)η, if j = 0,
(i − j + 2)η+1 + (i − j)η+1

−2(i − j + 1)η+1, if 1 ≤ j ≤ i.

(31)

The scheme, constituting the predictor step, utilizes
the Adams-Bashforth fractional method to evaluate the
integrals presented in (29). This replace the term xi+1

given in equation (30) on the right side with the predic-
tor approximation x p

i+1, which is determined as follows
for i = 0, 1, ..., n − 1:

x Pi+1 = x(0) + A1g (ti , xi , xk−M )

+A4A5g
(
t j , x j , x j−m

)
. (32)

As a result, the numerical scheme developed to com-
pute the approximation xi+1 ≈ x(ti+1) for the solution
of the problem (27) in the domain [0, T ] can be shown
by the formula:

xi+1 = x(0) + A3

i∑
j=0

a j,i+1g
(
t j , x j , x j−m

)

+ (A1 + A3)

g
(
ti+1, x

p
i+1, xi+1−m

)
, (33)

where xk ≈ x(ti ), i = 0, 1, ..., n − 1, and x Pi+1
represents the predictor value, which can be computed
as outlined in (32), incorporating the determination of
the weights a j,i+1 as specified in equation (31). We
implementing the above scheme to solve our problem
(3), which are shown by:

Si+1 = S(0) + A3

i∑
j=0

a j,k+1

×g1
(
t j , S j , I j , R j , S j−m, I j−m, R j−m

)
+ (A1 + A3) g1

(
ti+1, S

p
i+1, I

p
i+1, R

p
i+1,

Si+1−m, Ii+1−m, Ri+1−m) ,

Ii+1 = I (0) + A3

i∑
j=0

a j,i+1

×g2
(
t j , S j , I j , R j , S j−m, I j−m, R j−m

)
+ (A1 + A3) g2

(
ti+1, S

p
i+1, I

p
i+1, R

p
i+1,

Si+1−m, Ii+1−m, Ri+1−m) ,

Ri+1 = R(0) + A3

k∑
j=0

a j,i+1

×g3
(
t j , S j , I j , R j , S j−m, I j−m, R j−m

)
+ (A1 + A3) g3

(
ti+1, S

p
i+1, I

p
i+1, R

p
i+1,

Si+1−m, Ii+1−m, Ri+1−m) , (34)

where SP
i+1, I

P
i+1 and RP

i+1 show the predictor terms
given by,

SPi+1 = S(0) + A1g1
(
ti , Si , Ii , Ri , Si−m , Ii−m , Ri−m

)
+A4A5

×g1
(
t j , S j , I j , R j , S j−m , I j−m , R j−m

)
,

I Pi+1 = I (0) + A1g2
(
ti , Si , Ii , Ri , Si−m , Ii−m , Ri−m

)
+A4A5

×g2
(
t j , S j , I j , R j , S j−m , I j−m , R j−m

)
,

RP
i+1 = R(0) + A1g3

(
ti , Si , Ii , Ri , Si−m , Ii−m , Ri−m

)
+A4A5

×g3
(
t j , S j , I j , R j , S j−m , I j−m , R j−M

)
,

(35)

and g1, g2 and g3 are the right sides of the model equa-
tion (3),

g1(t, S, I, R, Sτ , Iτ , Rτ ) = −S(t)I (t − τ)

+b(1 − S(t))S(t),

g2(t, S, I, R, Sτ , Iτ , Rτ ) = S(t)I (t − τ)

−(d1 + δ)I (t),

g3(t, S, I, R, Sτ , Iτ , Rτ ) = δ I (t) − d2R(t), (36)

where A3 = η
B(η)

hη

�(η+2) , A4 = η
B(η)

hη

�(η+1) , and A5 =∑i
j=0 [(i + 1 − j)η − (i − j)η].

8 Numerical results

We shall present the numerical solution of the model
(4) with the help of numerical scheme mentioned in
(33), with the parameter values listed in the following
cases:

8.1 Case 1:

For this case, we take the following parameter values:
d1 = 0.1, b = 0.1, δ = 0.1, d2 = 0.1, τ = 1.2,
and consider different values for the fractional order η

as η = 1, 0.99, 0.98, 0.97. The initial conditions for
the populations, as per the source [3] are: S(0) = 0.7,
I (0) = 0.3, R(0) = 0.2. Graphical results presented in
Figs. 1-3 illustrates the present case. Figure1 illustrates
the result when η = 1, which matches perfectly with
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Fig. 1 Graphical results for case 1 of the system (4) when η = 1, τ = 1.2, and the parameters listed in Case 1, where subplots a to d
are the compartments, S, I, R, and the phase portraits, respectively

the results presented in Figure 1 of [3] for τ = 1.2.
The basic reproduction number R0 = 5 > 3 for
the given results indicates that the system approaches
to the unique positive endemic equilibrium, denoted
by E1 = (0, 2, 0.08, 0.08). Additionally, Figs. 2 and
Fig. 3 display the dynamics of the population of health,
infected and recovered people under different values
of η, showing the impact of the fractional order on
the model’s behavior. The phase portraits of the vari-
ables are also shown in Fig. 3, providing further insight
into the long term behavior of the system. Figure4 is
given to show the dynamics of the model when tak-
ing η = 0.08 for the values given in Case 1. We use
η = 1, 0.95, 0.9, 0.85 to show the result given in Fig. 5
for the values shown in Case 1.

8.2 Case 2:

In Case 2, we consider the parameters values: d1 = 0.1,
δ = 0.1,d2 = 0.1,b = 0.1, and τ = 2.5.The fractional
order η takes the values η = 1, 0.99, 0.98, 0.97. The
initial conditions considered for this case are S(0) =
0.2, I (0) = 0.3, and R(0) = 0.1. Graphical results
associated to the present case are presented in Figs. 6
and 7. The reproduction number R0 = 5 > 3 for this
case is obtained. Figures6 and 7 illustrate the popu-
lation dynamics of the phase portraits, respectively.
These results provide an understanding of how the
varying fractional order η influences the behavior of
the model under different parameter setting. Figure8
is given to show the dynamics of the model when tak-
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Fig. 2 The plots indicate the simulation of the model (4) with τ = 1.2 and varying η = 1, 0.99, 0.98, 0.97. Subfigures a–c are the
dynamics of the populations S, I, R

ing η = 0.08 for the values given in Case 2, providing
different dynamical behavior.

8.3 Case 3:

In Case 3, we use the parameters values: d1 = 0.1,
δ = 0.4, b = 0.1, d2 = 0.1, and τ = 2.5. We
again assign the values to the fractional order η with
η = 1, 0.99, 0.98, 0.97, and consider the initial con-
ditions S(0) = 0.2, I (0) = 0.3, and R(0) = 0.2.
The basic reproduction number R0 = 2 < 3 for the
given case has been obtained, indicating that the dis-
ease will eradicate from the community in the absence

of suitable conditions for endemicity. Figures9 and 10
present the dynamics of the populations and the respec-
tive phase portraits for this case, illustrating the impact
of varying η and other parameters on the behavior of
the model. Figure11 is provided to show the dynamics
of the model when taking η = 0.08 for the values given
in Case 3.

The graphical results of the fractional delay model
with ML kernel highlight the impact of the memory
effects and incubation delay on the dynamics of dis-
ease. In case 1, when τ = 1.2, and η = 1, the results
match integer order model, while decreasing the value
of η shows disease elimination, showing that mem-
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Fig. 3 The plots indicate the simulation of the model (4) with τ = 1.2 and varying η = 1, 0.99, 0.98, 0.97. Subfigures a–d are different
phase planes of the variables S, I, R

ory effects prolong infection persistence. We can see
from case 2, when τ = 2.5 that longer incubation
delays cause oscillatory behavior in infection trends,
that means that the disease with delay infectiousness
require early intervention. Increasing the recovery rate
δ = 0.4 given in case 3, the disease reduce more
quickly, emphasizing the role of effective treatment and
immunity development.

9 Conclusion

In the present analysis, we studied the dynamics of
an SIR model under fractional delay differential equa-

tion inMittag–Leffler kernel. Equilibrium points of the
model is obtained and have been analyzed. The effects
of the incubation time shown by τ on the dynamics of
the fractional model have been analyzed. The results
indicate that the basic reproduction number and the
incubation time determines the disease tendency to the
endemic state or its oscillations. The infection dies out
for the caseD1 whenR0 < 1, which is globally asymp-
totically stable. Stability analysis of the equilibrium
points D0, and D1 for the case τ are considered and
discussed. We found that for the case D0, the model
is unstable. ForD1 the model is locally asymptotically
stable, and forR0 = 1, the equilibrium pointD1 is lin-
early neutrally stable. We obtain the associated result
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Fig. 4 The plots indicate the simulation of the model (4) for case 1 when η = 0.08 Sub-figures a to c are the dynamics of the S, I, and
R compartments, while d is phase portraits

of EU for the fractional system (4) and discussed with
detailed. Numerically solution of the model via new
numerical techniques has been presented. We consid-
ered different cases to simulate the model. We show
that the model for the value of τ = 0 agrees to the
original published model. Various values of the delay
parameter τ and η are presented and discussed which
validated the equilibriumpoints.When usingη = 0.08,
we can observe a compete different behaviors of the
model solution.

The presentworkwill be extended to fractional order
delay model with stochastic differential in Mittag–

Leffler kernel and other fractional operators by compar-
ing the work with the literature. The given model can
be extended to fractional order delay optimal control
model under stochastic differential equation. Updat-
ing to a more complex model with vaccine and other
effects with real data in stochastic fractional differen-
tial equations will be considered. The present model
considered a set of numerical values that are subjected
to the present state of the equilibrium points and it may
provide different results for different set of parameters
values. Further, we use the ABD operator and other
operator may provide different results.
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Fig. 5 The plots indicate the simulation of the model (4) for case 1 when η = 1, 0.95, 0.9, 0.85 Sub-figures a to c are the dynamics of
the S, I, and R compartments, while d is the phase portraits
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Fig. 6 The plots indicate the simulation of the model (4) when varying η = 1, 0.99, 0.98, 0.97, and τ = 2.5. Sub-figures a–c are the
dynamics of the populations S, I, and R
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Fig. 7 The plots indicate the simulation of the model (4) when varying η = 1, 0.99, 0.98, 0.97, and τ = 2.5. Sub-figures a-to c are the
dynamics of the populations S, I, and R
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Fig. 8 The plots indicate the simulation of the model (4) for case 2 when η = 0.08 Sub-figures a to c are the dynamics of the S, I, and
R compartments, while d is phase portraits
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Fig. 9 The plots indicate the simulation of the model (4) when varying η = 1, 0.99, 0.98, 0.97, δ = 0.4 and τ = 2.5. Sub-figures a to
c are the dynamics of the populations, S, I, and R
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Fig. 10 The plots indicate the simulation of the model (4) when varying η = 1, 0.99, 0.98, 0.97, δ = 0.4, and τ = 2.5. Sub-figures a
to d are the phase portraits of the variables S, I, and R
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Fig. 11 The plots indicate the simulation of the model (4) for case 3 when η = 0.08 Sub-figures a to c are the dynamics of the S, I,
and R compartments, while (d) is phase portraits
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