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Abstract
The present explores the brucellosis model in non-integer derivative by utilizing the
real statistics from the mainland China. The formulation of the model first presented
in integer order derivative and subsequently extended to fractional order using the
Caputo derivative. The existence and uniqueness of the nonlinear fractional system
is confirmed, which is the important requirement for a fractional nonlinear model.
The local asymptotical stability of the fractional model when R0 < 1 is analyzed.
When R0 ≤ 1, the model is found globally asymptotically stable. The existence
of an endemic equilibria is given and found that the model has a unique endemic
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equilibrium. Using the reported cases of brucellosis in mainland China from 2004 to
2018 are considered. Graphical results for data fitting in cumulative and daily wise are
presented with their respective residuals. The basic reproduction number is obtained
from data fitting isR0 = 1.0327. A numerical scheme for the Caputo case is provided
in detailed and later the scheme was used to obtain the numerical results graphically.
Various results regarding the disease curtail are presented graphically, that will be
helpful for the disease elimination in the long run. The public health authority and the
health agencies can utilize this work confidently for brucellosis control in mainland
China.

Keywords Brucellosis vaccination system · China mainland data · Stability results ·
Estimations · Simulations

MSC Codes: 34A08 · 34D20 · 65L05

1 Introduction

One of themost common zoonotic illnesses worldwide is brucellosis, which is brought
on by different strains of the Brucella virus. Sheep, cattle, pigs, and dogs can all harbor
Brucella, one of the human-related viruses [1]. The livestock industry’s profitability
and human health are severely impacted by brucellosis [1, 2]. Around 500,000 new
cases of brucellosis are reported each year in more than 160 countries worldwide
[3, 4]. Animal and human brucellosis have been presented in China since the 20th
century. In the 1950s and 1970s, things were bad. Throughout the 1980s, it steadily
decreased, and by the 1990s, it was essentially under control. Following 2000, it saw
a swift recovery until 2016 [3, 5]. Controlling brucellosis impact farmer’s profit by
affecting livestock breading decisions. Profit depends on selling livestock, with prices
influenced by supply and demand. When prices rise, farmers expand breeding, and
when prices fall, they reduce it. Control measures, including disease management
costs, affects profits, requiring farmers to adopt appropriate strategies to maximize
earnings [6–8].

A mathematical model may theoretically examine the consequences of various
control strategies in conjunction with observation data and clearly illustrate the
epidemiological law of the disease [9–13]. Numerous researchers have conducted
epidemiological studies on brucellosis using mathematical models. Through these
investigations, they have discovered a number of significant factors. Two methods
of brucellosis transmission in sheep were proposed by Ainseba et al. in 2010 [12]:
the indirect transmission from environment and the direct transmission with infected
individuals. In [14], the brucellosis disease model has been considered under the age
of infection and waning immunity. The authors considered different routes of trans-
mission and presented their model results. A deterministic model was put up by Li
et al. [13], who came to the conclusion that testing, immunization, and mixed cross-
infection are crucial elements. According to source [15], factors that include animal
import, culling practices, and sterilization efforts are significant variables influencing
brucellosis in Jilin province. Subsequent research revealed that brucellosis epidemics
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had unique cyclical and seasonal reproduction mechanisms [16, 17]. In [18–21], they
took into account the age structure and put forth a dynamical model with multi-
stage pertaining to adult and young sheep. Numerous population dynamical models
have characterized animal interactions, including mutual effect and infection between
groups [22–24]. Various other approaches to handle the epidemic models have been
considered in literature, see for example [25–27]. For instance, the neural network
approach has been considered by the authors in [25] to solve the coronavirus disease
model. The bayesian regularization method to solve the Layla and Majnun model
constructed in fractional derivative has been investigated in [26]. The Bayesian reg-
ularization neural network to handle the chickenpox disease model numerically has
been studied in [27].

In the literature, the mathematical models that are constructed in non-integer
derivatives are regarded more reputable for a number of reasons, including crossover
behaviors, memory effect, and hereditary features. It is also useful in epidemic model
under real data, which were proven that the fractional models provide best fitting
results. Due to the fractional order parameter, various possibilities for the model solu-
tion are exists and various results regarding the model are obtained. Various disease
models for understanding infections diseases have been documented in the literature
[28–31] that describe the benefits and characteristics of fractional order derivatives.
For instance, the COVID-19 infection in fractional derivative using singular and non-
singular kernel has been discussed in [28]. The Mittag-Leffler function’s influence on
the investigation of coronavirus infection was taken into account by the authors in
[29]. The dynamical analysis of the Zika virus infection in non-integer derivative is
discussed in [30]. They, then presented new mathematical and numerical conclusions
along with a numerical technique for its solution numerically. In [31], the authors
constructed a mathematical framework to analyze the Nipah virus dynamics. Their
work introduced the concept of piece-wise fractional derivatives is an extension of
traditional derivatives. This innovative approach allowed them to derive significant
mathematical results associated to the system. The fractional order model was solved
by the authors in [32] using a Simulink-based approach. In order to solve the infec-
tion system, [33] explored the concept of the fuzzy fractional derivative within the
framework of the ABC derivative. The authors considered the fractional model with
uncertainty using the predictive control has been studied in [34]. The work in [35]
provides a recently developed system associated to the coronavirus with vaccination
using fractional derivative concept. The concept of fractional derivative in terms of
discrete case has been shown in [36] where the model of coronavirus was taken of
coronavirus. The HIV dynamical model in fractional derivative has been considered
in [37]. They considered in the modeling the operators Atangaa-Baleanu and Caputo
Fabrizio derivative by presenting their results. In [38], the lymphatic disease model
has been considered in fractional derivative. Mathematical interaction of the dynamics
of Buruli ulcer in possum mammals in the framework of fractional derivative in [39].
In [40], they considered the avian spirochetosis model in non-singular and non-local
kernels to understand their modeling and analysis.

This work aims to formulate a mathematical model in fractional derivative to ana-
lyze the brcellosis disease dynamics in the mainland China under the reported cases.
The model initially formulated in classical derivative and then extended to fractional
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derivative model. The model analysis has been analyzed for the fractional cases and
then the estimation of parameters were obtained. Numerical results were obtained and
discussed. Section-wise analysis of the work given in this paper is as follows: The
modeling and of model under fractional calculus is given in Sect. 2. In Sect. 3, we
provide the existence of fractional order system while Sect. 4 provides the equilib-
rium analysis. Parameter estimations and numerical scheme to solve fractional system
have been discussed in Sects. 5 and 6 respectively. Sections7 and 8 underscore the
numerical simulation and conclusion.

2 Basic concepts associated to fractional calculus

Here, we shall provide some basic concepts regarding the fractional derivative in
Caputo sense [41, 42].

Definition 1 For a function k, the Caputo derivative of order η is defined by

Dηk(t) = 1

�(n − η)

∫ t

0
(t − τ)n−η−1k(n)(τ )dτ, t > 0, (1)

if η /∈ N, n = [η] + 1. The following definition provided the fractional integral in
Riemann-Liouville of the function k : R+ → R:

I ηk(t) = 1

�(η)

∫ t

0
(t − τ)η−1k(τ )dτ. (2)

2.1 Mathematical model

Modeling the brucellosis dynamics, we formula a mathematical model by the interac-
tion of livestock and humans. Dividing the livestock into Susceptible livestock, S(t),
infected livestock, I (t), and the vaccinated livestock, V (t). The humans healthy and
infected people are respectively given by Sh(t) and Ih(t). The quantity of the brucel-
losis in the environment is shown by E(t). Here, N1 and N2 are the total population
of brucellosis and humans, which are respectively given by, N1 = S + I + V , and
N2 = Sh + Ih . The recruitment rate of the livestock is �, κ is the natural death
rate of livestock in each compartment, θ is the vaccination rate of healthy livestock,
livestock lose of immunity rate ω. The culling rate of infected livestock after being
identified infected, at the rate of μ. The transmission routes of brucellosis can be of
with the infected livestock or with the pathogens in the environment. Here, τ1 is the
transmission of healthy and infected livestock, while the environmental transmission
occur when the pathogens come in contact with the healthy livestock. δ is the amount
of discharged by the livestock in the environment, while β is the shedding rate of
brucellosis in the environment. The birth rate of the humans population is given by
�h , while they die naturally at the rateψh , the transmission routes are φ1 and φ2 which
occur by the interaction of infected livestock with healthy humans, and the interaction
of healthy humans with brucellosis in the environment. Humans are not transmitting
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the brucellosis to other people, and not transmitting livestock. Usually, the healthy
humans can be infected with the interaction of infected livestock or the brucellosis
in the environment. Humans recovery rate is q. The above discussion leads to the
following system of nonlinear evolutionary differential equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

dS
dt = � − τ1

SI
N1

− τ2
SE
N1

− θ S + ωV − κS,
dV
dt = θ S − ωV − κV ,
d I
dt = τ1

SI
N1

+ τ2
SE
N1

− μI − κ I ,
dE
dt = δ I − βE,
dSh
dt = �h − φ1

Sh I
N2

− φ2Sh E
N2

− ψh Sh + q Ih,
d Ih
dt = φ1

Sh I
N2

+ φ2Sh E
N2

− ψh Ih − q Ih,

(3)

subject to initial conditions (ICs)

S(0) = S0 > 0, V (0) ≥ V0, I0 ≥ I0, E0 ≥ 0, Sh(0) > Sh(0), Ih(0) ≥ Ih(0). (4)

If we look at the model (3), the last two equations are independent on the rest of
equations, so, the dynamics of the model can be analyzed directly by the equations

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dS
dt = � − τ1

SI
N1

− τ2
SE
N1

− θ S + ωV − κS,
dV
dt = θ S − ωV − κV ,
d I
dt = τ1

SI
N1

+ τ2
SE
N1

− μI − κ I ,
dE
dt = δ I − βE .

(5)

2.2 Fractional model

We extend the model (5) into fractional order system by considering the Definition,

⎧⎪⎪⎨
⎪⎪⎩

Dη
t S = � − τ1

SI
N1

− τ2
SE
N1

− θ S + ωV − κS,

Dη
t V = θ S − ωV − κV ,

Dη
t I = τ1

SI
N1

+ τ2
SE
N1

− μI − κ I ,
Dη
t E = δ I − βE,

(6)

where Dη
t is the fractional derivative, and η ∈ (0, 1] is fractional order in Caputo

sense.

3 Analysis of the fractional system

The analysis of the model (6) shall be carried out in the given section.

Theorem 1 All the solution of the fractional order brucellosis system (6) are nonneg-
ative and bounded uniformly.
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Proof The following is obtained by following model (6):

Dη
t

∣∣∣
S=0

= � + ωV ≥ 0,

Dη
t

∣∣∣
V=0

= θ S ≥ 0,

Dη
t

∣∣∣
I=0

= τ2
SE

N1 − I
≥ 0,

Dη
t

∣∣∣
E=0

= δ I ≥ 0. (7)

Thus, it follows from the result in [43], the solution remains in R4+. Further, adding
the first three equations of the model (6), that is N1 = S + V + I , and

Dη
t N1 = � − κN1 − μI ,

≤ � − κN1. (8)

Using the result given in [44], we get

N1(t) ≤ �

κ
+

(
N1(0) − �

κ

)
Eη

(−κtη
)
. (9)

In (7), Eη is the Mittag-Leffler function. So, when t → ∞, we get N1(t) → �/κ ,
and hence 0 < N1(t) ≤ �/κ . Consider the last equation of the fractional system (6),

Dη
t E = δ I − βE ≤ δ�

κ
− βE, (10)

it can be organized further as

Dη
t E + βE ≤ δ�

κ
. (11)

Using the result in [44], we obtain,

E(t) ≤
(
E(0) − δ�

κ

)
Eη

(−βtη
) + δ�

βκ
,

when t → ∞, then we have E(t) → δ�/βκ . Thus, all the solutions, starting in R4+
are restricted to the region 1 × 2, where

1 =
{
(S, V , I )

∣∣∣0 ≤ N1 ≤ �

κ

}
, and 2 =

{
E

∣∣∣0 ≤ E ≤ δ�

βκ

}
. (12)

��
We now provide the existence of a unique solution of the brucellosis model (6). We

have the following result:
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Theorem 2 A fractional brucellosis model (6) has a unique solution.

Proof Consider K (t) = (S, V , I , E) = (k1, k2, k3, k4)T , where T means transpose.
Then the system (6) can be written in the matrix form as follows:

Dη
t K (t) = P1K (t) + k1P2K (t) + P3, (13)

where the matrices P1, P2, and P3 are defined as:

P1 =

⎛
⎜⎜⎝

−θ − κ ω 0 0
θ −ω − κ 0 0
0 0 −μ − κ 0
0 0 δ −β

⎞
⎟⎟⎠ , P2 =

⎛
⎜⎜⎝
0 0 − τ1

N1
− τ2

N1

0 0 0 0
0 0 τ1

N1

τ2
N1

0 0 0 0

⎞
⎟⎟⎠ ,

and

P3 =

⎛
⎜⎜⎝

�

0
0
0

⎞
⎟⎟⎠ .

Denote �(t, K (t)) = P1K (t) + k1P2K (t) + P3. We need to show that �(t, K (t))
satisfies the Lipschitz condition:

‖�(t, K (t)) − �(t, K̄ (t))‖ = ‖P1K (t) + k1P2K (t) + P3 − (P1 K̄ (t) + k1P2 K̄ (t) + P3)‖,
= ‖(P1 + k1P2)(K (t) − K̄ (t))‖,
≤ L‖K (t) − K̄ (t)‖,

where L = max(P1 + k1P2), and ‖.‖ is the usual Euclidean norm. Thus, �(t, K (t))
satisfy the Lipschitz condition. According to the theory of fractional differential equa-
tion from [45], the brucellosis system (6) has a unique solution. ��

4 Equilibrium analysis

To obtain the disease-free equilibrium (DFE), we set the derivatives to zero and solve
for S, V , I , and E when there is no infection in the population (I = 0, and E = 0).
Dη
t S = 0, Dη

t V = 0, Dη
t I = 0, and Dη

t E = 0. We have the DFE, denoted by L0,
given by

L0 =
(
S0, V 0, 0, 0

)
=

( �(κ + ω)

κ(θ + κ + ω)
,

θ�

κ(θ + κ + ω)
, 0, 0

)
. (14)
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4.1 Basic reproduction number

The basic reproduction number R0 can be derived using the next-generation matrix
approach [46]:

F =
(

τ1
S0

N0
1

τ2
S0

N0
1

0 0

)
, and V =

(
(μ + κ) 0

−δ β

)
.

We have

R0 = τ1S0

(κ + μ)N 0
1︸ ︷︷ ︸

R1

+ δτ2S0

β(κ + μ)N 0
1︸ ︷︷ ︸

R2

, (15)

where N 0
1 = S0 + V 0. The basic reproduction number can be defined as the average

number secondary brucellosis infections generated by a single infected individual
in a population that is completely vulnerable to brucellosis. It is useful in finding
the stability of the model. If their value is less than unity then the model is locally
or globally asymptotically stable, and hence the disease can be eliminated from the
population while in the case it is greater than unity it might the disease spread in the
community, and if it is equal one then the possibility of bifurcation can be exist of
different types.We show the local asymptotical stability of theDFEL0 in the following
theorem.

Theorem 3 The brucellosis system atL0 is locally asymptotically stable whenR0 < 1.

Proof At L0, we have the Jacobian matrix of the system (6)

J =

⎛
⎜⎜⎜⎜⎝

−θ − κ ω − τ S01
N0
1

− τ2S0

N0
1

θ −κ − ω 0 0

0 0 −κ − μ + τ1S0

N0
1

τ2S0

N0
1

0 0 δ −β

⎞
⎟⎟⎟⎟⎠

Evaluating the matrix J , we obtain the following characteristic equation:

λ4 + a1λ
3 + a2λ

2 + a3λ + a4 = 0, (16)

where

a1 = β + θ + 2κ + ω + (κ + μ)(1 − R1),

a2 = β(θ + 2κ + ω) + κ(θ + κ + ω) + (κ + μ)(θ + 2κ + ω)(1 − R1)

+β(κ + μ)(1 − R0),

a3 = βκ(θ + κ + ω) + κ(κ + μ)(θ + κ + ω)(1 − R1)
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+β(κ + μ)(θ + 2κ + ω)(1 − R0),

a4 = βκ(κ + μ)(θ + κ + ω)(1 − R0).

The expressions for the coefficients a1 to a4 are given, and it’s stated that these coef-
ficients are positive when R0 < 1 (R1 < R0). Additionally, to ensure stability, the
Routh-Hurwitz criterion ak > 0, k = 1, ..., 4 and a1a2a3 > a23 + a21a4 must be satis-
fied. Hence, the Routh-Hurwitz condition can be easily hold, and hence the model at
L is LAS when R0 < 1. ��

Next, we present the global asymptotical stability of L0. First, we give the Lemma
taken from [47].

Lemma 1 Assume that the function u(t) ∈ R+ is continuous and derivable, and then
for every time t, we get t ≥ t0,

Dη
t

(
u(t) − u∗(t) − ln

u(t)

u∗(t)

)
≤ 1 − u∗(t)

u(t)
Dη
t u(t), u∗ ∈ R+, η ∈ (0, 1). (17)

Theorem 4 If R0 ≤ 1, then, the DFE L0 is GAS.

Proof Let have the Lyapunov function L(t) as follows:

L(t) = βN 0
1 I + τ2S

0E . (18)

Taking the fractional derivative of L(t) along the application of Lemma 1, we get

Dη
t L(t) ≤ βN 0

1 D
η
t I + τ2S

0Dη
t E,

= βN 0
1 [τ1 SI

N1
+ τ2

SE

N1
− μI − κ I ] + τ2S

0[δ I − βE],
= [βτ1S

0 + τ2S
0δ − (μ + κ)βN 0

1 ]I + [βτ2S
0 − βτ2S

0]E,

= βN 0
1 (μ + κ)(R0 − 1)I . (19)

Observe that Dη
t L(t) = 0 at L0, and Dη

t L(t) ≤ 0 if R0 ≤ 1. Thus, it follows from
LaSalle Invariance principle that the DFE L0 is GAS when R0 ≤ 1. ��

4.2 Endemic equilibria

The endemic equilibria of the model (6) denoted by L1 = (S∗, V ∗, I ∗, E∗), and can
be obtained when Dη

t S(t) = 0...Dη
t E(t) = 0,

S∗ = �(κ + ω)

θκ + (κ + �∗)(κ + ω)
, V ∗ = θ�

θκ + (κ + �∗)(κ + ω)
, I ∗ = S∗�∗

κ + μ
, E∗ = δ I ∗

β
.

Inserting the above into

�∗ = (τ1 I ∗ + τ2E∗)S∗

N∗
1

, (20)
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where N∗
1 = S∗ + V ∗ + I ∗ + E∗, and simplifying, we get

a0�
∗ + a1 = 0, (21)

where

a0 = β(κ + ω) + δ(κ + ω),

a1 = β(κ + μ)(θ + κ + ω)(1 − R0). (22)

From (22), a0 > 0, and a1 > 0 if R0 < 1. So, �∗ = −a1/a0, ensures that there exists
a positive endemic equilibria when R0 > 1. Further, the linear expression of (21)
suggests that there is no possibility of backward bifurcation in the brucellosis model
(6).

5 Parameters estimation

Parameters estimations play an important role in disease epidemiology, as it helps in
understanding the disease dynamics within populations. In epidemic systems, many
parameters govern the disease spread and control, and accurate estimation of these
parameters is essential for disease outcomes prediction, guiding public health interven-
tions, and formulating control strategies. In this regard, here we consider the nonlinear
least square technique by fitting the real cases of human brucellosis obtained from the
source [48]. The number of cases considered per year. This method is useful and
has been used in various fields and particularly in disease epidemiology for obtain-
ing parameters estimations of a mathematical model. The goal of this technique is
to determine the parameter values that minimize the sum of the squared differences
between the predicted and actual data. The mathematical notation used is as follows:

minimize S(ψ) =
k∑

n=1

[zn − l(tn, ψ)]2 , (23)

where zn represents the actual real data of at time tn , l(tn, ψ) is the system prediction
value at tn for the parameters set ψ , whereas S(ψ) is the sum of the squared of the
given objective function. The brucellosis cases of humans obtained from the source
[48] in mainland China for the period 2004 to 2018. From the given source, the annual
cases reported in the mainland China in 2004 were 11472, so Ih(0) = 11472. The
population of China in 2004 were 1.296 billion, so the population of healthy humans
is Sh(0) = N2(0) − Ih(0) = 1, 296, 800, 000. The average life span in China as per
the source in 2004 is ψh = 1

72.54 per year [49]. The birth can be calculated easily
using the relation�h ≈ N2(0)×ψh . The rest of the parameters are fitted to the model
versus data in the experiment.

The information about the number of sheep or its population is often difficult to find
their exact value, however, a study about the recent information of sheep obtained from
[50–52], that the initial value of S(0) = 5400000, I (0) = 10000, E(0) = 100000, and
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Fig. 1 The plot describes the data fitting to the real cases of brucellosis: Sub-Figures (a) and (b) receptively
represent the data fitting to the model and the corresponding residuals. In sub-Figures (a), the bold line
indicates the model solution while the circle is the real data

Fig. 2 The plot shows the data fitting for the daily cases, and their corresponding residual, which are shown
respectively in sub-figures (a) and (b)

V (0) = 212912 (but in our simulation, we consider the fitting without vaccination,
and consider V (0) = 0). The birth rate of livestock obtained from the source [50] is
� = 2442000. The natural death rate is κ = 0.4514 obtained from the expression
� ≈ κ × N1(0). The remaining parameters given in the model (6) are fitted to the
model and their values are given in Table 1.

To assess the quality of the fit, we calculated the Root Mean Square Error (RMSE)
between the model predictions and the observed data. The RMSE is found to be
8424.6213, indicating a reasonable fit of the model to the data. Additionally the basic
reproduction number,R0, which represents the average number of secondary infection
producedby a single infected person in a fully susceptible population,was calculated as
R0 = 1.0327. This value is slightly above 1 suggests that the infection has the potential
to spread within the population, underscoring the importance of controlling measures.
The fitting results are illustrated in Figs. 1, 2, and 3, where the model predictions (bold
lines) are compared against the actual data (shown by circles) in Figs. 1a, and 2a. The
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Fig. 3 Comparison of real and predicted data through a bar graph and b box-plots

Table 1 The parameters and
their details obtained from
experiments

Notation Numerical value Ref Unit

τ1 0.4353 Fitted Per contact

τ2 0.2754 Fitted Per contact

μ 0.0172 Fitted day−1

δ 0.0108 Fitted day−1

β 0.0614 Fitted day−1

φ1 0.3529 Fitted day−1

φ2 0.0367 Fitted day−1

q 0.0398 Fitted day−1

residual plots highlight the difference among the model prediction and the real data,
providing insight into the accuracy of the fit.

6 Numerical scheme

Anumerical scheme to solve the system (3) constructed inCaputo derivativeα ∈ (0, 1]
shall be presented.Wewill consider thePredictor-correctormethodofAdams-Moulton
type to get the numerical solution of the proposed fractional system,whichwas utilized
in the literature [53, 54]. To derive the desired scheme, we need first to write the system
(5) according to the following representation:

{
C Dη

t �(t) = M(t,�(t))
�(0) = �0, 0 < T < ∞,

(24)

where � = (S, V , I , E, Sh, Ih) ∈ R
6, �0 is the initial value of the vector, and

M(t,�(t)) represents the continuous real-valued vector function that satisfies the
Lipschitz condition. The application of the RL integral to system (24) both sides, we
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have

�(t) = �0 + 1

�(η)

∫ t

0
(t − χ)ηM(φ,�(φ))dφ. (25)

Consider a uniform grid on the interval [0, T ] with a step size defined as h = T−0
m ,

m ∈ N, where m represents a positive integer showing the number of sub-intervals in
the given interval. It follows from the Euler method mentioned in [55], the equation
(25) provides the following form:

{
�k+1 = �0 + hη

�(η+1)

∑k
j=0 ((k − j + 1)η − (k − j)η)M

(
t j ,�

(
t j

))
,

k = 0, 1, 2, · · · ,m.
(26)

Utilizing equation (26) and by applying to the model (3), the following system is
obtained:

Sk+1 = S0 + L1

k∑
j=0

wk, j [� − τ1
Sk Ik
N1k

− τ2
Sk Ek

N1k
− θ Sk + ωVk − κSk],

Vk+1 = V0 + L1

k∑
j=0

wk, j (θ Sk − ωVk − κVk) ,

Ik+1 = I0 + L1

k∑
j=0

wk, j

(
τ1

Sk Ik
N1k

+ τ2
Sk Ek

N1k
− μIk − κ Ik

)
,

Ek+1 = E0 + L1

k∑
j=0

wk, j (δ Ik − βEk) ,

Shk+1 = Sh0 + L1

k∑
j=0

wk, j

(
�h − φ1

Shk Ik
N2k

− φ2Shk Ek

N2k
− ψh Shk + q Ihk

)
,

I hk+1 = I h0 + L1

k∑
j=0

wk, j

(
φ1

Shk Ik
N2k

+ φ2Shk Ek

N2k
− ψh Ihk − q Ihk

)
,

(27)

where L1 = hη

�(η+1) and wk, j = ((k − j + 1)η − (k − j)η).

7 Numerical results

Here, we solve numerically the model (6) using the numerical values considered in
Table 1. The numerical scheme presented in Sect. 6 is utilized to obtain the numerical
results graphically in Figs. 4, 5, 6, 7, 8, 9 and 10. Figure4 displays the influence of the
memory index on the compartments of the system, susceptible, livestock, infected live-
stock, vaccinated livestock, brucellosis in the environment, susceptible and infected
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Fig. 4 The plot shows the impact of the memory index on the model compartments, S, I , V , E , Sh , and Ih
which are shown respectively in subfigures (a)–(f)

humans. From subfgures (a) to (f), one can observe that a higher memory index results
in a slower initial response each compartment, suggesting that memory effects can
delay the progression of the disease. Biologically, this aligns with the fact that histor-
ical exposures or immunity could affect current susceptibility and infection dynamics
in both livestock and human population. The result are approaching to the equilibrium
point which shows the importance of the proposed scheme.
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Fig. 5 The plot shows the compartments of the model, S, I , V , E , Sh , and Ih with various initial conditions,
respectively given in subfigures (a)–(f)

Figure5 represents the compartments of the model under various initial conditions.
It can be observed that with different initial conditions the model solution converges.

Figure6 examines the impact of various values of τ1 = 0.4353, 0.3353, 0.2353
on infected livestock, environmental brucellosis level and infected humans which are
given respectively in (a)–(c). Lower values of τ1 corresponds to a reduced transmission
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Fig. 6 Figure shows the impact of τ1 = 0.4353, 0.3353, 0.2353 on the infected classes of the model, where
a–c are infected livestock, brucellosis in the environment, and the infected humans

rate from livestock to the environment, leading to lower environmental contamination.
This, in turn, reduces the transmission to humans. The biological implication is that
managing livestock infection levels can be an effective strategy for reducing overall
disease burden in both the environment and the humans population.

Figure7 shows the influenceof varying τ2 = 0.2754, 0.1754, 0.0754on the infected
classes of the model. Subfigures a–c represent the infected livestock, environmental
brucellosis, and infected humans, respectively. Decreasing τ2 lead to a decrease in the
infection spread fromenvironment to livestock andhumans, reducingbrucellosis levels
across all compartments. This indicates that controlling environmental contamination
is crucial for reducing both humans and livestock infection rates.

Figure8 demonstrates the effect of the transmission among humans, for the vary-
ing parameters φ1 = 0.3529, 0.2529, 0.1529, and φ2 = 0.367, 0.267, 0.167, 0.0167
on humans infected people. Subfigure (a) examines the impact of varying φ1, while
subfigure (b) explores φ2. As φ1 and φ2 decrease, the number of infected cases also
decreases, emphasizing the significance of minimizing direct human transmission for
effective disease control.

Figure9 compares disease progression with and without vaccination, with parame-
ters θ = ω = 0 (no vaccine blue line ) and θ = 0.1, ω = 0.01 (with vaccine, red line).
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Fig. 7 Figure shows the impact of τ2 = 0.2754, 0.1754, 0.0754 on the infected classes of the model, where
a–c are infected livestock, brucellosis in the environment, and the infected humans

Fig. 8 Figure shows the impact of φ1 = 0.3529, 0.2529, 0.1529, and φ2 = 0.367, 0.267, 0.167, 0.0167 on
the infected humans, where a is for the infected humans with varying φ1 while b is for the infected humans
with varying φ2
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Fig. 9 Figure shows the comparison of with vaccine (θ = ω = 0, bold blue line) and without vaccine
(θ = 0.1, and ω = 0.01, bold red line). Subfigures a–c are the infected livestock, the amount of brucellosis
in the environment, and the infected humans, respectively

Sbfigures (a)–(c) show infected livestock, environmental brucellosis, and infected
humans, respectively. Introducing vaccination significantly reduces infection levels
in all compartments, particularly among the humans. This highlights the effective-
ness of vaccination in controlling brucellosis spread through direct and environmental
transmission routes.

Figure10 investigates the impact of varying the vaccination parameter θ =
0.01, 0.1, 0.2, 0.3, and ω = 0.01 held constant, on infected livestock, environmental
brucellosis, and infected humans, respectively in (a)–(c). Higher vaccination rate lead
to a notable reduction in infection prevalances across all compartments, reinforcing
the role of widespread vaccination coverage in reducing brucellosis transmission and
infection in both livestock and humans.

8 Conclusion

In this study, we developed and analyzed a mathematical model to describe the trans-
mission dynamics of brucellosis in humans and animals, incorporating key factors
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Fig. 10 Figure shows the comparison impact on the infected compartments of the model when varying
θ = 0.01, 0.1, 0.2, 0.3, and ω = 0.01 (fixed). Subfigures a–c are the infected livestock, the amount of
brucellosis in the environment, and the infected humans, respectively

such as infection, recovery, environmental transmission, vaccination etc. The model
is extended to fractional system using Caputo derivative from the integer order model.
The existence of the fractional system and their respective results are obtained. By
establishing the basic reproduction number R0, we demonstrated that the DFE is
locally asymptotically stable when R0 < 1, implying that brucellosis can be erad-
icated if R0 is maintained below this threshold. For R0 ≤ 1, we proved the global
asymptotic stability of the DFE. For endemic equilibria, we showed that a positive
endemic equilibrium exists when R0 > 1, indicating persistence disease presence.
Importantly, our analysis of the endemic equilibrium revealed no possibility of back-
ward bifurcation, suggesting that reducingR0 below one is sufficient to prevent disease
persistence without the risk of sudden resurgence.

To further validate our model, we applied the nonlinear least squares method to fit
the model human brucellosis data from mainland China (2004–2018). With the help
of the parameters, the numerical value computed for R0 = 1.0327. This parameter
estimation provided insights into the model’s accuracy and its potential for guiding
intervention strategies. Overall, this work underscores the importance of controlling
R0 in managing outbreaks. It highlights that maintaining R0 < 1 through effective
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control measures, such as vaccination, and improved bio-security, can lead to disease
elimination. Future research can build upon this model by including additional factors
such as seasonal transmission, spatial distribution, or host specific behaviors, further
enhancing the model’s applicability in diverse epidemiological settings.
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