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A B S T R A C T

This work studies nonlinear mixed convection and nonlinear stratification effects in Maxwell nanofluid flow over 
an inclined stretching sheet. This research has widespread uses in the fields of medicine, paper and pulp, polymer 
processing, nuclear power plants, solar collectors, and electronic cooling. The characteristics of heat transfer for 
Iron oxide (Fe3O4) nanoparticles dispersed in base fluid blood and silicone oil are the main focus of the inves-
tigation. Due to Fe3O4 being photo-catalytic, the nanofluid improves its thermal characteristics, which makes it 
valuable in medical applications. Radiative heat flux, convective boundary conditions, an inclined magnetic field 
and quadratic mixed convection effects are included in this analysis. Higher-order ODEs are obtained from 
governing equations, and the ND Solve method is used to solve them numerically. The results are validated by 
comparing them with previous research and exhibit good agreement. Important factors that affect temperature 
and velocity profiles are Deborah number, Lorentz force, thermal Grashof number, and thermal Biot number, 
which are demonstrated visually. According to the findings, heat transfer increases with rising thermal Biot 
number and decreases with stronger thermal stratification, whereas the Lorentz force reduces fluid velocity. The 
findings demonstrate improved material performance and efficiency by using stratified Maxwell nanofluids with 
quadratic convection models to enhance industrial operations. This knowledge is vital for designing and opti-
mising medical therapies and devices, as it is necessary to maintain the ideal temperature during blood circu-
lation procedures. This analysis is critical to ensure patient safety and treatment effectiveness, particularly in 
medical operations where mixed convection is crucial in blood circulation.

1. Introduction

Fluids’ heat transfer and flow characteristics are ideal for heat carrier 
applications across diverse industries. Due to water’s limited thermal 
conductivity, significant quantities are required to cool heated objects 
adequately. The low thermal conductivity of the material results in 
inefficient heat transfer, necessitating increased energy input and higher 
operational costs. Therefore, designing a new heat carrier with rapid 

heat conductivity was necessary. This motivation leads to the estab-
lishment of the concept of nanofluid. Nanofluid is known for high heat 
conductivity and can meet this industrial demand. Nanofluid can be 
created by suspending nanoparticles into fluid based. Metals, carbides, 
or oxides are frequently utilized as materials for the nanoparticles in the 
suspension. Meanwhile, ethylene glycol, water, blood, oil, and kerosene 
are examples of based fluids. Several mathematicians and physicists 
have addressed the heat transmission characteristics of nanofluids in this 
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perspective. Mohammadpour et al. [1] explored the thermal perfor-
mance of nanofluid flow in a micro-channel heat sink operational with 
numerous artificial aircraft. Khan et al. [2] explored the influence of 
Lorentz forces on nanofluid flow past a stretched sheet under radiative 
conditions. Jamil et al. [3] employed fractional derivatives to study the 
magnetohydrodynamic flow of Maxwell nanofluids, while Hayat et al. 
[4] extended this approach to explore the thermal behavior of second 
grade nanofluids. Anwar and Rasheed [5,6] investigated the heat 
transferal of nanofluids in fractional inertial flow between non- 
isothermal boundaries under the influence of magnetic fields at the 
nanoscale. Anwar [7] further explored heat transference in the existence 
of magnetic fields and Joule heating using the Cattaneo-Maxwell model. 
Abundant findings have also focused on the mass and heat transport of 
nanofluids flowing past finned surfaces, as evidenced by Refs. [8–10]. 
Awais et al. [11] observed the effect of a stretched surface-induced 
slippage on magnetohydrodynamics (MHD) nanofluid flow. A few 
insightful articles on nanofluids flow with magnetic nanoparticles can be 
found in [12–15].

The nanofluids are used in many industrial fields, including food 
processing, electronics cooling, automobile cooling systems, medicines, 
solar reactors, and solar cells. Nanofluids, particularly those enhanced 
with magnetic nanoparticles, have become indispensable. These fluids, 
which have blood or silicone oil as their base fluids, have excellent 
thermal conductivity and are, therefore, very useful in applications 
where good heat transmission is required. However, the problem of 
chemical instability has come to light due to their extensive use. In order 
to solve this, chemically stable nanoparticles, like nickel ferrite or iron 
oxide, are included in nanofluids to improve their thermal performance 
while maintaining the fluid’s stability. This combination improves the 
performance of heat transferal in industries where accuracy and 
dependability are essential by producing a more durable, thermally 
efficient solution. Ahmad et al. [16] investigated the thermal properties 
of mixed nanofluid movement composed of nickel-zinc ferrite 
(NiZnFe2O4) and Manganese zinc ferrite (MnZnFe2O4). Mizan et al. [17] 
investigated the two-layer structure in MHD nanofluid flow around an 
extended cylinder. In an open chamber, Rajarathinam et al. [18] 
investigated buoyancy and Marangoni-driven convection in a CNT- 
water nanofluid, examining the impact of an isothermal solid block 
and a magnetic field on heat transmission. Sarma et al. [19] analyzed the 
influence of an inclined magnetic field on bioconvective Casson nano-
fluid flow with gyrotactic effects over a bidirectional extending sheet. 
Aljohani et al. [20] considered the effects of convective conditions, 
magneto-peristaltic flow, mixed convection, and non-Darcy resistance 
on nanofluid flow.

Furthermore, linear mixed convection is only applicable in some 
manufacturing and solar industries because of the substantial tempera-
ture changed between the appliance’s surfaces. In this instance, it makes 
more sense to consider quadratic mixed convection rather than linear 
mixed convection. The substantial impact of nonlinearities on flow and 
thermal transport necessitates their inclusion in the modelling of various 
phenomena, including combustion, electronic device cooling, solar en-
ergy systems, and nuclear reactor protection. Hussain et al. [21] studied 
the stream of Jeffrey fluid past an extending cylinder with a heat source, 
employing the non-Fourier heat flux model. Irfan et al. [22] extended 
their investigation of Carreau nanofluid mass transfer to include 
convective boundary conditions. Hussain et al. [23] examined the in-
fluence of mixed convection on water-based nanofluid flow with carbon 
nanotubes. Jha and Sarki [24] analyzed the effect of Soret and Dufour 
effects on velocity in both linear and nonlinear convection scenarios. 
Rajeev and Mahanthesh [25] explored the significance of quadratic 
mixed convection on multilayer hybrid nanofluid flow. Kouz et al. [26] 
observed that quadratic convection leads to decreased temperatures and 
significantly increased velocities. The oscillatory behavior and ampli-
tude of thermal and magnetic boundary layer flow across a circular 
heated cylinder with heat source/sink effects were examined by 
Khedher et al. [27]. Their study brought to light the effects of thermal 

fluctuations and magnetic intensity on flow stability and heat trans-
mission properties. Ullah and colleagues [28] investigated the effects of 
Soret/Dufour effects and thermal radiation on the oscillatory behavior 
and amplitude of Darcian mixed convective heat and mass transfer in 
nanofluid flow across a porous plate. Jha et al. [29] investigated 
nonlinear mixed convection in a porous vertical plate under convective 
boundary conditions. Regression analysis was used by Shaheen et al. 
[30] to assess the effects of thermal radiation and heat source/sink on 
the flow and heat transfer properties of a hybrid nanofluid along a 
vertical stretched cylinder. Taking into account the impact of thermal 
radiation on heat transfer behavior, Shaheen et al. [31] inspected the 
hydrothermal characteristics and entropy production impacts of a 
hybrid nanofluid over a stretching/shrinking sheet. In a computational 
study of the impacts of entropy generation and thermal radiation in 
hybrid nanofluid flow across a stretching/shrinking sheet, Naqvi et al. 
[32] observed energy efficiency and heat transfer properties. Superflu-
ous relevant investigations and applications are unambiguously defined 
in Ref. [33–37].

Stratification is a crucial phenomenon that results from temperature, 
concentration, or fluid density changes and affect both natural and in-
dustrial processes. Double stratification simultaneous mass and heat 
transfer improves industrial operations like thermal management, 
chemical separation, and material testing. When it comes to medical 
therapies that require temperature-controlled environments, like tar-
geted hyperthermia for cancer therapy, stratification is essential because 
accurate thermal regulation is essential. In drug delivery systems, 
stratification is essential for achieving the best possible dispersion and 
concentration of medicinal drugs. Stratified systems in food processing 
regulate temperature strata during pasteurization, heating, and cooling 
to help preserve quality. Moreover, stratification shows a critical task in 
environmental engineering as it facilitates the optimization of solar 
ponds and water treatment systems, impacts the behaviour of pollutants, 
and boosts energy efficiency. These many uses highlight the significance 
of stratification in the progression of medical treatments, industrial in-
novations, and sustainable energy solutions. Geetha et al. [38] investi-
gated the flow of MHD fluid towards an exponentially permeable 
stretched sheet in a thermally and chemically stratified porous medium 
with a heat source. They found that increasing porosity, suction, and 
thermal stratification led to decreased velocity and temperature profiles. 
Srinivasacharya and Surender [39] analyzed mixed convection in a non- 
Darcy porous medium over a vertical surface. Mutuku and Makinde [40] 
examined the impact of dual stratification on unsteady MHD nanofluid 
movement past a horizontal sheet. Reddy Chetteti and Srivastav [41] 
studied double stratification effects in Newtonian fluid flow over an 
inclined permeable extended sheet. Mallawi et al. [42] studied the 
response of dual stratification on the convective movement of a non- 
Newtonian fluid over a Riga plate, considering Cattaneo-Christov dou-
ble-flux and radiation effects. Bilal et al. [43] analyzed MHD Williamson 
fluid movement towards a stretched cylinder with variable thermal 
conductivity. Numerous studies (Refs. [44–52]) have investigated the 
impact of nonlinearities on diverse flow models, utilizing a variety of 
assumptions.

This paper investigates the non-Newtonian flow of Maxwell fluid 
induced by an inclined stretched surface. It is driven by the widespread 
incidence of mixed convection flow in lots industrial and engineering 
processes and by realizing the crucial role played by nonlinear stratified 
nanofluids in addressing high-temperature challenges. With an 
emphasis on nonlinear mixed convection and nonlinear thermal strati-
fication in the presence of nanofluids, the study offers insightful infor-
mation about the applicability of these concepts in industrial systems 
and enhanced thermal management. The study’s main objective is to 
examine the combined influences on the flow field of nonlinear mixed 
convection and nonlinear thermal stratification, as well as the connec-
tions between these phenomena. To the best of our knowledge, research 
has yet to be done on this issue. In contemporary research, nonlinearity 
is recognized as a significant influence on convective flow. Quadratic 
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mixed convection of non-Newtonian fluids over linearly stretching in-
clined sheets has wide-ranging applications in various industries, in-
clusive of chemical processing, food production, polymer 
manufacturing, propulsion systems, gas turbines, electronic cooling, and 
nuclear power. This study focuses on non-Newtonian fluid flow towards 
a linearly inclined stretched surface, incorporating nonlinear mixed 
convection, convective boundary conditions, inclined MHD, and 
nonlinear thermal stratification effects. Similarity transformations are 
applied to convert the governing PDEs into dimensionless nonlinear 
ODEs. The velocity and temperature profiles are numerically solved and 
visualized to understand the influence of key physical parameters. This 
research is constructed by: Section 2 represents the problem formulation 
and the subsequent transformation of the governing PDEs into dimen-
sionless nonlinear ODEs. Section 3 outlines the numerical scheme 
employed. The results and discussion are detailed in Section 4, ended by 
the resolving statements in Section 5.

2. Physical model formulation

Consider the steady-state incompressible flow of nonlinear mixed 
convection with nonlinear thermal stratification of a non-Newtonian 
nanofluid flow induced by a linear inclined stretching surface, where 

y is the coordinate axis that is normal to the surface and x is the coor-
dinate axis that extends along the surface. It is assumed that u and 
v represent the x − and y − components of velocity, respectively. The 
non-Newtonian rate-type behaviour of the fluid is modelled using the 
Maxwell fluid model. The uw(x) denotes the stretching velocity with a is 
a positive constant. The flow is heated convectively at its lower surface, 
with a temperature Tf and a heat transfer coefficient hf . In addition to 
this, a magnetic field with an angle γ in an inclined direction is assumed 
to be applied to the surface. Thermal radiation is taken into account 
when analyzing heat transfer. Iron oxide nanoparticles are suspended in 
silicone oil or blood to create a uniform solution of nanofluid. The 
aforementioned hypothesis’s physical interpretation is shown in Fig. 1. 
The thermo-physical properties of the nanofluids are provided in Table. 
1.

2.1. Momentum equation for Maxwell model

The constitutive equation for Maxwell fluid is 

T = − PI+ S (1) 

where the symbol T is the Cauchy stress tensor and the extra stress 
tensor S satisfies 

S+ λ1

(
dS
dt

− LS − LTS
)

= μA1 (12 

In which μ is dynamic viscosity, λ1 is the relaxation time and A1 is the 
Rivilin Erickson tensor defined as 

A1 = ∇V +(∇V)
T (3) 

For the steady two dimensional flow the equation of momentum for the 
Maxwell fluid are: 

Fig. 1. Physical representation of model problem.

Table 1 
Highlights the thermo-physical properties of base fluids and nanoparticles [53].

Thermo-physical Properties Base fluid Nanoparticle

​ (silicone oil) Blood (Fe3O4)

ρ
(
kg/m3) 900 1.050 5200

cp(J/kgK) 1600 3.618 670
k(W/mK) 0.15 0.51 6

σ
(

S/m

)

Pr

1× 10− 8  

6.8

0.012 
21

2500 
−
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ρ
(

u
∂u
∂x

+ v
∂u
∂y

)

= −
∂P
∂x

+
∂Sxx

∂x
+

∂Sxy

∂y
(4) 

ρ
(

u
∂v
∂x

+ v
∂v
∂y

)

= −
∂P
∂x

+
∂Syx

∂x
+

∂Syy

∂y
(5) 

Where ρ is fluid density and Sxx, Sxy, Syx and Syy are components of extra 
stress tensor. Using the boundary layer approximations: 

u = O(1), v = O(δ), x = O(1), y = O(δ) (6) 

Txx

ρ = O(1),
Txy

ρ = O(δ),
Tyy

ρ = O
(
δ2)

The flow in the absence of the pressure gradient the Maxwell model 
momentum equation is of the form 

u
∂u
∂x

+ v
∂u
∂y

+ λ1

(

u2∂2u
∂x2 + v2∂2u

∂y2 +2uv
∂2u

∂x∂y

)

= v
∂2u
∂y2 (7) 

Where δ being the boundary layer thickness.
The problem’s governing equations for continuity, momentum, and 

temperature are presented in [54–56], which are then converted to a 2- 
dimensional nanofluid using the Maxwell fluid model. The boundary 
layer calculations consider radiation heat flux and the effects of 
convective boundary conditions. The derived form of the governing 
continuity, momentum, and energy equations [50] and [51], respec-
tively, are provided as 

∂u
∂x

+
∂v
∂y

= 0 (8) 

u
∂u
∂x

+ v
∂u
∂y

+ λ1

(

v2∂2u
∂y2 +2uv

∂2u
∂x∂y

+ u2∂2u
∂y2

)

− vnf
∂2u
∂y2

= g
[
β1(T − T∞)+ β2(T − T∞)

2
]
Cos(α) − σnf B2

0

ρnf
Sin2(γ)

(

λ1v
∂u
∂y

+ u
)

,

(9) 

u
∂T
∂x

+ v
∂T
∂y

= αnf

(
∂2T
∂y2

)

+
16σ*T3

∞

3K*(ρCp)f

(
∂2T
∂y2

)

. (10) 

With the associated boundary conditions [35,57] which are as follows: 

v = 0, u = uw(x), knf

(
∂T
∂y

)

y=0
= − hf

(
Tf (x) − T

)
, when y = 0 

u→0,T→T∞(x), as y→∞ (11) 

where, 

uw(x) = ax,Tf (x) = T0 + a1x2,T∞(x) = T0 + a2x2. (12) 

It is noted that λ1 represent the fluid relaxation time, g is the acceleration 
due to gravity, β1 signifies the coefficients of thermal linear and β2 the 
nonlinear expansions. Meanwhile, K represents the coefficient of ther-
mal conductivity, Tf (x) represents temperature of suspended fluid with 
the surface temperature and T∞ is the ambient temperature with 
T∞ > T∞. Other parameters which are σ* denotes Stefan Boltzmann 
constant, K* signifies the mean absorption coefficient, T embodies fluid 
temperature, T0 represents reference temperature and d, d1,α, γ are the 
dimensional constants, αnf =

knf
(ρcp)nf 

denotes the thermal diffusivity of the 

fluid,cp is heat capacitance, ρnf symbolizes the effective density, vnf 

signifies the kinematic viscosity, knf denotes effective thermal conduc-
tivity σnf , μnf the effective viscosity, φ is volume fraction of nanoparticle, 
and (ρcp)nf effective heat capacity of nanofluid. The nanofluid param-
eters are defined as: 

μnf =
μf

(1 − φ)2.5 (13) 

ρnf = (1 − φ)ρf +φρs (14) 

(ρcp)nf = (1 − φ)(ρcp)f +φ(ρcp)s (15) 

σnf = σf

⎛

⎜
⎜
⎜
⎝

1+

3
(

σs
σf
− 1
)

φ
(

σs
σf
+ 2
)

−

(
σs
σf
− 1
)

φ

⎞

⎟
⎟
⎟
⎠

(16) 

knf

kf
=

ks + 2kf − 2φ
(
kf − ks

)

ks + 2kf + 2φ
(
kf − ks

)

}

(17) 

Take into consideration the following similarity variables: 

u = axfʹ(η), v = −
̅̅̅̅̅̅̅avf

√ f(η), θ(η) = T − T∞

Tf − T0
, η = y

̅̅̅̅a
vf

√

(18) 

and utilizing the concept of stream functions, 

u =
∂ψ
∂y

= axfʹ(η), v = −
∂ψ
∂x

= −
̅̅̅̅̅̅̅avf

√ f(η) (19) 

to reduce the governing equations (8)-(18) into boundary value problem 
to minimize the complexity of the problem. The reduced boundary value 
problem is given as, 

m1

m2
f ʹ́ʹ+ f ʹ́ f + β

[
2ffʹf ʹ́ − f2f ʹ́ʹ]+

m3

m2
Msin2

(γ)[βff ʹ́ − fʹ] − fʹ2

+ δ(1+ βtθ)θcos(α) = 0
(20) 

m5

m4

1
Pr

(1+Rd)θʹ́ + fθʹ − fʹθ − fʹ∊ = 0. (21) 

The modified boundary conditions are as follows: 

f(0) = 0, fʹ(0) = 1, fʹ(∞) = 0, θʹ(0) = −
Bi
knf
kf

(1 − ∊ − θ(0) ), θ(∞) = 0.

(22) 

From the equations (13)-(15), β indicates Deborah number ,M de-
notes the magnetic number, δ depicts mixed convection parameter, βt 
characterizes nonlinear convection number, Grx means Grashof number, 
Rex symbolizes Reynolds parameter, Pr expresses the Prandtl number, ∊ 
identifies thermal stratification parameter, Rd signifies radiation 
parameter, Bi denotes Biot parameter, m1,m2,m3,m4,m5 are dimen-
sional constants. The aforementioned constraints are 

β = λ1a,M =
σf B2

0

ρf
, δ =

Grx

Re2
x
, βt =

β2
(
Tf − T0

)

β1
,Grx =

gβ1
(
Tf − T0

)
x3

v2
f 

Rex =
xuw

vf
,Pr =

(
μcp
)

f

kf
, μf = (ρv)f , ∊ =

a1

a2
,Ra =

16σ*T3
∞

3K*(ρCp)f
,

Bi =
hf

knf
̅̅̅
a
vf

√ ,m1 = μf
1

(1 − φ)2.5,m2 = ρf

[

(1 − φ)+φ
(

ρs

ρf

)]

,

m3 = σf

⎡

⎢
⎢
⎢
⎣

⎛

⎜
⎜
⎜
⎝

1 +

3
(

σs
σf
− 1
)

φ
(

σs
σf
+ 2
)

−

(
σs
σf
− 1
)

φ

⎞

⎟
⎟
⎟
⎠

⎤

⎥
⎥
⎥
⎦
,m4

= (ρCp)f

[

(1 − φ)+φ
(ρCp)s
(ρCp)f

]

,
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m4 = kf

(
ks + 2kf − 2φ

(
kf − ks

)

ks + 2kf + 2φ
(
kf − ks

)

)

.

The quantities of physical interest are identified as skin friction and 
Nusselt number. The local skin-friction coefficient is defined by 

Cf =

μnf

(
∂u
∂y

)

y=0

ρf u2
w(x)

/2
,

1
2
(Rex)

1
2Cfx = (1 − φ)− 2.5f ʹ́ (0) (23) 

The local Nusselt number is expressed as 

Nu =

− xknf

(
∂T
∂y

)

y=0

kf (Tw − T∞)
, qw = − knf

(
∂T
∂y

+ qr

)

y=0
, (Re)

− 1
2 Nu

= −
knf

kf
(1+R)

[
1

1 − ∊

]

θʹ(0), (24) 

where Re = xUw
/
vf 

demonstrating the Reynolds number.

3. Overview of the numerical approach

Due to the inherent coupling and nonlinearity of the governing 
equations, an analytical solution is intractable. Consequently, the ND- 
Solve tool in Mathematica is employed to solve the boundary value 
problem numerically. This robust numerical method, based on the 

Fig. 2. Effect of β on the Velocity profile.

Fig. 3. Effect of M on the Velocity profile.
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fourth-order Runge-Kutta technique, is widely used in scientific 
research.

Discretely assessing the data, the ND Solve function Mathematica’s 
built-in package is used to numerically solve the system of equations 
(15)–(18). Figs. 2–20 present the findings. The system of ordinary dif-
ferential equations (ODEs) is made up of a number of equations like 
(M1,M2,M3⋯Mn), where the dependent variables is η and the inde-
pendent variables Ψ are (L1, L2, L3⋯Ln). The consequent computations 
are achieved using the ND-Solve function in Mathematica:

NDSolve [{M1,M2,M3⋯Mn, bcs}, {L1, L2, L3⋯Lψ}, {η, ηmin, ηmax} ].

3.1. Validation of the numerical outcomes

Table. 2. Presents a comparison between the measured surface drag 
force and the benchmark data from [54]. The excellent agreement be-
tween the two validates the proposed model, providing a strong foun-
dation for future research in this field.

The vital benefits of the technique applied here are: 

Fig. 4. Effect of γ on the Velocity profile.

Fig. 5. Effect of α on the Velocity profile.
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• It delivers highly accurate results.
• It requires less CPU time, improving efficiency.
• It is more robust and reliable for well-posed, real-world problems.

4. Results and discussion

This section illustrates various control factors that affect fluid flow 
and thermal profile through graphical representations. The affecting 
parameters are as follows: Deborah number (β=0.0, 0.05, 0.10, 0.15), 

magnetic field parameter (M = 1.0, 2.0, 3.0, 4.0), thermal Grashof 
number (δ = 0.3, 0.6, 1.0, 1.5), thermal convection parameter (βt = 0.1, 
0.3, 0.4, 0.5), thermal radiation parameter (Rd = 1, 3, 4, 5), thermal 
stratification parameter (∊ = 0.1, 0.2, 0.3, 0.4), thermal Biot number (Bi 
= 0.2, 0.4, 0.6, 0.8) and Prandtl numbers (Pr = 0.72, 6.0, 6.8). This 
section aims to look at the graphical and physical properties of a few 
pertinent factors, like the temperature and velocity fields. Moreover, the 
behaviour of important variables of interest, namely the drag force co-
efficient and Nusselt number, is illustrated through table presentations.

Fig. 6. Effect of δ on the Velocity profile.

Fig. 7. Effect of βt on the Velocity profile.
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The fluid velocity variation concerning variations in the Deborah 
number is adorned in Fig. 2. Based on the figure, the fluid’s velocity 
decreases as the Deborah number improves. Physically, a higher degree 
of Deborah number indicates stronger viscoelastic effects, meaning the 
fluid holds more of its elastic memory. This increased elasticity enhances 
internal resistance, thickening the boundary layer and restricting the 
fluid’s motion. As a result, the fluid experiences greater opposition to 
deformation, effectively increasing the apparent viscosity and reducing 
the overall velocity. The delayed flow response observed with increasing 
β highlights the fundamental role of viscoelasticity in modifying the 
transport characteristics of the nanofluid.

Fig. 3 illustrates the magnetic field’s effect on the system’s velocity 
profile. A magnetic field reduces the flow of fluid. This behaviour can be 
explained by the fact that a higher magnetic field directs to a decline in 
fluid momentum and a stronger Lorentz force, which, in turn, resists 
fluid movement. This finding finds practical applications in several 
technologies, such as MHD pumps and electromagnetic flow meters. A 
magnetic field is adapted to manipulate the flow of conductive fluids in 

the design of MHD pumps.
The consequence of the inclined angle γ on the velocity profile is 

portrayed in Fig. 4. The velocity profile exhibits a notable reduction with 
an increase in the inclination of the angle γ. Physically, a rise in the 
inclined angle γ causes the fluid to encounter more resistance during 
motion, which throws off the alignment of the flow and lowers the 
fluid’s velocity. Fig. 5 shows that the velocity profile dramatically re-
duces as the angle of inclination α increases. Physically, the gravitational 
force opposing the fluid flow gets stronger as the angle of inclination α 
increases. The fluid’s movement is slowed down by this additional 
resistance, which lowers the fluid’s overall velocity.

Fig. 6 shows that the velocity profile falls with increasing mixed 
convection parameters. Physically, a greater mixed convection param-
eter improves buoyancy effects, which influence the force balance 
within the boundary layer. By adding more resistance to the fluid mo-
tion, buoyancy forces change the velocity gradient close to the surface. 
This higher resistance thickens the boundary layer, inhibits momentum 
transmission, and eventually lowers fluid velocity. This knowledge helps 
optimize fluid dynamics in heating, ventilation, and air conditioning 
(HVAC) units, where adequate ventilation and temperature manage-
ment depend on velocity control. The impact of the thermal buoyancy 
parameter on the velocity profile is also seen in Fig. 7. Because of the 
stronger buoyant forces, the velocity increases as the thermal buoyancy 
parameter increases. By overcoming fluid resistance, these forces 
contribute significantly to increased fluid velocity and a wider mo-
mentum boundary layer. This realization emphasizes how crucial 
buoyancy-driven flow is for applications involving convective heat 
transfer.

Fluid velocity decreases as nanoparticle concentration rises, as seen 
in Figs. 8 and 9. This phenomenon is because of the increased viscosity 
in the nanofluid (blood + Fe3O4) and nanofluid (water + Fe3O4) en-
hances the barrier to flow. While adding nanoparticles improves thermal 
conductivity, the higher viscosity predominates and causes the fluid to 
move more slowly. Compared to (water + Fe3O4), the (blood + Fe3O4) 
shows a more significant reduction of velocity because of blood’s higher 
viscosity, increasing flow resistance as nanoparticle concentration rises.

Fig. 10 shows that increasing the Deborah number leads to higher 
temperatures and a thicker thermal boundary layer. This is due to 
enhanced fluid elasticity at higher Deborah numbers, which impedes 
heat dissipation and leads to thermal energy buildup. Fig. 11 illustrates 

Fig. 8. Effect of nanoparticle volume fraction ϕ (Fe3O4 + Siliconeoil) on Ve-
locity profile.

Fig. 9. Effect of nanoparticle volume fraction ϕ (Fe3O4 + Blood) on Velocity profile.
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the effect of the Prandtl number on the temperature profile. As the 
Prandtl number increases, the temperature decreases, and the thermal 
boundary layer becomes steeper. This is because higher Prandtl numbers 
correspond to lower thermal diffusivity, which reduces heat transfer. 
The Grashof number characterizes the relative strength of buoyancy and 
viscous forces, thereby governing convective heat transfer. As the fluid 
density decreases due to heating, buoyancy forces are enhanced, leading 
to increased particle kinetic energy.

As illustrated in Fig. 12, the temperature profile drops as the mixed 
convection parameter increase because of stronger natural convection 
effects. Buoyant forces become stronger as the mixed convection 
parameter rises, encouraging more heat loss and lowering the fluid’s 
temperature. This leads to a thinner thermal boundary layer and 
improved heat transfer efficiency. The trend is further supported by the 
Nusselt number, which increases with higher δ, indicating enhanced 
convective heat transfer. Such behavior is essential in HVAC applica-
tions, where temperature regulation and ventilation efficiency are 
enhanced by utilizing natural convection.

Fig. 10. Effect of β on the Temperature profile.

Fig. 11. Effect of Pr on the Temperature profile.

Fig. 12. Effect of δ on the Temperature profile.

Fig. 13. Effect of Rd on the Temperature profile.
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Fig. 13 shows that increasing the radiation parameter leads to an 
increase in both temperature and thermal boundary layer thickness. This 
occurrence is because the heated plate emits heat, which makes the 
thermal field stronger. When a higher temperature is needed, the radi-
ation effect comes in handy. On the other hand, the radiation parameter 
becomes less significant when further from the boundary.

Fig. 14 shows that increasing the stratification parameter leads to a 
decrease in both temperature and thermal boundary layer thickness. 
Physically, higher thermal stratification results in increased fluid density 
near the lower surface. This increased resistance to heat transfer from 
the heated wall leads to lower temperatures in the surrounding area. 
Fig. 15 illustrates the effect of the Biot number on the temperature field. 
As the Biot number increases, both temperature and thermal boundary 
layer thickness increase. A higher Biot number signifies enhanced heat 
transfer between the fluid and the heated surface, leading to increased 
heat absorption by the fluid and a more pronounced temperature profile. 
This phenomenon is especially advantageous when a greater surface 
temperature is necessary. Nevertheless, the Biot parameter’s effect be-
comes less noticeable when one gets farther from the boundary.

The temperature profile decreases as the nanoparticle volume frac-
tion rises, as shown in Figs. 16 and 17. This behaviour results from the 
interaction between the concentration of Fe3O4 nanoparticles in the 
nanofluid (Blood + Fe3O4) and nanofluid (Water + Fe3O4) and their 
thermal conductivity. Higher concentrations of Fe3O4 nanoparticles 
cause particle interactions that hinder thermal dispersion, even if they 
initially improve heat transfer by increasing thermal conductivity and 
aiding heat distribution. As a result, the overall heat transfer rate is 
significantly decreased, which lowers the temperature profile. The 
diminution is more noticeable in nanofluid (Blood + Fe3O4) than nano-
fluid (Water + Fe3O4) due to blood’s greater viscosity. Blood’s natural 
viscosity slows fluid mobility, usually permitting more heat retention. 
Effective heat transfer is further limited to higher nanoparticle con-
centrations due to the increasing flow resistance. The temperature 
profile significantly decreases as a result of this dual impact, which 
emphasizes the delicate balance between nanoparticle concentration 
and thermal performance in nanofluid systems. This occurrence is 
caused by slower fluid dynamics and reduced thermal dispersion by 
nanoparticle interactions.

Fig. 18a and 18b illustrate the impact of nanoparticle volume frac-
tion and magnetic parameter on the skin friction coefficient. The results 
reveal a significant decrease in skin friction with increasing values of 
these parameters. This behavior can be attributed to the enhanced 
resistive effects of the Lorentz force and increased viscosity caused by 
higher nanoparticle concentrations, leading to reduced fluid velocity 
near the surface.

Fig. 19a and 19b, along with their 3D representations, illustrate the 
thermal Biot number and the thermal stratification parameter effect 
towards the Nusselt number. The findings show that both parameters 
raise the Nusselt number, though in different ways. While an increase in 
thermal stratification parameter increases the fluid’s thermal gradient 
and promotes more effective heat dissipation, a rise in thermal Biot 
number strengthens convective boundary effects and improves heat 
transfer near the surface. These findings demonstrate how important 
boundary and stratification affect maximizing thermal performance.

Table. 3 presents the influence of the Deborah number, mixed con-
vection parameter, and nanoparticle volume fraction on skin friction. 
The results indicate that skin friction increases with increasing values of 
these parameters. Physically, higher Deborah numbers, mixed 

Fig. 14. Effect of ∊ on the Temperature profile.

Fig. 15. Effect of Bi on the Temperature profile.
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convection, and nanoparticle volume fractions enhance frictional forces, 
leading to increased surface resistance. Conversely, a stronger magnetic 
field generates a Lorentz force that opposes fluid flow, resulting in 
reduced skin friction. Table. 4 demonstrates the impact of radiation, 
thermal stratification, thermal Biot number, nanoparticle volume frac-
tion, magnetic parameter, and Deborah number on the Nusselt number. 
The findings indicate that the Nusselt number falls as nanoparticle 
volume fraction, magnetic, and Deborah numbers grow. However, it 
increases with larger radiation values, thermal stratification and thermal 
Biot number. Physically, by enhancing radiation, thermal stratification, 
and surface heat exchange, raising radiation parameters, thermal strat-
ification parameters, and thermal Biot number improves heat transfer. 
On the other hand, greater values of the variables nanoparticle volume 

fraction, magnetic parameter and Deborah number (fluid elasticity) 
result in increased flow resistance, which in turn lowers the Nusselt 
number by decreasing the efficiency of convective heat transfer.

5. Conclusion

A novel study has been carried out to examine the effects of radia-
tion, quadratic mixed convection, and thermal stratification on a non- 
Newtonian fluid over an inclined stretched surface is carried out, and 
a detailed examination of the interacting effects yields the following 
conclusions: 

Fig. 16. Effect of nanoparticle volume fraction ϕ (Fe3O4 + Siliconeoil) on Temperature profile.

Fig. 17. Effect of nanoparticle volume fraction ϕ (Fe3O4 + Blood) on Temperature profile.
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• A higher Deborah number raises temperature profiles while 
decreasing velocity profiles.

• The temperature profile is lowered by a more significant Prandtl 
number and thermal stratification but raised by radiation.

• Higher concentrations of Fe3O4 nanoparticles boost the temperature 
profile but decrease the velocity profile, especially in nanofluid 
(blood-Fe3O4).

• Higher Grashof numbers enhance convective heat transfer, which 
lowers the temperature profiles while increasing fluid velocity due to 
increased buoyant forces.

• More significant nanoparticle volume fraction, Deborah number, and 
mixed convection parameters increase skin friction, but greater 
magnetic parameter values cause skin friction to decrease.

• Higher radiation values, thermal stratification, and thermal Biot 
number cause the Nusselt number to increase, while rising nano-
particle volume fraction, Deborah number, and mixed convection 
parameters cause it to drop.

5.1. Practical applications of proposed model

Energy-saving transportation is made possible by thermal stratifi-
cation using nanofluids, hybrid, and trihybrid nanofluids under strong 
magnetic fields. This strategy has important ramifications for several 
applications, including industrial operations like heat exchangers and 
cooling systems, medical devices like drug delivery systems and thermal 
therapies, and renewable energy technologies like solar heating and 
HVAC systems. The advantages of stratification in these circumstances 
can boost performance and efficiency in thermal management.

5.2. Future work

Future investigation can focus on experimental validation to fortify 
the accuracy and practical applicability of the findings. Furthermore, 
investigating different nanoparticles with diverse thermo-physical 
properties could enhance the efficacy and flexibility of nanofluids in 
innumerable industrial applications. This would offer deeper under-
standing into maximizing heat transfer performance for wider 

Fig. 18. A. effect of ϕ and M on (Re)1/2Cf . b. 3D impact of ϕ and M on (Re)1/2Cf .
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Fig. 19. B. effect of Bi and ∊ on (Re)
− 1
2 Nu. b. 3D impact of Bi and ∊ on (Re)

− 1
2 Nu.
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engineering and scientific advancements.
Limitations of the study
While this research offers remarkable insights into the effects of 

nonlinear mixed convection and quadratic stratification in non- 
Newtonian nanofluid flow, certain limitations should be acknowl-
edged to refine its scope and applicability:

i Idealized boundary conditions
A two-dimensional, steady-state flow model with particular 

Fig. 20. Contours plot for ϕ and ∊.

Table 2 

Evaluation of the existing outcomes of (Re)
1
2Cf with the Previous literature 

Ahmad et al. [54] for various values of M.

(Re)
1
2Cf

M Ahmad et al. [54] Present study

1 0.822969 − 1.0265
2 0.511285 − 1.0513
3 0.19812 − 1.0757
4 − 0.116521 − 1.0996

Table 3 
Numerical values for skin friction coefficients for different values.

β M δ φ fʹ́ (0)

0.1 ​ ​ ​ − 1.9994
0.2 ​ ​ ​ − 1.5678
0.3 ​ ​ ​ − 1.5811
0.4 ​ ​ ​ − 1.5944

​ 1 ​ ​ − 1.0265
​ 2 ​ ​ − 1.0513
​ 3 ​ ​ − 1.0757
​ 4 ​ ​ − 1.0996
​ ​ 0 ​ − 1.637
​ ​ 0.5 ​ − 2.0709
​ ​ 1 ​ − 1.5783
​ ​ 1.2 ​ − 1.5493
​ ​ ​ 0.0 − 2.4099
​ ​ ​ 0.1 − 2.3443
​ ​ ​ 0.2 − 2.28059
​ ​ ​ 0.3 − 2.21886
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boundary conditions serves as the basis for the study, which might not 
adequately represent transient or three-dimensional phenomena that 
arise in practical applications.

ii Lack of experimental validation
Although our numerical findings align with established benchmarks, 

experimental validation is not included in this study. Future compari-
sons with experimental data would further reinforce the reliability of 
our results.

iii Simplified nanofluid properties
The thermophysical properties of the nanofluid are assumed con-

stant, whereas, in real-world applications, temperature-dependent var-
iations, nanoparticle aggregation, and interfacial interactions could 
impact heat transmission performance.

iv Ignoring the impact of turbulence
The study concentrates on a laminar flow regime, however turbu-

lence is a prominent factor in many industrial and environmental ap-
plications, and it has a considerable impact on the dynamics of heat and 
mass transfer.

v Single-Phase nanofluid model
It uses a single-phase nanofluid method, which ignores factors like 

thermophoretic effects, Brownian motion, and nanoparticle migration 
that could change transport phenomena in a more thorough two-phase 
model.
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