U|PIM

UNIVERSITI PUTRA MALAYSIA

APPROXIMATE SOLUTION FOR TIME FRACTIONAL PARTIAL
DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS

By

ALSIDRANI FAHAD ABDULAZIZ A

Thesis Submitted to the School of Graduate Studies, Universiti Putra
Malaysia, in Fulfilment of the Requirements for the Degree of Doctor
of Philosophy

September 2024

FS 20242



All material contained within the thesis, including without limitation text, logos,
icons, photographs and all other artwork, is copyright material of Universiti
Putra Malaysia unless otherwise stated. Use may be made of any material
contained within the thesis for non-commercial purposes from the copyright
holder. Commercial use of material may only be made with the express, prior,
written permission of Universiti Putra Malaysia.

Copyright (©)Universiti Putra Malaysia



This work is dedicated to all of my beloved
&
To my mother Norah
&

To my wife Nada and son Abdulaziz

You have enhanced my abilities and made me stronger and more fulfilled than I
could have ever imagined.



Abstract of thesis presented to the Senate of Universiti Putra Malaysia in
fulfilment of the requirement for the degree of Doctor of Philosophy

APPROXIMATE SOLUTION FOR TIME FRACTIONAL PARTIAL
DIFFERENTIAL EQUATIONS WITH VARIABLE COEFFICIENTS

By

ALSIDRANI FAHAD ABDULAZIZ A

September 2024

Chairman : Adem Kilicman, PhD
Faculty : Science

This thesis investigates one-dimensional time-dependent partial differential equa-
tions, focusing on two types of fractional derivative definitions and their proper-
ties. The primary goal is to derive semianalytical approximate series solutions
for the spatial variable v within a bounded interval [a, b], where a and b are real
numbers. Three powerful numerical methods are employed to obtain approxi-
mate analytical solutions for fractional order partial differential equations: the
variational iteration method (VIM), the Adomian decomposition method (ADM),
and the homotopy analysis method (HAM). These techniques balance the sim-
plicity of analytical solutions with the accuracy of numerical approaches. The
study includes a comprehensive convergence analysis of the approximate series
solutions obtained from VIM, ADM, and HAM. The differential equation under
investigation is derived from the traditional Fornberg-Whitham equation and the
Helmholtz equation by replacing the integer order time derivative with noninteger
derivatives of order t in the range n—1 < @ < n, for n € N, incorporating variable
coefficients. Novel approaches are developed to compute the Laplace transform in
the Atangana-Baleanu fractional derivative operator, enhancing the performance
and accuracy of the semianalytical methods. The research extends to validate

the effectiveness of fractional order methods. To demonstrate the applicability of
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these techniques, computational analyses of various test problems are provided,
featuring two fractional derivatives and variable coefficients. Comparisons reveal
that the absolute differences between the approximate solutions derived from
VIM, ADM, and HAM decrease with the parameter pu approaches to the integer
order. The findings indicate that the differences between ADM and HAM are
consistently smaller than those involving VIM, signifying that while all methods
yield similar results, ADM and HAM show closer alignment and potential excel-
lence in specific scenarios. According to the results and graphical representation,
it can be seen that the proposed methods are efficient in obtaining an analytical

solution for time-fractional differential equations.
Keywords: Adomian Decomposition Method, Fractional Derivatives, Homotopy Anal-

ysis Method, Partial Differential Equations, Variational Iteration Method.

SDG: GOAL 4: Quality Education.
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PENYELESATAN PENGHAMPIRAN UNTUK PERSAMAAN
PEMBEZAAN SEPARA PECAHAN MASA DENGAN PEKALI
PEMBOLEHUBAH

Oleh

ALSIDRANI FAHAD ABDULAZIZ A

September 2024

Pengerusi : Adem Kilicman, PhD
Fakulti : Sains

Tesis ini mengkaji persamaan pembezaan separa satu dimensi yang bergantung kepada
masa, dengan fokus pada dua jenis definisi terbitan pecahan dan sifat-sifatnya. Matla-
mat utama adalah untuk memperoleh penyelesaian hampiran siri separa-analitik untuk
pemboleh ubah ruang v dalam selang terhad [a, b], di mana a dan b adalah nombor ny-
ata. Tiga kaedah berangka yang digunakan untuk mendapatkan penyelesaian hampiran
analitik bagi persamaan pembezaan separa peringkat pecahan: kaedah lelaran bervari-
asi (KLB), kaedah penghuraian Adomian (KPA), dan kaedah analisis homotopi (KAH).
Teknik-teknik ini mengimbangi kesederhanaan penyelesaian analitik dengan kejituan
pendekatan berangka. Kajian ini merangkumi analisis penumpuan yang komprehen-
sif terhadap penyelesaian hampiran siri yang diperoleh daripada KLB, KPA dan KAH.
Persamaan pembezaan yang dikaji diperoleh daripada persamaan tradisional Fornberg-
Whitham dan persamaan Helmholtz dengan menggantikan terbitan masa peringkat in-
teger dengan terbitan bukan integer peringkat p dalam julat n — 1 < p < n, untuk
n € N, yang menggabungkan pekali berubah. Pendekatan baharu dibangunkan un-
tuk mengira transformasi Laplace dalam operator terbitan pecahan Atangana-Baleanu,
meningkatkan prestasi dan kejituan kaedah separa-analitik. Kajian ini dilanjutkan un-
tuk mengesahkan keberkesanan kaedah peringkat pecahan. Untuk menunjukkan kebole-
hgunaan teknik-teknik ini, analisis pengiraan pelbagai masalah ujian disediakan, yang
menampilkan dua terbitan pecahan dan pekali berubah. Perbandingan menunjukkan
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bahawa perbezaan mutlak antara penyelesaian yang diperoleh daripada KLB, KPA dan
KAH berkurangan dengan parameter . Penemuan menunjukkan bahawa perbezaan
antara KPA dan KAH adalah lebih kecil secara konsisten berbanding dengan yang
melibatkan KLB, mencadangkan bahawa walaupun semua kaedah menghasilkan hasil
yang serupa, KPA dan KAH menunjukkan keselarasan yang lebih dekat dan potensi
kecemerlangan dalam senario tertentu. Menurut hasil dan perwakilan grafik, dapat dili-
hat bahawa kaedah yang dicadangkan adalah berkesan dalam memperoleh penyelesaian

analitik untuk persamaan pembezaan pecahan-masa.

Kata Kunci: Kaedah Analisis Homotopi, Kaedah Lelaran Bervariasi, Kaedah Penghu-
raian Adomian, Persamaan Pembezaan Separa, Terbitan Pecahan.
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CHAPTER 1

INTRODUCTION

1.1 Fundamentals of Fractional Calculus

In the heart of all various applied sciences, everything shows itself in the mathematical
relation that most of these problems and phenomena are modeled by ordinary differen-
tial equations (ODEs) or partial differential equations (PDEs). The field of fractional
calculus (FC) is almost as old as conventional calculus itself. It attracts attention to
modeling problems concerning nonlocality and memory effect concepts that are not well
described by the classical calculus. It represents a conception of classical differentiation
and integration of nonnegative integer order to an arbitrary order (constant or variable).
In recent years, several books on fractional calculus have been published. Researchers
have developed new numerical methods to solve fractional differential equations more
efficiently. Applications of fractional calculus can be found in various fields, including
physics, engineering, and biology. The growing interest in fractional calculus highlights
its potential to address complex real-world problems (Podlubny, 1998; Kilbas et al.,
2006; Sabatier et al., 2007; Chen et al., 2009; Baleanu et al., 2011; Sabatier et al., 2015;

Guo et al., 2015; Daftardar-Gejji, 2019; Gorenflo et al., 2020; Mainardi, 2022).

1.1.1 Origin of the Fractional Derivative

The historical development of fractional calculus dates back to several centuries and
involves contributions from multiple mathematicians. The concept of fractional deriva-
tives (FD) has more than 325 years of history, yet it is still an exciting research topic,
and interested researchers are actively working on problems of fractional order deriva-
tives. The roots of this concept can be traced back to a letter from ﬁHépital to Leibnitz

in 1695, in which the meaning of the derivative of a function of order 1/2. Later in-
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vestigations and further developments were by other mathematicians, such as Euler
in 1730, Lagrange in 1772, Laplace in 1812, Lacroix in 1819, Fourier in 1822, Abel
in 1823 — 1826, Liouville in 1832 — 1873, Riemann in 1847, Holmgren in 1865 — 1867,
and Gruiiwald 1867 — 1872. These early mathematicians made significant contributions
to the field of fractional calculus in its early stages. They explored the possibility of
extending differentiation and integration to noninteger orders (Podlubny, 1998; Kilbas
et al., 2006; Guo et al., 2015; Daftardar-Gejji, 2019). However, the formalization of
fractional calculus took several more years to develop. Since then, numerous scholars
attempted to offer a clear definition of a fractional derivative. The principal approach
employed by the majority of these researchers involved the utilization of an integral
formulation for the representation of the fractional derivative. We briefly introduce the
commonly used fractional derivative formulation as frequently discovered in scholarly
literature. In 1819, the first mention of fractional derivative in a published paper by
Lacroix (Ross, 2006). Starting with { = ¢™, where m, n € N and m > n, Lacroix
found the nth derivative of \ and he further obtained the generalized form with I'(-)

the well-known Gamma function by

dan m!
— =

ke (m — n)!

< Je raﬁflfm“- (1)

In particular, he computed the following derivative of fractional order, when m = 1

and n = 1/2, he obtained

i EJ<
_ = §2 = —. (12)
dg¢z F(%) ﬁ

It can be seen Equation (1.1) indicates that the fractional derivative of a constant

denoted by ¢” deviates from the conventional expectation of yielding zero. A specific
illustration of this notice arises when the parameters are assigned values such that
m = 0 and n = 1/2, we obtain

> o T(1) 1 1 (1.3)

V= S
d¢z r'3) NGS

In this particular formatting, the fractional derivative assumes a non-zero value. The

N

next stage was taken from Fourier in 1822. He defined the fractional derivative through
the so-called Fourier transform (FT), which generalized the integer-order derivative into

the fractional order derivatives by

DH*P(s) = % /_oo /_oo PY(&) vt cos |v(s— &) + %T dvdé. (1.4)
2



Abel in 1823, discussed the fractional derivative as well.

The comprehensive development and formalization of fractional calculus occurred in
the 19** and 20" centuries. Riemann and Liouville established the foundation of mod-

9*" century. Riemann introduced the concept of

ern fractional calculus in the mid-1
fractional integration, and Liouville further developed the theory by introducing the
fractional derivative. Liouville made progress work in fractional derivatives and prop-

erly involved it in potential theory. If a function, denoted as (<), admits expansion

into an infinite series, then its fractional derivative can be derived through the following

Dip(c) = > CrAke, (1.5)
r=0

and if the function 1 (s) cannot be expanded into an infinite series, then its fractional

derivative is obtained by using the Gamma function as follows:

rDugftx . (_1)H /oo aoc+u~1 efcida

['(e) Jo
(=DM (o + ) 0 (16)
= o) , a>0.

In 1870, the Riemann-Liouville (RL) derivative of order p for a given power function

kernel was defined by

REDANE) = g . P — e, (1.7)

The singularity of the Riemann-Liouville fractional derivative occurs when the param-
eter ¢ is equal to &. In order to avoid this singularity, alternative definitions have been
introduced. One such alternative is the Caputo fractional derivative, which was first
introduced by (Caputo, 1967). This approach is often preferred in practical applica-
tions because of its enhanced capability to address initial conditions. The p-th Caputo

fractional derivative D of the function V(s is formally defined as follows:

1

“Dip(s) = To—w

/gll)(n)(i)@: - g e, (1.8)

Further, Hadamard in 1892 proposed a nonlocal fractional derivative with singular

logarithmic function kernel with memory of order pu defined by (Jarad et al., 2012)

—p—1

") = (s30) T [ v s (5)T e e, (1.9)
3



The proposition of a fractional derivative employing a logarithmic function kernel of
order n—1 < p < n, where n € N, has been reintroduced in the work by (Beghin et al.,

2015). The formulation is defined as follows:

P9 = p o 08 (50 (G0 e 00

Remark 1.1 : If we set a = 0 and b = 1 in Equation (1.10), it is also known as the

Hadamard fractional derivative.

Furthermore, (Caputo and Fabrizio, 2015) proposed a fractional derivative with an
exponential function kernel. By changing the kernel (¢ — &)™", where 0 < p < 1 with
the function exp(—u(s — &)/(1 —n)) and 1/T°(1 — p) with P(n)/(1 — ), we obtain the

following new definition of fractional time derivative defined by

CF DM (c) 1_ /11) ep ( ’E))da (1.11)

where P(p) denotes a normalization function such that P(0) = P(1) = 1.

The main recent advancement within the domain of fractional calculus occurred in the
year 2016 when Atangana and Baleanu introduced a novel definition for the fractional
derivative characterized by a nonlocal and nonsingular kernel by the Mittag-Leffler
(ML) function. This formulation, referred to as the Atangana-Baleanu derivative, was
accompanied by the explication of relevant properties. Besides, the Atangana-Baleanu
derivative was effectively employed in the solution of a fractional heat transfer model.
The Atangana-Baleanu fractional derivative operator in both the Caputo and Riemann-
Liouville senses are defined for the orders within the range of 0 < p < 1, where
P(s) € L(a,b) with a < b. The different formulations in the Caputo and Riemann-
Liouville senses are denoted as the Atangana-Baleanu fractional derivative operator
in the Caputo sense and the Atangana-Baleanu fractional derivative operator in the
Riemann-Liouville sense, respectively, by (Atangana and Baleanu, 2016) as follows:

weptyie) = T [ yem[HE= 2 a (112



and

where E (<) represents the one-parameter Mittag—Lefﬂer function.

1.1.2 The Fractional Taylor’s Formula

The Taylor expansion for fractional derivatives can be expressed through the framework
of fractional calculus. This approach extends the classical Taylor series by incorporat-
ing the fractional order derivatives, allowing for the representation of functions with
noninteger order differentiation. This generalization not only broadens the applicability
of the Taylor series but also provides a powerful tool for modeling complex dynamical
systems where traditional integer order calculus may fall short. The resulting fractional
Taylor series captures the complex behavior of such systems, offering deeper insights
and enhanced analytical capabilities in fields like physics, engineering, and applied
mathematics. The general form of the Taylor expansion of a function (&) with its

center at a specific point a is formally established as follows:

(a —a "(a _a2 e _a3
0(0) = v 4 YOCEZO, VEE- 0 W@E,

The fractional Taylor series has been established within the framework of the Riemann-
Liouville derivative as elaborated by (Trujillo et al., 1999) under specific conditions
on the function P (&). This development has led to the formulation known as the
generalized Taylor’s formula. Trujillo et al. provided a comprehensive treatment, which
includes the derivation of a generalized mean value theorem (GMVT) and exploration
of various applications arising from the generalized Taylor’s formula. Similarly, an
analogous investigation has been undertaken for the Caputo fractional derivative as
defined by (Odibat and Shawagfeh, 2007). For a positive real number pu, a € 6, and

E C © is an interval such that for all £ € E and a < &, then
IWE) ={p e¥(O):J"P(§) exists and it is finite}, (1.15)

where ¥(O) stands for the set of real functions of a single real variable with domain in

©. Assume that p and q such that 0 < u <1 and q € N. Let 1\ denotes a continuous
5)



function defined in the interval (a, b], subject to the following conditions

1. . DM € C((a,b]) and .0 € oIu([a,b]), ¥V p=1,--- ,q.
2. oDy is continuous on [a, b).

3. If p<1/2then,V pe N, 1<p<q,such that (p+ 1)u < 1, ,DPTIHY(E) is

a-continuous in & = a for some o, 1 — (p+1)n < o < 1, or a-singular of order p.

Then V & € (a, b], the generalized Riemann-Liouville Taylor’s formula is defined by

Zq: Co(€ — a)(pﬂ)u_l aD(qH)Hll)(V) e a)(qul)u

b(&) = a<v<E
= Te+1Dw T((q+ 1+ 1) w1
Cp =T'(1) {(E —a)l7H DPHY(E)|(aT), ¥V p=0,1, - ,q.
The representation of the successive fractional derivative is indicated by
aun ES aD;Du ceeg Du (117)

q times

In case the parameter p = 1, both the generalized Riemann-Liouville Taylor’s formula

and the Caputo Taylor’s formula reduce to the classical Taylor’s formula.

1.1.3 The Leibniz Rule for Fractional Derivatives

The Leibniz rule, also known as the product rule for fractional derivatives, is one of
the numerous attractive properties of fractional calculus. The Leibniz rule provides a
manner to compute the fractional derivative of a product of two functions, extending

the ordinary product rule from the classical calculus.

Theorem 1.1 : For n € N time differentiable functions (&) and $(&) on [a,b] then

the derivative of their product is given by

(W(E)SE)N™ =" (i)w“"(aw‘“—k)(a. (1.18)



The binomial coefficient can indeed be expressed in terms of the Gamma function

n\ Fn+1)
<k> S In—k+DI(k+1) (1.19)

For n = 1, we obtain (W(&)d(&)) = W(E)P' (&) + V' (E)D(E).

Theorem 1.2 : (Min, 2016) Given an analytic function (&) defined on the interval

[a, b], it is observed that the Riemann-Liouville derivative operator satisfies the following

s (m)
w0l -3 (M) e-amt wer 0
m=0

Theorem 1.3 : (Williams, 2007) Assume that W(&) and $(&) are analytic functions

on [a,b] C R with all their derivatives are continuous. Then the Leibniz rule holds for

ueR.
RLDE () b(8) =D <§> FED ()| [F1D" 0 (2)] - (1.21)
k=0
Proof:

Since the functions V(&) and ¢ (&) analytlc on [a,b], then P is also analytic on [a, b].

—a)™
I‘(m LL —I— 1)

Lhestsy
Bl -
<

. H
- 22 () ) ot

IR w—k\ PO (E)pmW () (g — a)m+
=33 () a0 s

(:
>lb(k)(a)] [ Z (u — k) O (£) (£ — a)m—i~(x
|

m—k) T((m—k) - (—k) +1)

The fractional formula of the Leibniz rule for differentiation Caputo type derivative

was given by (Baleanu and Trujillo, 2010) as follows:

Eotw0) = 3 (1) [Fpwe)] o tow)] - HOROE SR )
k=0

ROy
7



1.2 Special Functions of Fractional Calculus

The specialized mathematical functions in the field of mathematical physics have oc-
curred to address the demands of applied sciences, offering solutions to integer-order
differential equations derived from mathematical physics models. This section provides
fundamental theories related to special functions, serving as a foundational framework
for subsequent chapters. Specifically, it offers essential insights into the primary func-
tions integral to the theory of arbitrary-order differentiation and the theory of fractional
differential equations. In particular, it contains comprehensive information on critical
functions such as the Gamma and Beta functions, the Mittag-Leffler functions, and the
Wright functions, which readers may refer to (Podlubny, 1998; Gorenflo et al., 2007;

Mainardi et al., 2010; Guo et al., 2015; Gorenflo et al., 2020; Mainardi, 2022).

1.2.1 Gamma Function

The Gamma function I'(+) plays a crucial role in various areas of mathematics, including
complex analysis, number theory, and probability theory. Let u be a complex number

with Re(u) > 0, then the integral

[(u) = / N leMdn, (1.23)
0

is known as the Gamma function or the Euler integral of the second kind and converges
absolutely. It is defined for all complex numbers except for the non-positive integers.
The presented function contains a generalization of the factorial, which can be expressed
in the form I'(u) = (u— 1)!. It is obvious that through the application of integration

by parts, the fundamental property of the Gamma function can be derived as follows:

n=o00

F(u+ 1) _ / nu+1_1e_”dn — (_e—nnu)
0

+u/ N le™Mdn = ul'(u). (1.24)
n=0 0

Proposition 1.1 : Some important properties of the Gamma function include

8



1. T(u+1) =ul(u).
2. T(u+1)=ul, VueN.

3. T(1/2) = V7.

Figure 1.1: Complex plot of Gamma function

1.2.2 Beta Function

The Beta function is a special function defined as follows:

1
B(u,v) = /O (L — ), (1.25)

where Re(u) > 0 and Re(v) > 0 which is also called the Euler integral of the first kind.

Corollary 1.1 : The Beta function can be written in the form of Gamma function as

follows:

Twlv) (1.26)

1.2.3 Mittag-Leffler Function

The Mittag-Leffler (ML) function relates to the Gamma function, which plays a crucial

role in fractional calculus and the behavior of special functions. The Mittag-Leffler

9



function with two-parameters is a special function allowing a wider range of applica-

tions, which is defined as follows:

Foo(n) = Zl r(nﬂiv) Re(u) > 0. (1.27)

For v = 1, we obtain the so-called one-parameter Mittag-Leffler function

Busm) = 32 gy = Bl (1.28)

Corollary 1.2 : The Mittag-Leffler function arises as a generalization of the exponen-
tial function in fractional calculus. According to (Petrds, 2011), the most well-known

relationships for the Mittag-Leffler function can be summarized as follows:

1. El,l(n) =e'.

e —1

n

2. ELQ(T]) =
3. Eg1(n) = cosh(yM).

4. Eg}l(—nQ) = cos(n).

1.2.4 Wright Function

The entire function of 1 denoted as Wy, v(17) is a special function that generalizes various

elementary functions which are defined as follows:

m

Wyv(m) = mz:o Im+ HI'(mu+v)’

u>-1 and veC. (1.29)

The function denoted as W, (n) exhibits convergence across the whole n-complex
plane, and it is identified as the Wright function, named in honor of the British mathe-
matician E. M. Wright, who introduced it in the 1940s (Gorenflo et al., 2007; Mainardi
et al., 2010). This function has gained standing in recent scholarly works focusing
on partial differential equations of fractional order. The integral representation of the

Wright function is expressed as follows:

1 —u
Wov(n) = o g EVebtETiqE u> -1 and veC, (1.30)

10



where Ha denotes the Hankel path. The Wright function has applications in diverse
areas of mathematics, including differential equations, mathematical physics, and prob-
ability theory. It often arises in problems involving fractional calculus, delay differential
equations (DDE), and solutions to certain types of differential equations. It can be used
as a powerful tool for expressing solutions to differential equations that cannot be easily

expressed in terms of elementary functions.

Remark 1.2 : In the case u = 0, the Wright function Equation (1.29) is reduced to

the exponential function with constant factor 1/T'(v)

0 nm
Wou(n) = Y w—momee
= T'(m+1)[(v) (1.31)
en
- T(v)
If u=0and v =1, we have
Wo,1(n) = E1,1(n) 1.5

1.3 Integral Transforms

Integral transforms have proven to be powerful tools in addressing fractional partial
differential equations. In this exploration, we focus on employing a range of transforms,
such as the Laplace transform, the Mellin transform, the Sumudu transform, the Elzaki
transform, or the Shehu transform, to convert partial differential equations into ordi-
nary differential equations. The integral transformation simplifies the solution process,
making it possible to apply well-established techniques. The modified numerical meth-
ods depend on combining a numerical approach with an appropriate transformation
operator, making it easier to achieve analytical or numerical solutions for fractional
partial differential equations that involve fractional order derivatives. For more details

regarding the integrals transform, encompassing their properties for specific instances,

11



we direct the interested reader to (Spiegel, 1965; Watugala, 1993; Sheng et al., 2011;
Elzaki, 2011; Luchko and Kiryakova, 2013; Maitama and Zhao, 2019; Magar et al.,
2022). In the following, we provide the most employed integral transforms in fractional

calculus.

Defined a set of function
Is|

A= {Il)(g) S3m, 1,00 > 0, [W(e)| < men, if ¢e (—1)Kx [0, oo)}. (1.33)

In what follows, we assume that 1} € L!(a,b) with b > a, ¢ > 0, and P(s) € A.

1. The Laplace integral transform of a function () is given as follows:

Lb(e)i9] = o) = [~ blo)eds (134
and the inverse Laplace transform of F(n) is defined by the following complex
integral

-1 1§ 4 UN
906 = L FO) el = g Jim [ Fo)ean, (1.35)

where Re(h) = v is the vertical line in the complex plane such that y is greater

than the real part of all singularities of F(y).

2. If y > 0 is any complex variate and P (s) is a function of a real variable ¢, such

that

M&quyany—Aww«xwmg (1.36)
exists, then the function M() is called the Mellin integral transform of P (s). Un-
der certain conditions and for Re(y) = vy, the inverse of Mellin integral transform

is defined as follows:

—ioco

Y-+ico
wszSM«wq:./ M(n)<dy. (1.37)
Y

3. The Sumudu integral transform of a function (c) is defined as follows:

1 [ _s
S = So) = [ o) (139
and for Re(h) = vy, the inverse of the Sumudu integral transform is defined as
follows:
1yt /1 dy
= -1 N = — — Ugi
W(©) =SS ()il = 5 - /y_ioo S <n> - (1.39)

12



4. The Elzaki integral transform of a function {(c) is closely related to the Laplace

transform and Sumudu transform, which is defined by
L] = Vi) =y [ b0 s (1.40)

5. The Shehu integral transform of a function \(s) of exponential order is defined

as follows:

SH[W(<); 9] = U(w,p) = /Oootb(c)e—'ifdg, W, > 0. (1.41)

Lemma 1.1 : If a function (<) is piecewise continuous on every finite interval in

[0,00) and [P(s)| < Ke* for all ¢ € [0,00), then L [W(s); ] exists for all y > a.

1.3.1 Some Properties of Integral Transforms

The integral transforms have many important properties. In this section, we turn
our attention to proving some of them, and here are some key properties of integral

transforms.

1.3.1.1 Linear Property

Definition 1.1 : An operator O defined on a vector space S over a field F is said to
be a linear if for any W(s) and &(s) in F and for any scalar o« and vy in F, the following
holds

O(ep +y)(<) = 20w () + YOP(s). (1.42)

13



1.3.1.2 Convolution Property

Definition 1.2 : The convolution of two functions \P(s) and $(s) is defined as follows:

<w*w@%=43wa¢«—ama=[fw«—a¢@ma (1.43)

1.3.1.3 Derivative Property

The transform of a derivative of a function is related to the transform of the original

function. More additional details will be presented in the next section 1.4.

Proposition 1.2 : Let P(s) and $(s) be two functions of ¢ > 0, where F(y) denotes

the Laplace transform of V(<) and G(y) denotes the Laplace transform of (<), then

1. for o,y € R, the Laplace transform with respect to s of sum functions P(s) and

& (<) is given as follows:

L[(cab(s) +v(s))in] = alc[(<);n] +vLs[d(<); ]

(1.44)
= aF(n) +vG(n).
2. The convolution property of the Laplace transform is given as follows:
Lltb(s) + b(6))in] = L[ [ b()b(s - e
= L[ (s); nL[(s); 9] (1.45)

= F(19)G(v).

Proof:
From the convolution integral and Equation (1.34), it follows that

14



0 = L, /mwam—ada}
/ /xp da}e %< dg
- / /0 blc—& e—°<dg]da

By setting u = ¢ — & = du = dg, it implies that

W(E / d(u)e” u+£)du}d£
W(E / b(u)e e~ "‘Edu}di
:/00011) _UE / d(u)e Uudu}d&
P(E)e "EdEG(D)

= F(n)G(v).

Proposition 1.3 : The Elzaki transform meets the following properties.

1. Linearity property. For «,y € R, then
Ec[(oab(s) +vd(<));v] = V() + V().

2. Conwvolution property.

£+ 0)(6))i0] = £, | b(E)os - e

V(n)K(v)
—

Proof:

From the convolution integral and Equation (1.40), it follows that
E, [ * §)(0):0] = B / W(E)D(s — £)dE]

—n/ /w — &)dE]e v ds
:U/o /Od)g— e v ds]de

By setting u = ¢ — & = du = dg, it implies that
15
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where V(n) = Ec[Y(s); 0] and K(n) = Ec[d(<); 9] are the Elzaki transform of the func-

tions P(s) and d(s), respectively.

Proposition 1.4 : Let y(s) and ad(s) be in a set A, then yi(s)+ ad(s) € A, where

v, x € R\ {0}, then we have the following

1. The Shehu transform is a linear operator.

SHc[(Yb (<) + ad(<)); 9] = YSHc [W(<); v] + xSH.[d(<); ], (1.48)

where SH¢[:] is the Shehu transformation.

Proof:

From Equation (1.41), it follows that

SH.[(1b(<) + ab(s)): ] = /0 T b(e) + adp(e))e N
= [T e Frbodes [ ave s
0 0
:'y/o w(g)e_‘xdg—ka/o d)(G)e_%Ck

= YSH W (5); ] + aSH[d(<); v].

2. The Shehu transform meets the following convolution equality.

SH.[(W(<) * & (<)) n] = U(w,9)V(w, ). (1.49)
16



Proof:

From the convolution integral and Equation (1.41), it follows that

H [0 + )(s SH/w £)de]

/ /xp da}e T ds
:/0 /0 blc—& e—%dc}da

By setting u = ¢ — & = du = dg, it implies that
SH,| - / W(E / b(u (“w*‘”du]da
0
= / P(§ / o (u e_%e_%du]di
0

= | w(@e /q> ewdu]da

= [ W(E)e W dEV(w,1)
0

8

=U(w,n)V(w,1),

where U(w, 1), V(w, ) are Shehu transforms of P(<) and ¢(s), respectively.

3. The Sumudu transform is a linear operator.

Scl(vb(s) + o (s)); 0] = YScW(<); 9] + oS¢ [d(s); ]

(1.50)
= YU() + V().
4. The Sumudu transform of convolution is given by
Sc[(W(s) * d());v] = 9Sc[h(<); n]Sc[d(<); v]
(1.51)

= 9U(9)V(y).
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Proof:

From the convolution integral and Equation (1.38), it follows that

S0+ )] =S [ [ (e - ey

/ /q) )d&}e vde

= /0 b(E) /0 ¢<g—a>¢<a>e‘%d<]da-

By setting u = ¢ — & —> du = d, it implies that
Sl /w [/ b }da
= w(@/ ¢<u>e‘ﬁe‘%du}da
/xp / b(u)e ndu

- U/O W(E)e v dEnV()

=yl (n)V(),

where U(1n), V(p) are the Sumudu transforms of P (<) and (<), respectively.

Lemma 1.2 : (Belgacem et al., 2019; Meddahi et al., 2021) For Re(u), Re(v) > 0

and A € R, then the integral transforms of the two-parameters Mittag-Leffler function

Euv(AcY) are given as follows:

1. Laplace transform of gV_IEuyv(?\gu) 18

1 UH—V
Lo[¢" " Euy(Ach); ] = Y
2. Sumudu transform of g"_lEuN(?\g“) 18
1 Uv—l
Ve EuV 7\
Sqls (A)n] = 7= A
3. Shehu transform of ¢V E, v(A¢Y) is
SH [gvflE (Agu)_ U] _ (%)V
S u,v bl 1 o A(%)u
4. Elzaki transform of ¢V 1E, y(AsY) is
1 Uv-i—l
VT Ey v (A
B By (6] =

18

(1.52)

(1.53)

(1.54)

(1.55)



Table 1.1: A brief table of Laplace transforms

P(w) = Ly {F(n)}

F(9) = Lw{b(w)}

: )
’ o
(U2 é%
wh, n=1,23... ngl
w?, Re(a) > —1 Fggi—ll)
w1 (nn—nl)!’ n=123
(’U20z7 Re(a) > —% F‘(Jggi—ll)
w2a—2’ Re(a) > % Ft(;g_—ll)
sin aw UZ—?—aQ
COSs aWw 67%55
AW U%a
e (n—la)Q

Note: The Laplace transform of a power function w*~Y is given by

L [w™ Y;y] =

(o —)!

Urx—y+1 ’

19
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Proof:

1. From Equations (1.34) and (1.27), it follows that
o0
L " 'Euv(A = v-1 o5
[ uv( S ) / Z ku+v S
V- 1vk k
Z / e _Ugdc
ku +v)
e S
_ v+ku—1_—yg
= A N S e *dg
> o)
i }\k L v+ku—1
k=0

m ¢ls )

I'(ku+v) pvthu

B i A T(ku+v)
&

I =
= 2y
s Tl W o
= 1 e

1 A A2 A3 A4
ﬂ?[“(@)*(@) +(U’u) +(t7u) o]
il
e

pt— A

Proof:

2. From Equations (1.38) and (1.27), it follows that

1 o
S v— 1Euv7\ / v—1
ols (A%)in . Og kX:O ku—l—v
- ‘Al +ku—1
— - v+ku— vd
ZF(ku—l—V)U/ : e s

— val[l + 7\Uu + 7\202u + }\303u + }\4U4u 4. ]

=9 7 L+ (A" + (A")2 + (W™ + Ag™)* 4 -]




Proof:

3. From Equations (1.41) and (1.27), it follows that

SHA™ Buv(AT)im /0 ZF ku+v °

}\k S a1 e
vtku—1,-0 9
['(ku +v) /0 o ¢ o

1
M2 11 T
>
nI
<
5

W.
Il
=)

I I
/N /N /N

NERAERRAE

7~ N

Proof:

4. From Equations (1.40) and (1.27), it follows that

— UV+1[1 + }\Uu + )\ZUQU + A3U3u + )\4U4u 4. }

= 9" L+ (A" + (A% + Ap")? + (Ap™)* +
UV+1
T 1o Apu’
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1.4 Fractional Integrals and Fractional Derivatives

Numerous almost analogous formulations for fractional integrals and derivatives find
application across various functional domains. This segment outlines the three most
commonly employed definitions within the domain of fractional calculus, namely the
Riemann-Liouville, Caputo, and Gruiiwald-Letnikov definitions. Interested readers are
encouraged to refer to this for further details (De Oliveira and Tenreiro Machado, 2014;
Jiang et al., 2018; Valério et al., 2022). The following are some of the notations used

in this section.

1. © = [a,b] be a finite interval on the real axis R.

Mb(v, <)

2. Délq)(ya () B 11)5‘”) (V’ §) - agPl

Definition 1.3 : (Elbeleze et al., 2014) The real function \p(s),s > 0 is said to be in
the space Cy., u € R if there exists a real number n > w, such that \P(s) = cMp1(s) where

P1(s) € C(0,00). The function \p(s) is said to be in the space C, if p™ € Ry, for n € N.

1.4.1 Riemann-Liouville Fractional Integral

Definition 1.4 : Let u € (0,1) and $(v,5) € LY(Q). The left and right partial
Riemann-Liouville integrals of order w of P(v,<) with respect to ¢ > 0 are defined,

respectively, by the expression

RLTL qb(v,6) = F(lu) / W E)(s — £) e (1.57)
and H 1 )
ILB009) = / B(E 1) (& — )P 1dE, (1.58)

for almost all (v,<) € Q and I'(+) is the well-known Gamma function.
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Proposition 1.5 : (Hamed and Mohamed, 2016) Some of the properties of the oper-

ator BLTY. For ¥(v,¢) € LY(Q) and p, « > 0

1. BETYRET ) (0, ¢)) = BETE AT (v, ).

2. FLTRITI (v,6)) = BTy M (v, 6).

Ly +1)(& —a)ty
Cu+y+1) 7

3. BTN (& —a)Y = vy > 1.

Remark 1.3 : If the function {(s) is continuously differentiable or {(s) is only con-

tinuous for ¢ > 0, then it follows that

lim #XZp(s) = (o). (1.59)

u—0

Example 1.1 : Let P(¢) =¢% ¢ >0 and o« > —1.

From Definition (1.4), and for n = §/¢ = & =ng, d& = ¢dn. When & — 0,1 — 0

and & — ¢,n — 1, it follows that

- r(lu) /O< E%(c — E)HIdE
1
i | F(lu)/o T]O‘(l n)u—lgu-i-ocdn
- MB oL ™
a I'(p)
_ D(W)T (e + 1)gHFe
S T (ke + e+ 1)
C T(a+ +1)ghte
S T(p+oa+1)’

Theorem 1.4 : (Guo et al., 2015) Suppose that V(<) is continuous on [0, T] and d(s)

is analytical at < for arbitrary ¢ € [0, T]. Then for any p > 0 and 0 < ¢ < T, there

holds
RLTH [y, ch (Db (<)][D* (<)) (1.60)
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1.4.2 Riemann-Liouville Fractional Derivative

Definition 1.5 : (Jiang et al., 2018) Letn—1 < p < n forn € N and {(v,s) € L1(9).
The partial Riemann-Liouville fractional derivative of order w of a function \(v, ) with
respect to ¢ > 0 is defined as follows:
9" [ RLn—u
D 11)(7/ g) a n [a Ig lb(yvg):|

(1.61)
— _ n—p— 1d

71“( agn/ﬂ)vi,c &) &,

for almost all (v,<) € Q.

1.4.3 Caputo’s Definitions of Fractional Derivative

Definition 1.6 : (Dehghan et al., 2010) Let n be the smallest integer that exceeds .
The Caputo time-fractional derivative operator of order w:n—1 < pu <n forn €N of
a function P(v,<) is defined as follows:

n— 8n¢(1/7 §) 1 9 3H1P(V» E,) n—p—1
o < — g+ lq
o Og" ) P(n—p) /0 gen - (1.62)

I"P(v, )
ogn

‘Db (<) =

Proposition 1.6 : (Singh and Kumar, 2017) The operator CD? satisfies the following

properties. Let ¢ >0, n—1 < pu<n fornée N, then

1. DI (1,9)] = $(v,5).

2. “D[ocd(v,6) +vd(v,6)] = a“Dip(v,6) + Y Dib(r,5), a, v €N.

o F (o)

k! -0
k=0 ¢k le=0

3. BEZECDE (v, )] = W(v, <) —
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Remark 1.4 : (Kumar and Kumar, 2014; Bodkhe and Panchal, 2016; Khalouta and
Kadem, 2019; Haroon et al., 2022; Sartanpara et al., 2022) In the following, we present

the integral transform formulations of fractional integrals and derivatives.

Let n = || + 1 and || represents the integer part of «, then

1. Let F(y) be the Laplace transform of {(¢), then the Laplace transform associated
with the Riemann-Liouville fractional integral for a function P (s) of order « is

defined as follows:
LTI (o); 9] = 0™ *Le[b(s); v] = 9~ *F(v). (1.63)

2. The Shehu transform associated with the Riemann-Liouville fractional integral
for a function P(s) of order « is defined as follows:

SHM I 0] = () Sl = (T) Utwn), (169

where U(w, n) is the Shehu transform of 1 (s).

3. The Laplace transform associated with the Caputo fractional derivative for a

function P (<) of order @ :n —1 < & < n for n € N is defined as follows:

n—1
L [“DEW(<)s9] = 9" F () = D™ ()| _, (1.65)
k=0

where L [W(s);n] = F(p) is the Laplace transform of {(s).

4. The Elzaki transform associated with the Caputo fractional derivative for a func-

tion P(s) of order @ : n—1 < o« < n for n € N is defined as follows:

n—1
E[TDIb()0] = v~ V(n) = D y* () (1.66)
k=0

where E.[{(s);n] = V(p) is the Elzaki transform of (s).

5. The Sumudu transform associated with the Caputo fractional derivative for a

function P(<) of order & : n —1 < o < n for n € N is defined as follows:

n—1

S“DI(s)in] = p*G(n) — > _ v M (q)

k=0
where E.[\(<); 9] = G() is the Elzaki transform of ().
25
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6. The Shehu transform associated with the Riemann-Liouville fractional derivative
for a function () of order v : n —1 < & < n for n € N is defined as follows:
RL D\« =D\ (a—k—1)
SH.ED (<)) = () Ulwo) =30 (2) w9, (168)

W s=0

where SH.[W(<); 9] = U(w, 1) is the Shehu transform of P(s).

7. The Shehu transform associated with the Caputo fractional derivative for a func-

tion P(s) of order «x:n—1 < & <n for n € N is defined as follows:

[ay

n—

SHCDI0(s)m) = (2) uw.m) = 2 () e (69

W -0
k=0 ¢

where SH[W(s); 9] = U(w,p) is the Shehu transform of YP(s).

Note: Since the applied problems demand the incorporation of fractional derivatives
with appropriate utilization of initial conditions having established physical
interpretations, particularly within the theory of viscoelasticity, the Caputo
approach emerges as a more suitable methodological framework. This selection
arises from the agreement of Caputo fractional derivatives to the similar initial
conditions of integer ordered differential equations, thereby providing them with

a real physical interpretation inherent to the associated problem.

1.4.4 Atangana-Baleanu Fractional Integral

Definition 1.7 : (Haroon et al., 2022) The Atangana-Baleanu fractional integral op-

erator of order 0 < w < 1 and a function P(v,s) € LY(Q) is presented by

_l—p H N -
BT 0.9) = HrEb W) + s [ BB - g (L)

where P(W) denotes a normalization function such that P(0) = P(1) = 1.
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1.4.5 Atangana-Baleanu Fractional Derivative

Definition 1.8 : (Atangana and Baleanu, 2016) The fractional order Atangana-Baleanu
(AB) derivative of a function (v, s) € L1(Q) and n € (0,1) in the Riemann-Liouville

sense is presented as follows:

T Ly T = S

where Ey (&) represents the one-parameter Mittag-Leffler function.

Definition 1.9 : (Atangana and Baleanu, 2016) The Atangana-Baleanu fractional
derivative operator in the Caputo sense of order 0 < w < 1, and P(v,s) € LY(Q) is

defined by

ABCDM (1, ) = Z’(_ui /C 31])(”({ &) Eu[u(;: ?Tdé. 1.72)

Proposition 1.7 : For {(v,s) defined in [a,b], ¢ >0, n—1<pu<n andn € N. The

Atangana-Baleanu fractional integral operator ABTY satisfies the following properties

which were verified by (Abdeljawad, 2017).

1. ?BCD?Q)(V, ¢) =0, if b(v,q) is a constant function.

2. SPEDI BTN (1,6)] = ¥(v,<).

3. fBI?[fBCD?ﬂ’(V, )l =P(v,¢) — (=) U, a).

— k! Ock
n— 1 . k
4. ABTUABRDMp (s, ) Z (c—a)ko I(I;(Z, a)_
S
k=0

Remark 1.5 : (Atangana and Baleanu, 2016; Haroon et al., 2022) The relation be-
tween the noninteger constant order Atangana-Baleanu in the Caputo sense and Riemann-
Liouville sense, respectively, with Laplace, Elzaki, Sumudu, and Shehu transform can

be expressed as follows:
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1. The Laplace transform operator connected with the Atangana-Baleanu-Caputo

sense with respect to ¢ > 0 is defined as follows:

0P () { L, <)5] — Y0}
ol —p) +p

LA BCDE (v, <)) =

Proof:

Let us observe that in the Definition (1.9), we have a convolution integral, it follows

that

/0§ 311)éV£7 E)EH[H(;: i)“]da _ 11)/(1/70 . EHLE:],

then from Equation (1.34) and Proposition (1.2), one can has
S _E)m

L [P / (v, E)Eu[u(c £) }da]
0

1—p & p—1
L PR EERoD (D, E)MR (T £
_1—uLg /0 3 E”{ p—1 }d&]
_ P(H) [y ey
= Tt [V < B2
AR, B psH 7.
= ﬁ'—g W (V7§)70] L. {Eu[ﬁ}ﬂ)]-
Using Equation (1.65) and applying Lemma (1.2), this implies that
1 P _ ph!
L [*POD (v, <);9] = ﬁ{ULg [b(v;5); 9] —11)(1/70)}m
P 1
=1fﬁmw4w@xxm—nkhmum}wqHHH
—p
Pw) — (1—p

= 0rea —w 3 e 9)ie]l — 0T b (e, 0)}

2. The Laplace transform operator connected with the Atangana-Baleanu-Riemann-

Liouville sense with respect to ¢ > 0 is defined as follows:

B P(L (<))
T o wrn (1.74)

L§ [ABRD?¢<V7 §); U]

Proof:
From Definition (1.8) we have a convolution integral and using Equation (1.34) and

Proposition (1.2), it follows that
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T (Wl )

3. The Elzaki transform of the Atangana-Baleanu-Caputo fractional derivative of a

function P (<) of order p:n—1 < p < n for n € N is defined as follows:

EC[ABCDSQ)(V, ML P(u){Eg[II:L(‘)V;i;l\)]_—HUQ¢(V, 0)} (1.75)

Proof:
From Definition (1.9) we have a convolution integral, using Equation (1.40) and Propo-

sition (1.3), it follows that

Eg[ABC’D?Ll)(I/, §);U] _ Eg ,P_p,zl AC 81|)éz’7 a)EH[H(EL: i)”:|d£i|

1
— @Eg [/0? 81|)éV£, E)EH[H(;: i)“}da}

Using Equation (1.66) and applying Lemma (1.2), this implies that

Pw) 1, - : T+ (g
T O B )in] = b0 O

— P(P?L{Eg[lb(u, <); 0] — 9’ P(,0)} (I—w)+uoh

E[*PCDw(v,¢); 9] =

_ P (11— el 2l
= AW = )+ e Ee P00l =0 (1, 0))

_ P(H{E (v, <)i] — v* (v, 0)}
upt 41— '
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4. The Elzaki transform of the Atangana-Baleanu-Riemann-Liouville fractional deriva-

tive of a function P(s) of order p:n—1 < p <n for n € N is defined as follows:

P(WELb(v.):n]

E ABRZ)PL . —

(1.76)

Proof:
From Definition (1.8) we have a convolution integral and using Equation (1.40) and

Proposition (1.3), it follows that

_97PP() w1 - p)
(1= RS
_ PWEW(v, <) ]
ot +1—p

5. The Sumudu transform of the Atangana-Baleanu-Caputo fractional derivative of

a function P(s) of order p:n —1 < p <n for n € N is defined as follows:

s, [ABCDSII)(V, i K P(n){S¢ [:ﬁ)(:l/vj)l, U_] ; PY(r,0)} . (1.77)

Proof:
From Definition (1.9) we have a convolution integral, using Equation (1.38) and Propo-

sition (1.4), it follows that

S ABCD (v, )i ] = S {P(u) /OC (v, ‘E)Eu[“("— - ‘E)H}da]

I—n oL .
Ry S
_ fEHELSC [1];’(1/&) * Eu[uuiul}
AR
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Using Equation (1.67) and applying Lemma (1.2), this implies that

SQ[ABC,DSQ)(I/, §); U] _ ZDEHL)LU{U_lSCN)(V’ §);U] - U_lﬂf’(l/, O)}Hllut)u
—H
- fﬁﬂ{sg[xp(u, <)in] — (v, 0»@
Pw)  (1-w

= T T e S0 ] = (2 0)}

_ PW{ScW(v,<);n] — (v, 0)}
upt + 1 —p

6. The Sumudu transform of the Atangana-Baleanu-Riemann-Liouville fractional

derivative of a function P(s) of order p:n—1 < p < n for n € N is defined as

follows:

S APRDEp(v,o)pp) = TS o]

1.78
HgH + 1 S (1.78)

Proof:

From Definition (1.8) we have a convolution integral, using Equation (1.38) and Propo-

sition (1.4), this implies that

S(*BEDIY (v, )5 9] = S¢ | +——

_ Pw) (1-mn) .
N (1 —p)upt+1 — MSCN)( ;)i
_ Pw)Sc(v,<);n]

O mpr+l—p

7. The Shehu transform of the Atangana-Baleanu-Caputo fractional derivative of a

function P(s) of order p:n—1 < p <n for n € N is defined as follows:

P(){SH (v, <) ] — (% )(r,0)}
a(3) +1-w |
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Proof:
From Definition (1.9) we have a convolution integral and using Equation (1.41) and
Proposition (1.4), this implies that

T =

_ ”iSHg _/; albéz E)Eu[u(g - E)”}da}

(“BLSH }b’(u, ) *Eu[uuiulﬂ

PO it o] s 2.

SH[ABED (v, 6); 9] =

)]

A

ﬁ"‘ﬁ“

Using Equation (1.69) and applying Lemma (1.2), this implies that

SH.[*C D (v, 5] = T { L SH(0:)59] — $(1:0) = <:”V)<W :
T-u\vy
_ P SRR, !
= 1 L {SH @ )] = b(,0) N
1—p

- O e s te - (F) v )

P(){SH (v, <); 0] — (% ) (1w 0)}

N
u(3) +1-u

8. The Shehu transform of the Atangana-Baleanu-Riemann-Liouville fractional deriva-

tive of a function P(s) of order p:n —1 < u < n for n € N is defined as follows:

P(w)SHc[W(v:5); 9]

SH ABED (v, 6); 9] = <>H :
uly) +1-n

(1.80)

Proof:

From Definition (1.8) we have a convolution integral, using Equation (1.41) and Propo-

sition (1.4), this implies that

)
E

ML DL w0 = SH [T [T m [Fe =P




1 i —1
:%P(fsw((w( QB[ i)

n
= 2PV (v )U]SHg[ [ Do)

Hw
”“) Wﬁ M SH b, )

Lemma 1.3 : The relation between the Atangana-Baleanu-Caputo and Atangana-
Baleanu-Riemann-Liouville operators of a function $(v,<), ¢ > 0 and of the fractional

order | is given as follows:

IBCDAp(6) = PTDl () - T B, (M) (s

Proof:
This can be shown by using Equation (1.73), it follows that

LA BOD (v, 6);9] =

JOEN -
PPW{L (v, )il 9PP(w)
JestEL D (l—p)+n
piP () LD

Using the inverse Laplace on both sides of the above equation we obtain the result

)
pH(l —p) +u

= ?BRDELII)(V7§) — ZDEHP)L (v, a)Eu(w>,

wp Y(v,0)
APOD () = APFDA(v,6) — LT[ W |

which completed the proof.
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Theorem 1.5 : Assume that a continuous function P(v,<) is defined on a closed
interval 2. Therefore, the Atangana-Baleanu fractional derivative is bounded, and the

following inequality is derived over the domain )

I PFDAb (v, )| < Kl (v, )], (1.82)

where Hll)(l/, E.)H = IMaXa<¢<b N’(V: §)|

Proof:

This can be easily proven by the Definition (1.8), it follows that

12770 )l = I [ o,y [ 2=

gbukéwmmw

_ P(w)
= ﬁ”ﬂ’(’/, ll

=K|[w (¥, )|,
where P(n)/(1 — n) = K, which completed the proof. Similarly, under the same condi-

tions, one can demonstrate that the g‘BCDLHp(u, ¢), remains bounded.

Remark 1.6 : Several differences between Riemann-Liouville and Caputo fractional

derivatives can be observed.

1. The Riemann-Liouville fractional derivatives of a constant C is

C(c —a)*

DHC) = T

(1.83)

2. The interchange of integer and fractional order derivatives is allowed under dif-

ferent conditions.

2.1 In the case of the Riemann-Liouville fractional derivative, for k =0,1,2,---

and n — 1 < p < n for n € N we have
k +k
RED LD (5)] = FEDE (<), (1.84)
which is allowed under the condition

w(p)(0)20, p=nn+1,n+2,--- .k (1.85)
34



2.2 Whereas in the case of the Caputo fractional derivative, for k = 0,1,2,---

and n —1 < pu < n for n € N we have
k +k
“DIOD()] = DU (s), (1.86)
which is allowed under the condition

'Ll)(p)(()) :07 p:071727"' 7k (187)

Table 1.2: Some notable differences between fractional derivatives

C RL ABC ABR
Singular Kernel v v
Nonsingular Kernel v v
DY(K) =0, K is a constant v v
DY (K) # 0, K is a constant v v

1.4.6 Some Applications of Fractional Differential Equations

In this section, we explore some of the significant fractional models and applications
across various scientific domains and engineering fields that exist in current mathemat-
ical physics research. Applications range from physics, where they describe anomalous

diffusion to biology, where they model population dynamics and neuronal activity.

Definition 1.10 : A fractional differential equation is an equation that contains frac-
tional derivatives of one or more independent variables. It can be classified as linear

or nonlinear:

1. Fractional ordinary differential equation, where the unknown function depends

only on one variable.

2. Fractional partial differential equation, where the unknown function depends on

several variables.
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The space-time fractional partial diffusion equation of the following form
CD?l])(l/, S) = RLDElI)(V, §), 0<¢<T
B(1,0) =), 0<v<L (1.88)
$(0,¢) =¥(L,) =0,

where L, T € R, CD?lb(V,g) is the Caputo fractional derivative of order 0 < o« <1

defined by
1 gaﬂ)(%ﬂ) —x
I (v,<) _ F(l—oc)/o o T A Ot (1.89)
ST
ds -

and RLDElI)(V, ¢) is the Riemann-Liouville fractional derivative of order 1 < 3 < 2 de-

fined by
1 82 v oot
Po(s) _ | TE-pyan ), YEI T8 Ldh dRp <2 .
ovP P (v, <) :
T e
When o = 1 and = 2 this equation (1.88) is the classical diffusion equation
2
ob(v,6) 0 ll)(l/,g). (L.o1)

e o2

Let us begin by providing a straightforward review of certain partial differential equa-
tions. Numerous nonlinear partial differential equations (NPDEs) exist within the do-
main of physics, notable among them being the Korteweg-de Vries (KdV) and Camassa-
Holm (CH) equations. Investigating traveling wave solutions is particularly significant
in the context of nonlinear partial differential equations, and these equations have been
determined to exhibit various traveling wave solutions, yielding them of significant in-
terest in the field (Nuseir, 2012; Camacho et al., 2017). Furthermore, (Clarkson et al.,
1997) conducted an investigation into a category of third-order dispersive nonlinear

equations represented in the following form

Vo (v, 6) — o (v, ) + 2k, (v, 6) + P (v, <)y (v, <)
(1.92)

=YYW, )i (v, 6) + Wby (v, )b (v, ),
where o, k, 3, Y and w are arbitrary parameters. It is very important to note

that the above equation contains interesting different nonlinear equations such as the
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Korteweg-de Vries equation, Degasperis-Procesi equation, Camassa-Holm equation,
and Fornberg-Whitham equation. Therefore, by setting the coefficients for the non-
linear terms V, (v, <), W(v, <), (v, <), W(v, )W (v,5), Yo (v, )y (v, <) and Py (v, <)
in Equation (1.92), we can obtain many different models formulations of nonlinear phe-
nomena, which appear in the field of science and engineering. In the following, we
present some special equations by considering specific values of these coefficients. For

v € R and ¢ > 0, we observe

1. When 3 =6,y = —1and « = k = w = 0 in Equation (1.92), then we obtain
the well-known Korteweg-de Vries equation, which is a mathematical model of

waves on shallow water surfaces that has smooth solitary wave solutions as given

by (Lenells, 2004)
Be(, ) + 6, by (0 )t W, by (v, ) = 0. (1.93)

2. Whenax=vy=1,k=0, =4 and w = 3 in Equation (1.92), then we obtain the
Degasperis-Procesi equation, which is a mathematical model of nonlinear shallow
water dynamics and has a variety of traveling wave solutions including solitary

wave solutions as given by (Chen, 2015)
11)<(V7 §) B q)VZ/C(Vv §) L 411’(”7 g)ll)l/(% §)
= 11)(7/7 g)lbww(ya §) a4 31])11(7/7 €)1bw(7/7 g)'

(1.94)

3. When « = w =1, = 3, y = 2 in Equation (1.92) and k € R is a parameter
related to the critical shallow water speed. Then we obtain the Camassa-Holm

equation as given by (Lenells, 2004)

Yo (¥,6) — Wowe (5 ) + 26, (v, ) + 3 (v, S )bu (v, <)
(1.95)

— 21|)(Va§)1b1/w/(7/7 g) + wV(Va g)ll)VV(V’ §),

which is a model equation that describes the unidirectional propagation of shallow

water waves over a flat bottom.

4. Whenax=pf=v=1,k= % and w = 3 in Equation (1.92), then we obtain the
classical Fornberg-Whitham equation as given by (Whitham, 1967)
11)€(V7 §) - ﬂ)uug(V7 C) + wV(Vv C) + ﬂ)(V, ()'LI),/(V7 C)

=V, )W (v, <) + 3%, (v, $)Puu (v, <),
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where (v, <) is the fluid velocity, ¢ is the time and v is the spatial coordinate.

The fractional derivative is even more significant in modeling real-life situations; for
example, the time-fractional partial nonlinear Fornberg-Whitham equation is a math-
ematical physics model that describes the evolution of nonlinear dispersive waves in
fluid dynamics and the behavior of waves in plasma. Fornberg and Whitham obtained
a peaked solution of the form (v, <) = Kexp(—3|v — %g\), where K is an arbitrary con-
stant. Among these models, we also mention that there is a wave-breaking model for the
Fornberg-Whitham equation namely the Cauchy problem for the Fornberg-Whitham
equation, which can be obtained, when o« = 1, k = —%, B=v= % and w = 3f in

Equation (1.92), then it follows that

() = s (05) + S0, o v, 6) — (v, )
3 g (1.97)
- ill)(yy §)11)VVV(V7 g) + §1|)V(V7 C)II)VV(V, §).
The generalized Fornberg-Whitham equation is given by (Camacho et al., 2017)
Il)c(Va g) - lbwzq(ya §) i oal)n(y’ g)lbl/(y) §) i BII)V(V’ Q)

= Il)ll),/,,,/(V, §) + 31])1/(V, g)d)l/V(Vv g)a

(1.98)

where (3, « and n are arbitrary parameters. If n = 2 then we obtain the modified
Fornberg-Whitham equation, which was proposed by (He et al., 2010). This can
be observed by modifying the nonlinear term (v, <), (v,<) in Equation (1.96) to

P2 (v, 5, (v, ) as follows:

q)((yag) - 1I)VV<<V7§) + wu(]/:g) W 11)211)1/(V7<)
= 11)(1/, ()11),/1,,/(1/, C) + 31];’1/(7/1 C)ll)w(% C).

(1.99)

In addition to those already mentioned, (Wazwaz, 2006) studied the modified Camassa-

Holm equation of the form

11’((7/7 §) - 1|)w<(1/, §) + 31])2(7/, g)ll)l/(ya ()

(1.100)
= 211)1’(”’ §)1])VV(V, §) + II)(I/, §)ll),/,,,/(l/, g),
and the modified Degasperis-Procesi equation of the form
ﬂ)€<yv §) - wvw(yv §) + 411)2(”7 g)ﬂ)V(Vv §)
(1.101)

= 3V, (v, ) buw (v, 5) + W (v, ) (v, 6).
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1.5 Statement of the Problem

In the existing literature, many studies have indicated that fractional order models
are more appropriate than the classical order models for providing applicable mathe-
matical models and deriving approximate solutions, due to their accurate description
of such nonlinear phenomena in various fields. Despite the significant progress made
in fractional calculus and its application to diverse differential equations, many of the
existing techniques for solving fractional partial differential equations lack efficiency,
especially when applied to complex real-world systems with the absence of analytical
solutions. While progress has been made, there remains a critical need for more robust
semianalytical methods that can effectively solve such challenges, particularly in deal-
ing with nonlinear models incorporating variable coefficients. Moreover, the classical
numerical approaches often struggle with issues of convergence, stability, and computa-
tional cost, particularly when applied to noninteger order systems such as those mod-
eled by incorporating variable coefficients with the Caputo fractional derivative or the
Atangana-Baleanu-Caputo fractional derivative, which have not yet been thoroughly
studied. The demand for more robust semianalytical methods that not only improve
accuracy but also reduce computational overhead is evident. The current gap in litera-
ture lies in developing such methods, which can address these challenges while ensuring
the theoretical rigor of existence and uniqueness of solutions. Thus, this research aims
to explore approaches for solving fractional partial differential equations using innova-
tive semianalytical methods, particularly focusing on the Caputo fractional derivative
and the Atangana-Baleanu-Caputo fractional derivative. The goal is to improve the
convergence of the approximate series solutions by identifying optimal intervals for the
variable coefficients and demonstrating the consistency of the findings through different
semianalytical methods on various test problems. This work also aims to provide prac-
tical tools for engineers and scientists working on mathematical models across various
scientific fields, advancing both the theoretical understanding and practical application

of fractional calculus.
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1.6 Motivations of the Study

The motivation behind the selection of this research question arises from the funda-
mental assumption that fractional derivatives represent a broader range of physical
phenomena compared to their integer order counterparts, thus offering a more accurate
depiction or representation of the nonlinear behavior pervasive and common in diverse
scientific and engineering fields. The significance of fractional derivatives in modeling
real-life situations is pronounced across various scientific fields, offering deep insights
into the behavior of complex systems. For example, the Fornberg-Whitham equation,
a mathematical physics model, explains the evolution of nonlinear dispersive waves in
fluid dynamics and the behavior of waves in plasma. This model’s ability to incorpo-
rate fractional derivatives allows for capturing the complexities of wave propagation
more accurately, enabling the simulation of a wider range of real-world scenarios and
making more precise predictions about wave behavior under different conditions. In
the context of wave propagation models, the incorporation of variable coefficients is
critical to accommodate the spatial and temporal variations inherent in the medium
through which the wave propagates. These variations can occur in various physical
properties of the medium, such as density, elasticity, conductivity, and others, depend-
ing on the type of wave and the characteristics of the medium. The modified model
with variable coefficients becomes a more accurate representation of real-world wave
phenomena, thereby enhancing the investigation of fluid dynamics, plasma physics,
and related fields. Moreover, including variable coefficients affords researchers and en-
gineers the flexibility to adjust the wave propagation models to specific environments
and study the effects of these variations. Further, the choice of fractional derivative
definitions depends on the specific situation and the properties one aims to capture,
allowing for a suitable selection to apply to the problem at hand. The cost of solving
large linear or nonlinear systems can vary depending on factors such as the system’s
complexity and the solution method used. The different fractional definitions provided
the opportunity to choose an appropriate one for the problem, further facilitating the

accurate modeling of complex wave propagation phenomena.
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1.7 Objectives of the Study

The objectives of this study are to:

1. derive approximate solutions for the classical Fornberg-Whitham equation to
incorporate the Caputo fractional derivative with variable coefficients using the

VIM, ADM, and HAM.

2. derive approximate solutions for the classical Fornberg-Whitham equation to
incorporate the Atangana-Baleanu-Caputo fractional derivative with variable co-

efficients using the LVIM, LADM, and LHAM.

3. derive approximate solutions for the two-dimensional Helmholtz equation to in-

corporate the Caputo fractional derivative using the VIM.

1.8 Contributions of the Study

In our research, we engage in a multifaceted approach to generate and validate results.
We begin by exploring and proving theorems related to this type of fractional partial
differential equations, as well as solving complex problems relevant to our investigation.
This active involvement in computation and proof emphasizes the depth of our research
endeavor. Subsequently, to ensure the accuracy and reliability of our findings, we
verified our results using Matlab, a powerful computational tool. By employing Matlab
in this manner, we enhance the stringency and integrity of our research, leveraging its
capabilities to confirm the validity of our theoretical and computational outcomes. The

contributions of this thesis can be outlined as follows:

1. Establishment of sufficient conditions ensuring the existence of a singular solution
to the fractional partial differential equations with variable coefficients, which

have been expounded in Chapter 3.
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1.9

Clarification of the considerations given to the convergence of these methods
within the fractional partial differential equations with variable coefficients is

detailed in Chapter 3.

Utilization of the previous condition (1) to estimate the maximum absolute trun-
cated error of the series solution within numerical methods, expounded upon in

Chapter 3.

Derivation of the approximate series solutions formulas relevant to the proposed

methods for the problems is elaborated in Chapters 4, 5, and 6.

Presentation of several numerical examples illustrating the consistency of the
obtained results through the proposed methods have been presented in Chapters

4, 5, and 6.

Outline of the Thesis

This thesis is devoted to achieving a semianalytical approximate solution of one

dimensional time-dependent partial differential equations, with the considerations of

two types of fractional derivatives, in the following outlines:

Chapter 1 offers an overview of the historical development of fractional calculus,
and preliminary definitions and discusses specific properties. It revisits funda-
mental fractional concepts, integral transformations, outcomes derived from frac-
tional calculus, and special functions of fractional differential equations. Special
attention is given to the Mittag-Leffler function, Riemann-Liouville definition,
and Caputo definition, recognizing their essential and pivotal roles in the the-
oretical framework of fractional differential equations. Moreover, this chapter
presents the research objectives integral to this study, which will be elaborated

upon in subsequent chapters.
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Chapter 2 reviews the previous studies and provides a comprehensive review
of the recent numerical methods for solving fractional partial differential equa-
tions with exact solutions. The presented methods aim to expand the scope of
analytical or numerical solutions available for time-fractional partial differential

equations and improve the accuracy and efficiency of the methods employed.

Chapter 3 deals with analyzing the convergence of variational iteration, Ado-
mian decomposition, and homotopy analysis methods, along with their modi-
fied counterparts, as applied to nonlinear fractional partial differential equations.
Specifically, the focus is on the fractional Fornberg-Whitham equation with vari-
able coefficients. The chapter establishes sufficient conditions for convergence,
provides error estimates to validate and quantify the accuracy of the obtained
solutions, and outlines conditions for convergence based on the Banach’s fixed
point theorem. The utilization of a theorem, previously employed in other stud-
ies, serves as a sufficient condition for examining the convergence of the proposed
methods across a broad scope of fractional order partial differential equations.

Consequently, this theorem is extended within the context of this work.

Chapter 4 focuses on establishing a comprehensive analysis of the approximate
solutions generated through the variational iteration, Adomian decomposition,
and homotopy analysis methods. The primary objective is to utilize these three
numerical techniques in approximating solutions for a one-dimensional time-
dependent partial differential equation of fractional order characterized by vari-
able coefficients. The differential equation under consideration is derived from
the classical nonlinear Fornberg-Whitham equation by substituting the integer
order derivative with the Caputo derivative of order u € (0,1]. This study
considers homogeneous boundary conditions to establish an approximate series
solution within the bounded space variable v. To justify the efficacy of the pro-
posed methods, two test problems are subjected to computational analysis. A
comprehensive comparison between the results derived from the variational iter-
ation method, Adomian decomposition method, and homotopy analysis method
is presented through tables and graphs. The numerical findings illustrate the
effectiveness of these numerical methods.

43



Chapter 5 is dedicated to establishing an analysis of the Laplace variational iter-
ation method solutions, the Laplace Adomian decomposition method solutions,
and the Laplace homotopy analysis method solutions. This chapter provides
analytical and numerical solutions for partial differential equations involving
time-fractional derivatives in the Atangana-Baleanu-Caputo sense. We imple-
mented three powerful techniques to obtain an approximate solution for the
bounded space variable v. The Laplace transformation is used in the time-
fractional derivative operator to enhance the performance and accuracy of the
proposed numerical methods and find an approximate solution to fractional non-
linear Fornberg-Whitham equations. To confirm the accuracy of the proposed
methods, we evaluate homogeneous fractional Fornberg-Whitham equations in
terms of noninteger order and variable coefficients. The results obtained from

the modified methods are shown through tables and graphs.

Chapter 6 introduces an efficient approach called the variational iteration method
for solving linear and nonlinear differential equations of fractional order. This
method represents a significant advancement in the field of fractional calculus.
To demonstrate its effectiveness, we present two applications of the fractional
variational iteration procedure to the linear Helmholtz equation. These appli-
cations showcase the simplicity and efficiency of the method in deriving ana-
lytical approximate solutions for fractional equations described by the Caputo
derivative operator. Furthermore, the chapter explores the convergence analysis
of the fractional variational iteration method using Banach’s fixed point theo-
rem. This analysis plays a crucial role in estimating the maximum absolute error
values of the truncated approximate series solution. Additionally, we conduct
a comparative study between the approximate solutions obtained through the
fractional variational iteration method and the exact solution, presenting the re-
sults through graphical and tabular representations. This comparative analysis

highlights the accuracy and reliability of the proposed method.

Chapter 7 concludes the thesis with a summary of some significant results and

provides recommendations for further work.
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