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Abstract

A more generalized approach for predicting the steady-state creep rate of ceramic
fibers under extensive stress ranges is proposed. Creep rate equations derived
from dimensional analysis, such as Almeida’s creep equation and Arrhenius’
creep equation, were evaluated using Buckingham’s method, and the corre-
sponding 7 groups were determined. Subsequently, a new equation is proposed
using the usual semi-empirical constants for the diffusional and power law creep
phenomena, along with an additional power law exponent to account for changes
in creep mechanisms at higher stresses. The proposed equation was used to fit the
creep rate data of the fiber Nextel 720 at various temperatures and constant stress,
which demonstrated a good fit with an adjusted R-squared of .96. Subsequently,
the equation was used to predict the creep rate at constant temperature and var-
ious stresses, exhibiting an adjusted R-squared of .77 and .85, depending on the
scatter of the used data. The predictive results of the proposed equation were then
compared to those obtained using the Arrhenius creep equation, which tends to
higher rates at high stresses. In summary, the novel equation can be more effi-
ciently applied in predicting the creep rate of ceramic fibers across a broader
spectrum of stress.
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creep behavior a crucial factor for their selection. Among
these composites, the use of oxide CMCs has increased

Ceramic matrix composites (CMCs) have gained space
in several advanced applications such as aircraft tur-
bine engine components, heat shielding of space vehicles,
hypersonic flight vehicles and devices, as well as hot gas
filters. These applications demand structural components
that exhibit high strength, as well as thermal and chemi-
cal stability under various environments.! CMCs maintain
excellent strength even at high temperatures, making their

over the last decades due to their higher chemical sta-
bility when compared to non-oxide CMCs, especially for
applications in oxidizing atmospheres.” Hence, the creep
behavior of oxide CMCs has been extensively studied by
several authors.>™

Oxide fibers are known for exhibiting lower creep resis-
tance compared to non-oxide materials. When assessing
composite materials loaded in the direction of the fibers,
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the predominant factor influencing creep resistance is the
creep resistance of the fibers. Consequently, the perfor-
mance of commercially available fibers has become a focal
point in the literature, as evidenced by several studies.”””
The primary objective of these works was to ascertain
the steady-state creep rate under varying test conditions.
The results were then fitted using established creep equa-
tions and models originally designed for bulk ceramics
and other materials. Frequently, the relation following the
Arrhenius rate equation or its power law equivalent is
employed for this purpose. However, it is worth noting that
while these equations can be used to fit the available data,
they pose challenges when used for predicting creep rates
under diverse conditions due to the inherent complexity in
accurately measuring certain material constants and prop-
erties required by these equations.'” Furthermore, none of
the commonly used equations can accommodate the creep
rate across a wide range of temperature or stress values, nor
do they directly address the material’s anticipated behavior
under both lower and higher stress conditions concur-
rently. For instance, it has been reported that the mullite
fiber Nextel 720 shows a shift in stress exponent when
tested under stresses higher than 300 MPa at 1200°C." This
change of stress exponent is associated with changes in
the main creep deformation mechanisms, which cannot be
predicted with the Arrhenius creep rate equation.

Other methods for predicting the effects of mechanical
stress on materials at high temperatures are documented in
the literature. However, they also present significant chal-
lenges. For instance, thermo-mechanical simulations can
yield highly accurate predictions regarding the effects of
both temperature and stress.'”'* Nonetheless, a compre-
hensive model of the material’s characteristics and behav-
ior under the specified simulation conditions is required to
perform such simulations. This is particularly challenging
for novel materials such as ceramic fibers, as many of their
properties are difficult or costly to test. The use of machine
learning algorithms to create predictive curves or equa-
tions is also gaining significant attention in the literature.
This trend is attributed to the large array of available algo-
rithms, which are tailored to the complexity of the dataset;
not to mention that they can effectively process a large
volume of data.">"'” One significant drawback of machine
learning algorithms is that their predicted equations lack
physical correlation. Consequently, complex physical phe-
nomena such as creep in ceramic fibers can easily lead to
erroneous predictions or result in overfitting, in which the
generated curves are strongly associated with the specific
dataset rather than generalizing accurately across different
conditions.

The present work addresses the theoretical formulation
of the creep of ceramic fibers using dimensional analy-
sis. The main aim is to formulate a novel equation that

can predict the steady-state creep rate of ceramic fibers in
a wide stress range. For that, Almeida’s general parame-
ters for dimensional analysis'” are used together with the
introduction of an additional stress exponent to account for
the creep rate at higher applied stresses. Additionally, the
Arrhenius creep rate equation is derived through dimen-
sional analysis to exemplify the distinct general parameters
used in dimensional analysis. A comparative analysis is
subsequently conducted between the theoretical frame-
work and experimental results, allowing for the evaluation
of the predictive capabilities of each equation.

2 | DIMENSIONAL ANALYSIS

Dimensional analysis is a procedure algebraically formal-
ized by Buckingham to analyze and describe any physical
process or state.'® This procedure involves analyzing the
variables and constants of a problem in relation to their
fundamental dimensions to obtain a complete set of inde-
pendent dimensionless products. This allows us to produce
a dimensionally homogeneous equation. To apply dimen-
sional analysis to the creep of ceramic fibers, the main
variables and constants that relate to the problem must be
listed and their basic dimensions evaluated.

In the paper published by Almeida, et al.!” their pro-
posed equation presents a good fit to the experimental
data, while simultaneously offering much simpler vari-
ables to measure and control compared to the Arrhenius
creep rate equation and the power law equivalents. The
main parameters chosen by Almeida for the dimensional
analysis, along with their SI units, are shown in Table 1.

Where o is the stress applied to the fiber, G is the fibers
shear modulus, 0 is the temperature, 6, is a temperature
constant to account for temperature changes, Q is the creep
activation energy, R is the gas constant, b is the burgers vec-
tor, d is the grain size of the fiber, D, is a diffusion constant,
and ¢ is the creep rate. As for the dimensions: M is mass, L
is space, T is time, 0 is temperature, and N is the number
of molls.

To find the relation between the variables, the dimen-
sionless products (or 7 products) must be evaluated. The
Buckingham 7 theorem states that the number of dimen-
sional products (N,) is equal to the number of variables
and constants that describe the problem (N,) minus the
number of dimensions needed to express their dimen-
sional formulae (N).'>?° This relationship is expressed in
Equation (1):

N,=N,-Ny )

In this case, the number of variables (N,) is 10 and the
number of dimensions (N) is 5. Consequently, the number
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TABLE 1 Main parameters chosen and their SI units.
Variable name Variable symbol SI units Dimensions
Stress applied to the fiber [o] kg'm=1s72 ML™'T~2
Fiber’s shear modulus [G] kg'm=1s72 ML™T2
Temperature 6] K! o'
Temperature constant to account for temperature changes [6,] K! O
Activation energy of the creep [Q] kgm?s2K! ML?>T2N"!
Gas constant [R] kg'm?s2K~'mol~! ML*T267 N1
Burgers vector [b] m! L
Grain size of the fiber [d] m! L
Diffusion constant [Do] m?s~! LT !
Creep rate [€] st =t
€ o Q 00 d R 0 G b DO
M 0 1 1 0 0 1 0 1 0 0
L 0 -1 2 0 1 2 0 -1 1 2
T -1 -2 -2 0 0 -2 0 -2 0 -1
0 0 0 0 1 0 -1 1 0 0 0
N 0 0 -1 0 0 -1 0 0 0 0
FIGURE 1 Matrix MT where the first five columns are matrix and the final five columns (in blue) are matrix A and B.
€ o Q 00 d R 0 G b DO
nl 1 0 0 0 0 0 0 0 2 -1
n2 0 1 0 0 0 0 0 -1 0 0
n3 0 0 1 0 0 -1 -1 0 0 0
n4 0 0 0 1 0 0 =il 0 0 0
ns 0 0 0 0 1 0 0 0 -1 0
FIGURE 2 7 group matrix.

of dimensionless products equals five. These dimension-
less products can be determined using linear algebra, in
a process known as modern dimensionless analysis.'*%!
This method requires a matrix MT with rows representing
the variables and columns representing the dimensions of
the problem. Subsequently, matrix MT is subdivided into
two matrices, A and B. Matrix A has the same number
of rows as the dimensions of the problem and a nonzero
determinant, while matrix B is composed of the remaining
variables. In this specific case, the number of rows is iden-
tical for matrices A and B. The matrix MT for the creep
problem is represented in Figure 1.

The resulting 7 groups can be determined by a matrix
composed of an identity matrix of the same size as matrix
B, and a matrix composed of the negative transpose of the
inverse of matrix A multiplied by matrix B.'**! Referred to
as the 7 group matrix, each line in this matrix corresponds
to a distinct 7z group of the problem, illustrated in Figure 2.

Hence, the 7 groups of this problem are determined by
evaluating each line of the matrix as an exponent in their
respective variables, as listed in Equation (2):

7T1 = észO_l, 7T2 = O'G_l, 7T3 = QR_l 6_1,

7, =00,"", ms =db~! )

To obtain the proposed equation for creep, the funda-

mental equation of Buckingham 7 theorem represented by
Equation (3) is stated:

@ (71,702, 703, T4, T5) = 0 (3)

From the fundamental equation of the Buckingham =

theorem, each dimensionless variable can be manipulated

by a mathematical function while preserving its dimen-
sionless nature.'®!%??> Thus, Equation (4) is obtained by
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applying the exponential function to 73, the power func-
tion to 7, with exponents n and m, and 75 with the negative
exponent p from Equation (3):

@ (7, 7", exp (1/73) , 74, ws™P) = 0 4)

The grain size exponent p is associated with diffu-
sional creep. A p exponent of 2 corresponds to the
Nabarro—Herring model, that is, diffusion primarily
through volumetric diffusion inside the grains.? A p expo-
nent of 3 corresponds to the Coble model, indicative of
diffusion through grain boundaries.®!*?* The stress expo-
nent n can be related to multiple creep mechanisms
depending on the temperature and stress ranges, but can
be abstracted as the usual power law creep exponent for
low stresses. As previously mentioned, the main problem
on the determination of n lies on the fact that different
creep mechanisms can take place at different stress ranges.
Thus, the power law creep exponent can be divided into
different exponents. Hence, it is proposed here the inclu-
sion of another exponent m, which accounts for changes
in the creep deformation that are stress sensitive. In the
case described above, the n exponent behaves akin to the
power law creep exponent and can be determined through
fitting to experimental data, with the m exponent equal-
ing one in this scenario. Conversely, for high stresses,
the n exponent retains its value from the low-stress creep
mechanism, while the m exponent is fitted to the new
experimental data. This approach allows for the simultane-
ous visualization of both low- and high-stress mechanisms
in the equation. There are other equations in the litera-
ture that utilize a m exponent for creep, such as the Dorn
and the Norton creep equations.”* However, the m expo-
nent has no generalized meaning, contrasting with the n
exponent which is generally used as the power law expo-
nent or the p exponent which is used as the diffusional
exponent.!

Equation (5) is obtained by applying properties of
multivariable functions to Equation (4):

nm -p
on'= ()" () (¢) ()

Equation (6) is obtained by simple manipulation of the
variables of Equation (5):

. DybP~2g"™ ¢ RO
=0 - <_> (6)

€= Gnmdp Q_Oexp Q

To simplify the equation, two constants are defined: con-
stant C is an activation energy constant equal to R/Q and k

BERMAN ET AL.
is a material constant shown in Equation (7):
Dy bP~2
k=———0 (7)
9, Gnm

Substituting the defined constants in Equation (6), we
obtain the proposed general equation for the creep of
ceramic fibers:

nm

¢ = kL exp (CO) 8)

dpr

The proposed equation shows that the creep rate is pro-
portional to the material constants (k and C), to the stress
and to the temperature, while being inversely propor-
tional to the grain size of the material. These findings are
supported by other studies in ceramic fibers.”>~?® Further-
more, Almeida’s equation for the creep of ceramic fibers
is a specific form of the proposed equation finely tuned to
the creep of oxide ceramic fibers, where nm and p are both
equal to 3 as shown in Equation (9):

. 36
EAlmeida = k 5 SXP (€O) 9

The Arrhenius equation for creep can also be derived
through dimensional analysis. The chosen variables are
the same as Almeida’s, with the exception of removing 6,
and adding the Boltzmann constant (k;). Since the num-
ber of variables and dimensions remains unchanged from
the previous analysis, it will yield the same number of
dimensionless products. By repeating the linear algebra
procedure with the modified variables, the only 7 group
to differ will be the group containing the Boltzmann con-
stant, as represented in Equation (10). The remaining 7
groups will be the same as the ones previously found.

k6
= — 10
Ty Gb3 ( )
From the fundamental equation of the Buckingham =
theorem, Equation (11) is obtained by applying the expo-
nential function on 73 and the power function on 7, and
s

@ (1, 7y" exp (=73), 74", ws7P) = 0 (1

Equation (12) is obtained by applying properties of
multivariable functions to Equation (11):

—-p
p2p = 490 (2! (d
£b°Dy _Akb6<G> b 12)
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Equation (13) is obtained by simple manipulation of the
variables of Equation (12):

— ap-20, O (2 (D) ep (22
¢=ab Dokbe(G> <b) *Plzg) @

Equation (14) is the definition of diffusion:

D = Dyexp <%> (14)

Equation (15) is the Arrhenius equation for creep and is
obtained by substituting Equation (14) on Equation (13):

_ DGb o \"(b\"
€ Arrhenius =Am(6) <E> (15)

3 | DISCUSSION OF RESULTS AND
DATA FITTING

The investigations on creep conducted in this study uti-
lized the mullite fiber from Nextel 720, Lot. 10015, manu-
factured by 3 M corporation.”’ The fibers were extracted
from a 3000 denier bundle, which corresponds to 750
fiber filaments per bundle. Each filament has a diame-
ter ranging from 10 to 12 um. Nextel 720 is composed of
several misoriented mullite grains forming 500 nm mul-
lite mosaics with smaller a-alumina grains interspersed.®
To access the performance of the fibers under the appli-
cation conditions of oxide CMCs, tensile creep tests were
conducted on single filaments. The creep tests were per-
formed according to the standard DIN EN 15365.°C In this
procedure, the upper end of a single filament was attached
to the testing equipment, while the lower end of the fila-
ment was affixed to a weight applying constant load during
the creep test. An oven then heated the sample at a rate of 1
K/s to the target temperature. Finally, a capacitive noncon-
tact displacement transducer recorded the displacement of
the specimen. The specimens were tested until failure, or
until a run-out time of 50 h was achieved. An image of the
testing apparatus with the sample is shown in Figure 3.%
With the creep data of Nextel 720, conducted at temper-
atures ranging from 1373 to 1573 K with a constant creep
stress of 150 MPa, and knowing the initial grain size of
the fiber, the values of the constants k, n, and C can be
determined by data fitting. Given that the constant stress
falls within the low-stress range for this fiber type, the
constant m is fixed at 1. Initially, constant » is assigned a
value of 3, a recognized power law creep exponent in the
literature for this fiber under such stress and temperature
range.®'%1123 However, additional values within the range
of 1-7 are also examined to determine the optimal fit.

TECH

9

FIGURE 3 Creep testing apparatus.”

s Almeida's Experimental data

Eg.8, n =3, m =1, Stress = 150 MPa, R?=0.95901
259 ---- Eq.8Nn=2.97436,m=1
-------- EQ.8 n =3.02034, m=1

Strain rate (1/ps)
Ly = N
) ] o

o
5
!

o
o
!

1350 1400 1450 1500 1550 1600
Temperature (K)

FIGURE 4 Best fit of creep rate for constant 150 MPa stress by
the proposed equation.

The value obtained for kis 1.81 - 10>’ nm3/(MPa? - K - s)
and the value obtained for C is .0432 K~!, which corre-
spond to the values found by Almeida, et al.'” With these
values, the upper and lower limits of the values of n for
the experimental data are also determined, as shown in
Figure 4.

By utilizing the constants derived from the creep test
under a constant stress of 150 MPa, the proposed equation
can be easily used to predict values at different stresses and
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= Almeida's Experimental data % °1 Armani's Experimental data -
0.10 1 Proposed Eq.8 T=1473K, n=3, m=1, R2=0.76625 ,/’ Proposed Eq.8 T=1473K, n=3, m=1.8, R2=0.8546
’ ---- Proposed Eq.8 n =2.9362, m=1 1
-------- Proposed Eq.8 n = 3.08398, m =1 4
» 0.08 A —
3 [%)
3 <
° =
£ 0.06 g 7]
c 2
5 =
& 0.04 4 s
&2
0.02 4
1 -
0.00 -+ T T T T T T T T
140 160 180 200 220 240 260 280 300 i ; i ; i i . i
Stress (MPa) 360 380 400 420 440 460 480 500
Stress (MPa)
FIGURE 5 Prediction of creep rate for constant 1473 K
temperature by the proposed equation. FIGURE 7 Bestfit of the creep rate by the proposed equation

0.101 = Almeida's Experimental data .
Proposed Eq.8 T=1473K, n=3, m=1, R?=0.76625 .~
~~~~~~~~ Almeida's Equation R2=0.76625 ’

0.08 1 ---- Arrhenius Equation R2=0.76625

m

3

=)

o 0.06 -

c

£

£ 0.04 -

2]
0.02 4

140 160 180 200 220 240 260 280 300
Stress (MPa)

FIGURE 6 Almeida’s and Arrhenius prediction of the creep
data for constant 1473 K temperature.

at a constant temperature. The creep rate of Nextel 720 at
constant 1473 K and different stresses of 100-300 MPa were
calculated using the proposed equation and compared to
the experimental creep data under the same conditions
as shown in Figure 5. The proposed equation facilitates
the observation of limit values for the power law creep.
Notably, a more substantial variation in the n values is
observed at a constant temperature with varying stress lev-
els, as compared to the constant low-stress creep under
different temperatures depicted in Figure 4.

Figure 6 illustrates a comparison between the proposed
equation with the Arrhenius and Almeida’s equations for
fitting the same data. The three equations present an
equally good fit for the given experimental data, with all
equations presenting an R? value of .95902 for the creep
tests under constant 150 MPa stress, and an R? value of
76625 for the creep tests at constant 1473 K. Although
the Arrhenius and Almeida’s equations exhibit similar R?
values, it can be observed that the Arrhenius equation con-
sistently predicts higher values when compared to either
Almeida’s or the proposed equation of this work.

for Armani’s experimental creep data at constant 1373 K
temperature.!

In assessing the proposed m exponent for creep of Nex-
tel 720 in high-stress ranges, supplementary data from the
literature for the same fiber were used."!! The constants
C and n remain consistent with those obtained from the
previous experimental data, given the identical fiber com-
position. The exponent value m and the constant k of
Equation (8) are evaluated by best fit for the creep data
presented by Armani for the creep of Nextel 720 fibers at
constant 1475 K and multiple stresses (Figure 7). The k
constant had to be recalibrated for high stresses due to its
inherent dependence on the constant m as can be seen in

Equation (7). The optimal fit yields an m exponent value of
m

1.8, a k constant of 7.618 - 10_45"—3

MPa3-K-s
of .8546. Multiplying the obtained m exponent with the
previously obtained n exponent results in a value of 5.4,
closely approximating the literature’s power law equiva-
lent exponent of 5 for this fiber at the specified temperature
and stress range.!! As seen in Figure 7, the proposed equa-
tion can more generally describe the steady-state creep
rate, even at very different stress ranges. Studies using
other power-law creep equations often cannot describe the
creep rate over extensive stress ranges.®'*!' Compared to
the fit using Almeida’s experimental data at constant tem-
perature (Figure 6), it can be seen that the R? value is
higher with Armani‘s data (Figure 7). This can be related
to the smaller scatter in the cited data. Significant data
scatter is a common occurrence during the mechanical
characterization of ceramic fibers. This goes by the fact
that fiber handling and testing is a difficult task, which
can end up influencing the results. Furthermore, variance
between tested fibers can also lead to high scatter within
measurements.’! This further highlights the importance of
formulating a creep rate equation that can correctly predict
the data.

, with an R? value
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4 | CONCLUSIONS

Using dimensional analysis, a novel semi-empirical equa-
tion for the steady-state creep rate of ceramic fibers was
proposed. Furthermore, Arrhenius and Almeida’s equa-
tions for creep could also be derived by dimensional
analysis. The equation proved to be a useful tool to iden-
tify the relationship between the variables related to the
creep of ceramic fibers. The exponent m of the proposed
equation presents an easier method of evaluating the stress
exponent at higher stresses. While the exponent n can be
determined under a short range of stresses and constant
temperature, the value of m can be evaluated for other
stress ranges. This allows the equation to directly repre-
sent the main creep mechanism active in each stress range,
unlike other approaches.

The proposed equation was used to predict experimen-
tal data from the literature for the oxide fiber Nextel 720.
An overall good fit was obtained with adjusted R? val-
ues of .76—.96 depending on the testing conditions and
data scatter. Exponent m of 1.8 was calculated for Nex-
tel 720 fibers at high stresses and 1473 K. This indicates
that this fiber shows a change in main creep deformation
mechanism when tested at higher stresses. Considering
the determined exponent n of 3.0, the final power law expo-
nent at high stresses is 5.4, which is similar to the values
reported for Nextel 720 under such conditions.

Comparing the proposed equation with the well-known
Arrhenius creep equation, both show an equally good fit
considering the adjusted coefficient of variation. However,
the Arrhenius equation predicts consistently higher val-
ues of strain rate, which tend to the maximum values of
the data, while the proposed equation predicts lower strain
rate values for the same data. In this regard, the proposed
equation is more suitable to describe the creep rate over
bigger stress ranges.
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