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Abstract A fundamental feature of spectral graph theory is the correspondence between matrix and
graph. As a result of this relation, the characteristic polynomial of the graph can be formulated. This
research focuses on the power graph of dihedral groups using degree-based matrices. Throughout this
paper, we formulate the characteristic polynomial of the power graph of dihedral groups based on
seven types of graph matrices which include the maximum degree, the minimum degree, the greatest
common divisor degree, the first Zagreb, the second Zagreb, the misbalance degree, and the Nirmala
matrices.
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Introduction

Spectral graph theory begins with a correspondence between matrices and graphs, most prominently
the adjacency and Laplacian matrices. The main goals of spectral graph theory are to calculate or
estimate the eigenvalues of these matrices, and to create connections between the eigenvalues and
structural characteristics of the graph. It turns out that one useful tool when investigating graph theory
includes the spectral perspective.

Finite group theory currently has a high level of activity in investigating graphs defined as the elements
of a finite group. There has been extensive research on these graphs in the literature. A variety of graphs
are associated with groups, for example, Cayley graph, commuting graph, coprime graph and power
graph. A power graph of the group G is denoted by I}; and defined as a graph whose vertex set is all the
elements of G and two distinct vertices v, and v, are adjacent if and only if v} = v, or vg’ = v, for positive
integers x and y [5].

Recent research has focused on the power graph for some finite groups, as stated in [20]. It is
demonstrated that a degree formula can be derived for a vertex in the finite abelian group. Different group
has been discussed in [9], they focused on all nilpotent groups and presented the isomorphism of the
power graph. The study of the power graph of dihedral groups was performed by [4]. In addition, Kumar
et al. [10] have discussed a survey of the power graph for some finite groups. The fact that a power graph
is always a divisor graph is presented in [22].

In the present work, we focus on the non-abelian dihedral groups of order 2n, n > 3, denoted by D,,, =
(a,b: a™ = b? = e,bab = a~1) and its elements can be written as a’ and a’b [3]. Throughout this note,
we are concerned with [i; of D,, and denoted by I}, . The spectral property of I}, can be expressed in

10.11113/mijfas.v20n2.3357

328


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

MJFAS

Romdhini et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 20 (2024) 328-335

adjacency matrix, A(Ip,,) = [apq] Of size 2n x 2n, in which a,, =1, if v, and v, are adjacent, and
otherwise, it is zero. The characteristic polynomial of A(Ip,, ), Pa(ry, ) = |ALy, — A(ID,,)|, where L, is
the identity matrix of size 2n x 2n.

Many researchers are currently interested in studying the characteristic polynomial of graphs, for
instance, the signless Laplacian polynomial for simple graphs [13] and the characteristic polynomial
based on the Sombor matrix [14]. Moreover, the Laplacian spectrum of coprime order graph for finite
abelian p-group has been presented in [21]. Meanwhile, a discussion of characteristic polynomials based
on degree-based matrices applied to commuting and non-commuting graphs for D,, can be seen in
[15,16,17,18,19]. These results motivate us to investigate the characteristic polynomial of the power
graph of the dihedral graph associated with degree-based matrices.

Degree-based matrices have been introduced that involve the degree formulas of every vertex in a graph.
The definition of the maximum degree matrix of a graph can be found in [1]. A study of the minimum
degree matrix was performed by [2]. The greatest common divisor degree matrix has been defined in
[11]. Moreover, we can see in [12] that the Zagreb matrices are defined as two types of matrices.
Meanwhile, some definitions have also been presented, for instance, the misbalance degree [6] and the
Nirmala matrices [8].

The methodology involves the construction of degree-based matrices of I, , which include the maximum

degree, the minimum degree, the greatest common divisor degree, the first Zagreb, the second Zagreb,
the misbalance degree, and the Nirmala matrices. The next step is partitioning those matrices into block
matrices and formulating the characteristic polynomial. Therefore, we need to present one theorem to
simplify the characteristic polynomial of a particular matrix in the first main result.

Preliminaries

We study the power graph for D,,, I, . Suppose that d,,, as the degree of v;. The following theorem
presents d,,, for every v; on I, .

Theorem 2.1. [4] Let I, be the power graph for D,,,. Then
1.the degree of eon [}, isd, =2n—1

2. the degree of a‘ on Ip, isdgi=n—1for1<i<n-1,and
3.the degree of a’bon T}, isd,, =1,1<i<n

Suppose that G; = {e}, G, = {a’:1 < i <n -1}, and G; = {a’b: 1 < i < n} such that D,, = G; U G, U Gs.
It is shown that vertex e is adjacent to all other vertices in I}, . Every vertex in G, is adjacent to e and all
other members in G,. Meanwhile, all vertices in G3 are only adjacent to e [4].

The degree-based matrices are defined in the following definitions. They are the maximum degree,
minimum degree, greatest common divisor degree, first Zagreb, second Zagreb, misbalance degree,
and Nirmala matrices.

Definition 2.1. [1] The maximum matrix of I',, , denoted by Max(Ip,,) = [maqu] whose (p, q) —th entry
is
max {d,,p, d,,q} , ifv, # v, and they are adjacent

maxyq = {
0, otherwise.

Definition 2.2. [2] The minimum matrix of I}, , denoted by Min(Ip, ) = [min,q| whose (p, q) —th entry
is

minyg = {mm {d,,p, d,,q}, if v, # v, and they are adjacent

0, otherwise.

Definition 2.3. [11] The greatest common divisor degree matrix of I, , denoted by GCDD(Ip,, ) = [gpq]
whose (p, q) —th entry is

g = {g. c.d {d,,p, d,,q}, if v, # v, and they are adjacent

0, otherwise.
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Definition 2.4. [12] The first Zagreb matrix of I, , denoted by Z;(Ip,,) = [Z1pq] whose (p, q¢) —th entry

IS
d,,p + d,,q, if v, # v, and they are adjacent

Zy = { .
pa 0, otherwise.

Definition 2.5. [12] The second Zagreb matrix of I;,, , denoted by Z,(Ip, ) = [Zzpq] whose (p, q) —th

entry is
d,,p *dy,, ifv, # v, and they are adjacent

— q
Z2pqg = { ;
0, otherwise.

Definition 2.6. [6] The misbalance degree matrix of I, , denoted by MD(Ip, ) = [mdpq] whose (p, q) —th
entry is

d,, — dy,

0, otherwise.

mdpg = { , ifv, # v, and they are adjacent

Definition 2.7. [8] The Nirmala matrix of I},, , denoted by N(Ip, ) = [npq] whose (p, q) —th entry is

fpq = /dvp + dvq, if v, # v, and they are adjacent

0, otherwise.

To formulate the characteristic polynomial of degree-based matrices of I,, , we need the following result.

Theorem 2.2. [7] If a square matrix M = [21 g] can be partitioned into four blocks, where |A4| # 0, then
_|lA B - a1
M= CA-13| =|A||ID — CA™B].

For the formulation of the characteristic polynomial, elementary row and column operations must be
performed on a square matrix M. Now suppose that R; be the i-th row and R; be the new i-th row resulting
from a row operation on M. Also, let the i-th column as C; and C/ is the new i-th column obtained from a
column operation of M.

Main Results

We begin with the simple form of the characteristic polynomial of a square matrix that very useful for our
main results in this section.

Theorem 3.1. For a, b, ¢ are real numbers, the characteristic polynomial of the 2n x 2n matrix of

0 aJ1x(n-1) bJ1xn
M=|tm-1x1 €U —Dn-1 Om-1)xn
b]nxl Onx(n—l) On

can be simplified as

Py(D) =21+ o) 2(2% — c(n — 2)22 — (b?n + a?(n — 1))A + b%cn(n — 2)).

Proof.

Suppose that M is a 2n x 2n matrix as follows:
0 a a a b b b
a 0 ¢ c 0 O 0
a c 0 c 0 O 0

0 a]lx(n—l) bJixn R S . i
M= a](n—l)xl c(J = Dn-1 O(n—l)xn =la ¢ ¢ - 0 0 0 - O
blux1 Onx(n-1) 0, b 0 0 - 0 0 O0 - 0

b 00 - 0 0 O0 -0
l» 00 - 0 O O - Ol

Below is a determinant that represents the characteristic polynomial for M,
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4 —J1x(n-1) —bJixn
Py(A) = _a](n—l)xl A+ oy — Jn1 O(n—l)xn .
—Anx1 Onx(n—l) Al

By applying the row and column operations:
1. Ryyi4i = Ruyr4i —Rpyrforl<isn-—1;
2. Cpiq = Cuyq + Coyq + -+ Cop;

3. Cl=C+ %cm;

4. Ry, =R, ;—R,forl1<i<n-2

5. C;=C+C3++Cp.

Then we obtain

2 2
2 _Ab = —a(n-1)  —ahixm-2 —bn =bJix(n-1)
—a A=—c(n—2) —clixm-2) 0 01x(n-1)
Py =10m-2yx1  Onzyxa A+ Om-2x1 Om-2yxn-1)|* ™)
0 0 01x(n-2) A O1x(n-1)

O—)x1 Om—ix1 Om-1yxm-2) Om-1)x1 Alp_q

A2-b%n
—0 —a(n—1)

—a A—-c(n-2)

(;l + C)In—z O(n—z)xn
Onx(n—z) Aln

—-a _ —-bn —b _
By Theorem 2.2 with A = Jix(n-2) Jixn-1)

B = '
s CJixn-2y O O1x(n-1) 2x(2n-2)

C =0@n-2)x2: D = ‘ , then we have

(2n-2)x(2n-2)

A2 —b%n
Py (1) = |AlID| = 1 —a(n—1) A+ )2 qn
—a A—c(n-2)

=21 A+ o)™ 2(2% = c(n— 2)22 — (b?n + a?(n — 1))A + b%en(n — 2)).
|

The following results present the characteristic polynomial of maximum degree, minimum degree,
greatest common divisor degree, first Zagreb, second Zagreb, misbalance degree, and Nirmala matrices
of Ip, .

Theorem 3.2. The characteristic polynomial of the maximum matrix of I, is
PMaX(FDZn)(A) =11 A+n-1D)" 2 (B - (n-2)(n—- 122 - 2n— 121+ n2n— 1)*(n—2)(n — 1)).

Proof.

Let I, be a power graph of D,, = G; UG, U G, where G, ={e}, G, ={a,a?--,a"'}, and G; =
{b,ab,a?b,---,a™ 'b}. We know that vertex e is adjacent to all other vertices in Iy, . Every vertex in G, is
adjacent to e and all other members in G,. Meanwhile, all vertices in Gz are only adjacent to e. From
Theorem 2.1 we have d, =2n—-1,dui=n—-1,1<i<n-1,and d,;, =1, 1 <i <n. Based on this
information and Definition 2.1, the maximum matrix for I}, is a 2n X 2n matrix as follows:

e | a a? weoa™l b ab - a" b
e J.0__12n=1 2n—-1 - 2n—-12n=1 2n—-1 -:_ 2n-—1]
Zn—l: 0 n—1 n—1 0 0 0
a? Zn—l: n—1 0 n—1 0 0 0
1 H I .
Max(ly,) = n-t 2n—-1 n—-1 n-1 0o ! 0 0 0
b [Zn=17770 0 T o T T 0 T (.
ab {Zn—1| 0 0 0 | 0 0 0
: ! : : : . :
a"‘lb—Zn—l: 0 0 0 | 0 0 0

The maximum matrix of I;, can be expressed as the block matrix
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0 @n—Dlixm-1y @n—1Djixn
Max(FDZn) = (ZTL - 1)](11—1)><1 (Tl - 1)(] - I)n—l O(n—1)><n
@n—=DJnx1 Onxmn-1) 0n

By Theorem 3.1 witha = b = 2n — 1 and ¢ = n — 1, we derive the characteristic polynomial of Max(FDzn)
as given below:

Prax(ry, )W) =" @A+n— D" (A - (n—2)(n - D2 - 2n - D2+ n2n - D*(n - 2)(n - D).
m]

Theorem 3.3. The characteristic polynomial of the minimum matrix of I, is
Prin(ry, ) = "1 (A +n— DB -(n-2)(n— DA - (n+ 2n—-1)2?Mn—-1)A+n(n—-2)(n—1)).

Proof.
The minimum matrix definition from Definition 2.2 gives the minimum matrix for I, as a 2n X 2n matrix:
e | a a? - a*' b ab - a™'b
e ] 0 ,n=1 n-1 - n-1;1 1 . L]
a n—-1, 0 n—1 n—1,0 0 0
a? n—-1,n-1 0 n—-1,0 0 0
Minfba) = gt fn-1in-1 n-1 -~ 0 10 0 - 0]
b 1 . 0 0 0o ;0 O 0
ab 1 7 0 0 0o ;0 O 0
a™1h 1 1 0 0 0 |0 O 0
The minimum matrix of I;,, can be stated as the partition matrix
0 (= Dixn-1 Jixn
Min(FDZn) =[(n—DJm-1)x1 (n=1D(J — Dp-y Omn-1)xn|-
]nxl Onx(n—l) On

By using Theorem 3.1 witha =n —1,b = 1, and ¢ = n — 1, therefore, we obtain:

Prin(ry, ) = "1 (A +n— DB -m-2)(n— D22 - (n+ (n—1)>A+nn—-2)(n—1)).

Theorem 3.4. The characteristic polynomial of the greatest common divisor degree matrix of I, is
Péepp(rp,,)D) = A" (A +n - D" 2B -(n-2)(n-1DA2-2n—1DA+nn—-2)(n—1)).

Proof.
According to Definition 3.3, the greatest common divisor degree matrix for I, is a 2n X 2n matrix as
follows: i

e a 2 a1t b ab -+ a¥'b
e [ 0, 1. 1o 1.1 1 -~ 17
a 1, 0 n—1 n—-10 0 - 0
a? 1 n-1 0 n—10 0 - 0
GOPIon) = grr 11 in1 -1 - 0 o0 0 0]
b 1, 0 0 0 0 O 0
ab 1! 0 0 0 '0 0 0
a®'p 1] o0 0 0 0 0 0
The greatest common divisor degree matrix of I,, can be expressed as
0 ]1><(n—1) ]1><n
GCDD(Ip,, ) = Jn-xa (M= DU = Dn-1 On-1yxn .
]nxl Onx(n—l) On

Therefore, by Theorem 3.1 with a = b =1, and ¢ = n — 1, we derive the following formula:

Peepp(ry,,)D) = A" (A +n - D" 2B - (n—-2)(n— D22 - 2n—-DAi+nn—2)(n—1)).
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Theorem 3.5. The characteristic polynomial of the first Zagreb matrix of I, is

Pz, (rp, ) = A+ 2n=2)" (A —2(n—2)(n— DA% — (4n® + Bn—2)*(n— 1)A + 8n(n— 2)(n — 1)).
Proof.
By Definition 2.4, we can construct he first Zagreb matrix for I',, as a 2n X 2n matrix as follows:

e | a a? a** b ab - a™* b
e [0 !3n-2 3n-2 - 3n-2!2n 2n_ - 2m]
a 3n=2""0 n=2 n=210 0 0
@2 [3n=2'2n—-2 0 2n—210 0 0
H I H 1 Z
Hoa) = gnt |sn2i2n-2 2n-2 |
b 2n” 0 0 0 100 0
ab 2n 0 0 0 '0 0 0
; P : ! ;
avp L oon 10 0 0 '0 0 0

The first Zagreb matrix of I, can be partitioned into block matrices

0 Bn—2))ixm-1 21 1xn
Z1(FD2n) = [(Bn = 2)/m-1)x1 @2n—=2)J — Dp-1 On—1)xn|-
Zn]nxl Onx(n—l) On

By using Theorem 3.1 with a = 3n — 2, b = 2n, and ¢ = 2n — 2, thus we get:
Pz, (rp, ) =A""1(A+2n - 2B -2(n—-2)(n— 1A% — (4n® + B3n—2)’(n — 1)NA+8n3(n —2)(n— 1)).

a

Theorem 3.6. The characteristic polynomial of the second Zagreb matrix of I, is
Py, (1, ) D) = A+ -DH 2B - (m—-2)(n- 12— (2n—- 1D (n+ (n— 1)°NA+n2n—1)%(n - 1)*(n — 2)).

Proof.
By using Definition 2.5, the second Zagreb matrix for I, is a 2n x 2n matrix as follows:

e : a a? a1 ) ab v g™ 1p
e [ U 2n-1(n-1) @n-Dn-1) - @n-1©n-1) 2n—-1 2n—-1 - 2n—1
a |Cn-1n-1)! 0 (n—1)? (n—1)? 10 0 0
a2 [en-1Dm-1)! (n-1)2 0 (n—1)2 ) 0 0
Z(Ib,) = n- s E s E E i
o amHen-Dm-D (=D (=12 o 0. ___ L0 (I O
b 2n—1 | 0 0 0 o 0 0
ab 2n—1 | 0 0 0 L0 0 0
a™ bl 2pn-—1 | 0 0 0 ) 0 0

The next step is to express the second Zagreb matrix of I,, as the block matrix as given below:

0 @n—-1D( = Dfix@p-1y @Cn—1))1xn
Z, (rnzn) =|@2n—-1)" - DJn-1x1 (n =120 = Dyt On-1)xn
(27’1 - 1)]nx1 Onx(n—l) On
Consequently, by applying Theorem 2.1 witha = (2n—1)(n—1), b =2n—1, and ¢ = (n — 1)%, we can
obtain:
PZz(szn)(’D =1"1A+ (n— 1)2)"‘2(/13 —(n=-2)(n-122 - (2n—-1D*(n+ (n-1D3NA+n2n- D (n- 1) (n- 2)).

[m]

Theorem 3.7. The characteristic polynomial of the mishalance degree matrix of I, is

Pup(rp, ) = A2"72(A% —n(n — 1)(5n — 4)).
Proof.
The misbalance degree matrix for I, is a 2n X 2n matrix can be provided following Definition 3.6. It is
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e 1a a® - atl p ab o a1p
e [ 0 imm - mi2n=2 2n-2 - 2n-2]
a n 100 070 0 0
a? n 10 0 0. 0 0 0
. . 1 . 1 .
H H 1 H 1 :
MP(Too) = gno| 3 lo 0 0l 0 0 0
b |2n=210 0 0, 0 0 0
ab 12n—=210 0 0. 0 0 0
. . 1 . 1 .
H H [ H . HEN | H
avpl2n—-210 0 - 0.1 0 0 0
1
The misbalance degree matrix of I',, can be expressed as the block matrix
0 Wixm-1y (@n—2)]1xn
MD(FDZn) =| Wa-nx1 051 On-1)xn
(Zn - 2)]n><1 Onx(n—l) On

By Theorem 3.1 with a = n, b = 2n — 2 and ¢ = 0, we get the following formua:
Prp(ry,, ) = 2" 2(A? —=n(n — 1)(5n — 4)).

m]
Theorem 3.8. The characteristic polynomial of the Nirmala matrix of I, is
Pu(rp, ) () = 171+ V2n = 2)"% (23 = V2n = 2(n — 2)22 = (2n* + (3n.— 2)(n — D)+ 2n*V2n — 2(n - 2)).
Proof.
According to Definition 2.7, we obtain the Nirmala matrix for I, as a 2n x 2n matrix:
e L a a? a1 b ab - a™'b
e [ . 0 _iV3n—-2 V3n—2 . 3n—21V2n_N2n .- \2n]
V3n-2' 0 2n-2 2n—-21 0 0 0
2 |\V3n—2'vV2n-2 0 2n—2' 0 0 0
N(Dp, ) = P 5 ! :
(os0) = s V3n—2 V2n—-2 2n-2 0 10 0 0
b Van 10 0 0 10 0 0
ab | V2n ' 0 0 L0 0 0
a” bl \on ' 0 0 0o ! 0 0 0
The Nirmala matrix of I, can be expressed as the following block matrices
V3n — 2[1xn-1) Van 1xn
N(FDZ,, V3n — ](n px1 V2n=2(J = Dp_1 Om—nyxn|-
\/_]nxl Onx(n—l) On
Hence, by Theorem 3.1 witha =v3n -2, b = V2n and ¢ =2n — 2, we get
Pu(ry, )W) = A1 + V2 = 2)"2 (2 = Van=2(n - 2)22 - 2n? + (3n - 2)(n — D)1 + 2n*VZn — 2(n - 2)).
m]

Conclusion

In this note, we present the characteristic polynomial of a square matrix to simplify the process for
formulating the determinant. We have shown the characteristic polynomial of the power graph of D,,,
n = 3, based on the maximum degree, the minimum degree, the greatest common divisor degree, the
first Zagreb, the second Zagreb, the misbalance degree, and the Nirmala matrices.
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