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ABSTRACT

Let  ),...,,(
21 n

xxxx =  be a vector in a space Zn where Z is the ring of integers and

let q be a positive integer, f a polynomial in x with coefficients in Z. The exponential
sum associated with f is defined as

           ∑= )/)(2exp();( qxifqfS π

  where the sum is taken over a complete set of residues modulo q.
The value of S(f;q) has been shown to depend on the estimate of the cardinality |V|, the
number of elements contained in the set

            }mod0|mod{ qfqxV
x
≡=

where  x
f   is the partial derivatives of f with respect to x  . To determine the cardinality

of V, the information on the p-adic sizes of common zeros of the partial derivatives
polynomials need to be obtained.

This paper discusses a method of determining the p-adic sizes of the components of
(ξ,η), a common root of partial derivatives polynomial of  f(x,y) in  of degree n, where
n is odd based on the p-adic Newton polyhedron technique associated with the
polynomial. The polynomial of degree n is of the form

ktysxycxybxaxyxf nnn +++++= −− 221),(
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INTRODUCTION

In this paper, the notations Zp , p
Ω   and  ordpx are used to denote the ring of p-adic

integers, completion of the algebraic closure p
Q the field of rational p-adic numbers

and the highest power of p, which divides x. For each prime p, let ( )
n

ffff ,....,,
21

=

be an n-tuple polynomials in  ][xZ
p

, where Zp is the ring of  p-adic integers and

),...,,(
21 n

xxxx =  .
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The estimation of |V| has been the subject of many research in number theory, one of
which is in finding the best possible estimate to multiple exponential sums of the form

( ) ∑ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

qx q
ifqfS

mod
2exp; π

where ( )xf   is a polynomial in Z[x] and the sum is taken

over a complete set of residues x modulo a positive integer q.

Loxton and Vaughn (1985) are among the researchers who investigated S(f;q) where f is
a non-linear polynomial in Z[x]. They found that the estimate of S(f;q) depends on the
value of |V|, the number of common zeros of the partial derivatives of  f  with respect to
x   modulo q  . By using this result, the estimate of S(f;q) was found by other researchers
such as Mohd Atan (1986).  He considered in particular the non-linear polynomial

edycxybxaxyxf ++++= 23),(   . He found that the p-adic sizes for the zero

(ξ,η) of this polynomial is 
1 ( )
2pord ξ α δ≥ −   and )(

2
1 δαη −≥

p
ord  with

⎭
⎬
⎫

⎩
⎨
⎧= bordaord

pp 2
3,3maxδ .

Mohd Atan and Abdullah (1992) considered a cubic polynomial of the form

nmykxdycxyybxaxyxf ++++++= 3223),(

 and obtained the p-adic sizes for the root (ξ,η) of this polynomial as   )(
2
1 δαξ −≥

p
ord

and )(
2
1 δαη −≥

p
ord   with  { }dordcordbordaord

pppp
3,,,3max=δ  .

Chan and Mohd Atan (1997) investigated a polynomial of a higher degree than the one
considered above in Zp[x,y] of the form

knymxeydxyycxybxaxyxf +++++++= 432234),(

and showed that for a root (ξ,η ) of  f(x,y), the p-adic sizes for the zero (ξ,η) of this

polynomialis )(
3
1 δαξ −≥

p
ord   and  )(

3
1 δαη −≥

p
ord  with

     { }eorddordcordbordaord
ppppp

,,,,max=δ  .
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Heng and Mohd Atan (1999) determined the cardinality associated with the partial
derivatives functions of the cubic form

f(x,y)=ax3+bx2y+cx+dy+e

In their work, they attempted to find a better estimate by looking at the maximum number
of common zeros associated with the partial derivatives fx(x,y) and fy(x,y). A sharper
result was obtained with  δ  similar to the one considered by Mohd Atan (1986). However,
the general result for polynomials of several variables is less complete.

In this paper, a method of determining the p-adic sizes of the component (ξ,η) a common
root of partial polynomial of  f(x,y) in  of degree n where n is odd is discussed. The
polynomial considered in this paper is of the form

f(x,y)=axn+bxn-1y+cxn-2y2+sx+ty+k.

The desired estimate is arrived at by examining the combinations of the indicator diagrams
associated with the Newton polyhedrons of fx  and fy  developed by Mohd Atan and
Loxton (1986). It is an analogue of the p-adic Newton polygon developed by Koblitz
(1977).

p-adic Orders of Zeros of a Polynomial
Mohd Atan and Loxton (1986) conjectured that to every point of intersection of the
combination of the indicator diagrams associated with the Newton polyhedrons of a
pair of polynomials in  Zp[x,y], there exist common zeros of both polynomials whose p-
adic orders correspond to this point. The conjecture is as follows :

• Conjecture
Let  p be a prime. Suppose f and  g are polynomials in Zp[x, y]. Let  ( μ,λ) be a point of
intersection of the indicator diagrams associated with   f and g.  Then there are ξ  and η
in Ωpsatisfying  f(ξ,η) =g(ξ,η) =0 and ordpξ=μ , ord pη= λ..

A special case of this conjecture was proved by Mohd Atan and Loxton (1986). Sapar
and Mohd Atan (2002) improved on this result as follows:

Theorem 2.1
Let  p be a prime. Suppose f and  g are polynomials in Zp[x, y]. Let  (μ,λ ) be a point of
intersection of the indicator diagrams associated with f and g at the vertices or simple
points of intersections. Then there are ξ  and η  in Ωpsatisfying  f(ξ,η) =g(ξ,η) =0 and
ord pξ=μ , ord pη= λ..



Sapar S.H. & Mohd Atan K.A.

26 Malaysian Journal of Mathematical Sciences

In Theorems 2.5 and 2.6 that follow, the p-adic sizes of common zeros of partial

derivatives of the polynomial  1 2 2( , ) n n nf x y ax bx y cx y sx ty k− −= + + + + +  where
n is odd are given. First, the the following assertions are made

Lemma 2.1
Let n >1 be a positive integer and p>n be a prime. Let a, b, c, s  and t be in Zp and λ1,  λ2

are the zeros of h(λ.)=4c2λ.2+4bcλ.+(n-1)2b2-4n(n-2)ac  and let

)(2

2)1(

1

1
1 bna

cbn

λ

λ
α

+

+−
=   and )(2

2)1(

2

2
2 bna

cbn

λ

λ
α

+

+−
=

If  ordpb
2>ordpac, then 

a
cordordord

ppip 2
1)(

21
=−= ααα   , for i = 1,2 and

a
bordord

pp
=+ )(

21
αα  .

Proof:

c
bacnnb

2
)4)(2( 2

1

−−+−
=λ  and

c
bacnnb

2
)4)(2( 2

2

−−−−
=λ

are the  zeros of h(λ)=4c2λ2+4bcλ+(n-1)2b2-4n(n-2)ac . Then

2
)4)(2( 2

1

bacnnb
c

−−+−
=λ

 .
Since  ordpb

2>ordpac  and  p>n , we have

  )4)(2( 2bacnnord
p

−− = acord
p2

1

Hence,  ( ) acordbacnnbord
pp 2

1)4)(2( 2 =−−+−

Thus ,  acordcord
pp 2

12
1
=λ < ordpb.

By the same method, it can be shown that

acordcord
pp 2

12
2
=λ  < ordpb .

Therefore,

ordp((n-1)b + 2λ ic) = ordp2λ ic = acord
p2

1
 , i = 1,2.         (1)
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Consider that

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −−+−
=

c
bacnnb

bb
2

)4)(2( 2

1
λ

Then,

cordbacnnbordbordbord
pppp
2])4)(2([ 2

1
−−−+−+=λ

 .

Since   acordbord
pp 2

1
>  and  p>n, we have

cordacordbordbord
pppp

−+=
2
1

1
λ

cordacordacord
ppp

−+>
2
1

2
1

= ordpa.

Thus,  aordbord
pp

>
1
λ

Again by the same method,  we can show that
ordpλ2b>ordpa

Therefore, we obtain that
ordp2(na+λib)=ordpa,i=1,2         (2)

From (1) and (2),

 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

+

+−
=

)(2

2)1(

bna

cbn
ordord

i

i
pip λ

λ
α , i = 1,2

aordacord
pp

−=
2
1

 .

That is, 
ip

ord α
a
cord

p2
1

= , i = 1,2        (3)

It can be shown that

))((2

))1(2)((

21

2

21
21 bnabna

bnnac

λλ

λλ
αα

++

−−−
=−
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with    
c

bacnn )4)(2( 2

21

−−
=−λλ

Then,

cordbacnnordord
ppp

−−−=− )4)(2()( 2

21
αα +ordp(2nac-(n-1)b2)

     1 22( ) ( )p pord na b ord na bλ λ− + − +

Since  p>n, 2
p pord b ord ac>  and from (2), we have

ordp(α1−α2) aordacordcordacord
pppp

2
2
1

−+−=

             ( )aordcord
pp

−=
2
1

That is, )(
21

αα −
p

ord ⎟
⎠
⎞

⎜
⎝
⎛=

a
cord

p2
1

        (4)

From (3) and (4), we obtain

a
cordordord

ppip 2
1)(

21
=−= ααα  ,  i = 1,2.

Also, its can be shown that

))((2

))()1(2(4)1(2[

21

21

2

21
21 bnabna

bnnacbcabnn

λλ

λλλλ
αα

++

+−+++−
=+

with  2

22

21 4
)2(4)1(

c
acnnbn −−−

=λλ  and c
b

−=+
21

λλ   .

Then

))2(6)1)(2((2)( 2

21
acnnbnn

c
bordord

pp
−++−=+αα

   1 22( ) ( )p pord na b ord na bλ λ− + − +
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Since  p>n,  ordpb
2>ordpac and from (2), we have

aordacord
c
bordord

pppp
2)(

21
−+=+αα

   a
bord

p
=

Therefore, we obtain

a
cordordord

ppip 2
1)(

21
=−= ααα , bagi i= 1,2

and  
a
bordord

pp
=+ )(

21
αα  as asserted.

In the Lemma 2.2 and Theorem 2.2,

)(2

2)1(

1

1
1 bna

cbn

λ

λ
α

+

+−
= , )(2

2)1(

2

2
2 bna

cbn

λ

λ
α

+

+−
=   where   λ1,  λ2 are the zeros of

acnnbnbcch )2(4)1(44)( 2222 −−−++= λλλ .Then 
21

αα ≠   because of

21
λλ ≠  .

Lemma 2.2
Suppose U, V in Ω p x Ω p . Let n>1 be a positive integer and  p>n be a prime,   a, b and
c in Zp.

If   ordpb
2>ordpac, then

)(
21
UVord

p
αα − = )](4)(2()()2[( 2 VUbacnnVUbnord

p
+−−+−− -ordpa.

Proof

=− )(
21
UVord

p
αα V

bna

cbn
ord

p⎜
⎜

⎝

⎛

+

+−

)(2

2)1(

1

1

λ

λ
⎟
⎟

⎠

⎞

+

+−
− U

bna

cbn

)(2

2)1(

2

2

λ

λ

[ ]UbnacbnVbnacbnord
p

)](2)1[()](2)1[(
1221
λλλλ ++−−++−=

)(2)(2
21
bnaordbnaord

pp
λλ +−+−         (1)

Now,

c
bacnnb

2
)4)(2( 2

1

−−+−
=λ  and  

c
bacnnb

2
)4)(2( 2

2

−−−−
=λ
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 are the zeros of  acnnbnbcch )2(4)1(44)( 2222 −−−++= λλλ  .
It can be shown that, with the values of  λ1 and  λ2,

Vbnacbn )](2)1[(
21
λλ ++− - Ubnacbn )](2)1[(

12
λλ ++−

=  [ ] ( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+

−−
+−

−
−− VU

c
bacnn

VU
c

bnbnnac
2

)4)(2(
2

)2()1(2
2

2
.

Then from (1),

=− )(
21
UVord

p
αα  )]()4)(2()()2[( 2 VUbacnnVUbnord

p
+−−+−−

+ ⎥
⎦

⎤
⎢
⎣

⎡ −−
c

bnnacord
p 2

)1(2 2

 )(2)(2
21
bnaordbnaord

pp
λλ +−+−

Since  p>n and ordpb
2>ordpac , we have

           )]()4)(2()()2[( 2 VUbacnnVUbnord
p

+−−+−−

aordcordacord
ppp

2−−+

Hence,

)(
21
UVord

p
αα − = )]()4)(2()()2[( 2 VUbacnnVUbnord

p
+−−+−− aord

p
−

as asserted.         
In the following theorem, we give the p-adic sizes of the variables x, y in U,V by using
the assertions in Lemma 2.1 and Lemma 2.2

Theorem 2.2

Suppose   U, V  in  Ωp x Ωp with yxxU
nn

2
3

1
2

1 −−

+= α   and yxxV
nn

2
3

2
2

1 −−

+= α   , where

n is odd. Let  p>n be a prime, a, b and c in Zp and acordbord
pp

>2  .

If   )()4)(2()()2( 2 VUbacnnordVUbnord
pp

+−−>−− , then W
n

xord
p 1

2
−

≥   and

⎥
⎦

⎤
⎢
⎣

⎡
−

−
≥ −

−

)2(

)3(

2
1

1
2

n

n

pp a
cbordW

n
yord

with VordUordW
pp

==
   .

Proof

From yxxU
nn

2
3

1
2

1 −−

+= α    and yxxV
nn

2
3

2
2

1 −−

+= α   , we have
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1

2

21

21
−

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−

−
=

nUV
x

αα

αα
and 2

3

21
)(

−

−

−
= n

x

VUy
αα    .

Then,

)(
1

2)(
1

2
2121

αααα −
−

−−
−

=
ppp

ord
n

UVord
n

xord                              (1)

and  ( ) ( ) xordnordVUordyord
pppp 2

3
21

−
−−−−= αα        (2)

From (1), Lemma 2.1 and Lemma 2.2, we obtain

ordpx = )]()4)(2()()2[(
1

2 2 VUbacnnVUbnord
n p

+−−+−−
−

        aord
n p1

2
−

− ⎟
⎠
⎞

⎜
⎝
⎛

−
−

a
cord

n p2
1

1
2

Now, from hypothesis

min )}()4)(2(),()2({ 2 VUbacnnordVUbnord
pp

+−−−−

)()4)(2( 2 VUbacnnord
p

+−−=  .

Hence,

   xord
p

)()4)(2(
1

2 2 VUbacnnord
n p

+−−
−

= acord
n p1

1
−

− .

Since ordpb
2>ordpac and  p>n, we have

 xord
p = )(

1
1)(

1
2 acordacord

n
VUord

n ppp
−

−
++

−
That is,

)(
1

2 VUord
n

xord
pp

+
−

=        (3)

Let  W=ordpU=ordpV , we have

W
n

xord
p 1

2
−

≥

From (3),

2
1−n

p
xord ( )VUord

p
+=
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But ordp(U+V) = ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++

−−

yxxord
nn

p
2

3

21
2

1

)(2 αα  .

Therefore,

xord p ( )yord p 21 αα +≤ .  

Thus, from equation (2), Lemma 2.1 and Lemma 2.2,  we have

−−≥
− )(
2

1 VUordyordn
pp a

cord p2
1  

a
bordn

p⎟
⎠
⎞

⎜
⎝
⎛ −

−
2

3 . 

Let  W=ordpU = ordpV, we have

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −

+−
−

≥
b
aordn

a
cordW

n
yord

ppp 2
3

2
1

1
2

                     (4)

          ⎥
⎦

⎤
⎢
⎣

⎡
−

−
= −

−

)2(

)3(

2
1

1
2

n

n

p a
cbordW

n

Therefore,

W
n

xord
p 1

2
−

≥ and   ⎥
⎦

⎤
⎢
⎣

⎡
−

−
≥ −

−

)2(

)3(

2
1

1
2

n

n

pp a
cbordW

n
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where   W= ordpU= ordpV as asserted.        
  Theorem 2.3 gives an estimate of the same variables in U,V under a different condition
as given by the following lemma.

Lemma 2.3
Let   n >0 and p be an odd prime, p>n  and a, b , c  in Zp  with ordpb

2>ordpac . If U,V   in
Ωp x Ωp  such that

)()4)(2()()2( 2 VUbacnnordVUbnord
pp

+−−≤−− , then ordpV=ordpU

and there exists q, w in Zp such that

)]()4)(2()()2[( 2 VUbacnnVUbnord
p

+−−+−−  = ])4)(2()2[( 2 wbacnnbqnord
p

−−+−+β

where  UordVord
pp

==β  and 0=qord
p

 cordbordword
ppp 2

1
−≥  ,  .

Proof

From  )()4)(2()()2( 2 VUbacnnordVUbnord
pp

+−−≤−− ,  p>n  and

acordbord
pp

>2
  we obtain
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)(
2
1)( VUordacordVUordbord

pppp
++≤−+

Since ordpb
2>ordpac , this inequality becomes

)()(
2
10 VUordVUordacordbord

pppp
−−+≤−<

Therefore,
ordp(U + V)>ordp(U-V).         (1)

Now,  ord p(U + V) - ord p(U-V)>0 implies that ordpU=ordpV. This is because if ,

VordUord
pp

≠ we have 0)()( =−−+ VUordVUord
pp

 .

Suppose  VordUord
pp

==β  .

Then,

 kpU β=  and lpV β=    with ordpk=0  and  ordpl=0 .

Thus,

U + V= pβ(k+l) and  U - V = pβ(k-l).

From (1), we obtain

 ordp(k+l)>ordp(k-l).

This means that,  )()]()[( lkordlklkord
pp

−=−++

That is,
ordpk=ordp(k-l)=0

Therefore,
ordp(k+l)>0

Suppose q =k-l   and  w=k+l.
)()( VUordVUord pp −−+ = )()( lkordlkord pp −−−++ ββ  

     
wordlkord

pp
=+= )(

But  acordbordVUordVUord
pppp 2

1)()( −≥−−+  .

Then ,

≥word
p

acordbord
pp 2

1
−  .
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Hence,

)]()4)(2()()2[( 2 VUbacnnVUbnord
p

+−−+−−

= ])4)(2()2[( 2 wpbacnnqbpnord
p

ββ −−+−

with  ordp q=0 and cordbordword
ppp 2

1
−≥  .

The right expression becomes

])4)(2()2[( 2 wbacnnbqnpord
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−−+−β

= ]))(2()2[( 2 wbacnnbqnord
p

−−+−+β

with  VordUord
pp

==β ,  0=qord
p
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p

  acordbord
pp 2

1
−

as asserted.             

Theorem 2.3

Suppose U,V in Ωp x Ωp   with yxxU
nn

2
3

1
2

1 −−

+= α    and  yxxV
nn

2
3

2
2

1 −−

+= α  where

n is odd. Let  p>n be a prime, a, b and c in Zp and ordpb
2>ordpac.

If   )()4)(2()()2( 2 VUbacnnordVUbnord
pp

+−−≤−− then Word
n
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pp 1

2
−

≥

and ⎥
⎦

⎤
⎢
⎣

⎡
−

−
≥ −

−
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2
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1
2

n

n
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n
yord  with  W=ordpV=ordpU.

Proof
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⎟
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⎛
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−

−
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Then,
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n

UVord
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xord        (1)
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and  ( ) ( ) xordnordVUordyord
pppp 2

3
21

−
−−−−= αα         (2)

From (1) and by Lemma 2.1 and Lemma 2.2, we have

xord
p = )](4)(2()()2[(

1
2 2 VUbacnnVUbnord

n p
+−−+−−

−

     aord
n p1

2
−

− ⎟
⎠
⎞

⎜
⎝
⎛

−
−

a
cord

n p2
1

1
2

  .
By Lemma 2.3, there exists  q and w in Zp such that

xord
p

( )])4)(2()2[(
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with  W=ordpU = ordpV as asserted.                      

The following theorem gives explicit estimates of the x,y variables in U and V in terms
of p-adic sizes of integers in Zp. The proof utilizes the result obtained above.
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Proof
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as asserted.       

Theorem 2.5

Let f(x,y)=axn + bxn-1y+cxn-2y2+sx+ty+k  be a polynomial in Zp[x, y] with  p>n and n is
odd. Let 0α > , max{ , , }p p pord a ord b ord cδ =  and  ordpb

2>ordpac.
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If (0,0), (0,0)p x p yord f ord f α δ≥ > there exist (ξ,η ) such that  fx(ξ,η )=0,  fy(ξ,η
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By substitution of U and V in (2), we obtain the following polynomials in (U,V)
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1
)(),( λλ +++=         (8)
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2
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The combination of the indicator diagrams associated with the Newton polyhedron of
(8) and (9) takes the form shown in Figure 1.
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Figure 1: The indicator diagrams of tsUbnaVUF
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We will get a sharper result if ordpa>ordpb, as written in the following theorem:

Theorem 2.6
Let f(x,y)=axn+bxn-1y+cxn-2y2+sx+ty+k   be a polynomial in Zp[x,y] where  p>n and n is
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By proof of Lemma 2.1, aordbnaord
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Similarly, by the same method for ordpx from equation (3) in Theorem 2.4,  we have
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CONCLUSION

Our investigation shows that if  p is an odd prime p>n,
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