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A B S T R A C T

A steady flow of carbon nanotubes (CNTs) nanofluids and heat transfer past a horizontally moving thin needle
are investigated under the influence of magnetohydrodynamic (MHD). Single-walled CNTs (SWCNTs) and multi-
walled CNTs (MWCNTs) are the two main nanoparticles that represent CNTs. The slender needle moves relative
to the flow with parallel velocity in either the same or opposite direction. Using the similarity method, a system
of partial differential equations (PDEs) subject to boundary conditions is converted into nondimensional ordinary
equations (ODEs). The ODEs are then reduced to a first-order ODEs system and solved using the MATLAB R2022b
bvp4c solver. On a numerical scale, the impacts of varying potential parameters, such as the magnetic, CNTs’
volume fraction, and moving parameters, on the velocity and temperature profiles, the skin friction, and heat
transfer coefficients are investigated. Utilising response surface methodology (RSM), the optimisation of the
response based on numerical experimentation of physical quantities is performed. The outcomes are depicted
using tables and a graphical approach. Results indicate the existence of dual solutions when the needle travels in
the opposite direction. Moreover, the increase in the magnetic parameter by 100% in the flow will increase both
the skin friction and heat transfer coefficients by nearly 30% and 4%, respectively. Furthermore, when the value
of the CNTs volume fraction increases by 100%, the heat transfer rate increases substantially by almost 33%.
However, doubling the size of the thin needle can significantly reduce the skin friction coefficient by nearly 32%.
RSM results demonstrate that the maximal heat transfer coefficient is generated at the highest values of the
magnetic and CNTs’ volume friction parameters and the lowest value of the needle size parameter. Findings also
show that SWCTNs are superior to MWCNTs both in the skin friction and heat transfer coefficients. When
comparing the performance of water and kerosene, we find that water is less effective as a base fluid than
kerosene.

1. Introduction

The use of nanofluids (NFs) to enhance the thermal properties of
various devices with electronic cooling systems, such as heat exchangers
and radiators, intrigues many researchers. As an example of a non-
Newtonian fluid, this fluid has thermo-physical features that beat the
characteristics of Newtonian liquids, which include water and oil. NFs
have been synthesized from various nanomaterials, including metallic
(see Refs. [1,2]) and non-metallic materials (see Refs [3,4]), by blending
themwith a regular fluid using the single- or two-phase method. Ibrahim
et al.’s review article [5] provided strong evidence for the claim that NFs

have advantageous effects in applications since the first discovery of NFs
by Choi and Eastman [6]. This team looked at multiple data sets and
came to the conclusion that the thermo-physical properties of NFs, such
as their specific heat, viscosity, and thermal conductivity, were great for
making the heat transfer process work better. Despite NFs’ impressive
thermal management performance, Sajid et al. [7] remarked that the
intricacy of NFs’ viscosity makes it challenging to explain its behaviour
using a mathematical approach. Therefore, it becomes essential to
construct mathematical models for examining the flow of nanofluids and
improving our understanding of their behaviour. In order to provide a
range of outcomes and solutions, the model must take into account the
fluid motion across various geometric shapes and effects. Several

* Corresponding author.
E-mail addresses: nazrul_lan@usas.edu.my, ilmulight.86@gmail.com (N. Azlan Abdul Samat), norfifah@upm.edu.my (N. Bachok), norihan@upm.edu.my (N. Md

Arifin).
1 Co-author:

Contents lists available at ScienceDirect

Ain Shams Engineering Journal

journal homepage: www.sciencedirect.com

https://doi.org/10.1016/j.asej.2024.102833
Received 7 February 2024; Received in revised form 28 March 2024; Accepted 15 April 2024

mailto:nazrul_lan@usas.edu.my
mailto:ilmulight.86@gmail.com
mailto:norfifah@upm.edu.my
mailto:norihan@upm.edu.my
www.sciencedirect.com/science/journal/20904479
https://www.sciencedirect.com
https://doi.org/10.1016/j.asej.2024.102833
https://doi.org/10.1016/j.asej.2024.102833
https://doi.org/10.1016/j.asej.2024.102833
http://crossmark.crossref.org/dialog/?doi=10.1016/j.asej.2024.102833&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/


Ain Shams Engineering Journal 15 (2024) 102833

2

researchers, such as those in Refs. [8–13], have accomplished their goal
of creating mathematical models for nanofluids flow. To build models,
scientists have been utilised various nanofluids models, including
Buongiorno’s model (see Refs. [14–17]) and Tiwari and Das’s model
(see Refs. [18–22]).

Concerns about mitigating climate change have increased demand
for products that are favourable to the environment. However, scientists
have encountered challenges in selecting eco-friendly nanomaterials for
the preparation of NFs in order to promote green applications. With
variations of nanomaterials from metallic, non-metallic, and carbon-
based, NFs can work effectively by dispersing them in based fluids.
According to various investigations, carbon nanotubes (CNTs) have been
identified as one of the most promising candidates for environmentally
harmless nanoparticles. Recent research by Mahmood et al. [23] indi-
cated that CNTs have been the most developed nanostructures for more
than two decades due to their wide availability on earth and eco-
friendliness.

Besides, CNTs also have excellent physical and thermal characteris-
tics, as Aladag et al. [24] showed experimentally the advantages of using
CNTs in water-based systems for generating a high shear rate. The other
experimental work performed by Arya et al. [25] demonstrated an in-
crease in the heat transfer coefficient by incorporating CNTs nanofluids
into the cooling system. Hence, to prepare productive and eco-friendly
nanofluids for heat transfer applications, CNTs should be selected as
the nanoparticles of highest preference.

Ijima [26] created the first multi-walled carbon nanotubes
(MWCNTs) in 1991 and single-walled carbon nanotubes (SWCNTs) two
years later. SWCNTs and MWCNTs have grown to be the most prevalent
types of CNTs, with numerous experiments and mathematical models
investigating their behaviour. The demand for manipulating them for
research purposes has increased as a result of the compelling evidence
provided by Afrand et al. and Ali et al. [27,28]. This team listed SWCNTs
and MWCNTs at the top of the list of commonly used nanoparticles with
thermal conductivities of 6600 (W/m K) and 3000 (W/m K),
respectively.

A number of scientists have come up with numerous models of the
flow of CNTs nanofluids over diverse geometries and the effects within
the flow. Yasir et al. [29] stated that studying the flow across slender
needles has become attractive numerical research because laboratory
experiments face significant limitations in accurately visualising the

velocity and temperature profiles. By implementing a numerical
approach, scientists may estimate both profiles, which are key factors in
evaluating flow dynamics. Numerous industrial pieces of equipment,
including in the biomedical and engineering fields, currently incorpo-
rate the use of slender needles. Since Lee [30] was the first to carry out
an analytical and numerical investigation of boundary layers over a thin
needle in 1967, far too little attention has been paid to the flow of CNTs
nanofluids over a thin needle. Souayeh et al. [31] described the thin
needle as being an asymmetrically parabolic and curved object. How-
ever, Shafiq et al. [32] distinguished the various dimensions of thin
needles by proposing three variables of thin needle wall shapes: pa-
raboloid, cone, and cylinder. Utilising SWCNTs suspended in ethylene
glycol, this model determined that, when compared to the other needle
bodies, the cylindrical needle was the most efficient tool for transferring
heat. Contrary to Shafiq et al.’s work [32], Kumar et al. [33] found that
the paraboloid surface offered the best heat transfer performance.

Tlili et al. [34] emerged as one of the groups actively investigating
the flow of CNTs nanofluids. They made a model of CNTs flow by taking
into account the production of entropy and nonlinear thermal radiation
in a Darcy-Forchheimer porous medium and assuming that the thin
needle is a movable object. Using water as the base fluid, the study
discovered that the size of the needle and Hall current parameters
affected the velocity profile. Singh et al. [35] also took into account the
influence of needle size. Based on this model, the rate of transport was
considerably reduced with an increase in the dimensionless needle size,
and the shear stress decreased with an increase in the dimensionless
needle size. Gul et al. [36] also contributed to the research project on
CNTs nanofluids by executing a model with magnetic effect and viscous
dissipation examinations. In contrast to the thickness of the boundary
layers, they noticed that the thin needle reacts rapidly to a rise in heat
transfer rate over the surface of the thin needle. The scientific papers by
Afridi et al., Sreedevi et al., and Nayak et al. [37–39] serve as examples
of how other researchers have focused on the flow of CNTs over a thin
needle.

The vast amount of literature on the flow of CNTs nanofluids has
focused on water as the base fluid. As for what role base fluids play,
Bharat et al. [40] looked into it and came to the conclusion that they had
a big effect on the thermal properties of NFs and could help make NFs
better at conducting heat. This phenomenon prompted Salleh et al. [41]
to evaluate various CNTs-based fluid models (water and kerosene) over

Nomenclature

Pr Prandtl number
T Constant temperature
U Constant velocity
M Magnetic parameter
c Needle size
Nux Local Nusselt number
Rex Local Reynolds number
Cf Skin friction coefficient
Res Response
u,v Velocity components
x Axial coordinates
r Radial coordinates

Subscripts
w Condition on needle surface
∞ Ambient condition
nf Nanofluids
f Base fluid
CNT Carbon nanotubes
SWCNT Single-walled carbon nanotubes

MWCNT Multi-walled carbon nanotubes
A Response for SWCNTs
B Response for MWCNTs

Greek Symbols
α Thermal diffusivity
μ Dynamic viscosity
ρ Density
B Magnetic field
ψ Non-dimensional stream function
η Non-dimensional thickness
Cp Specific heat
σ Electrical conductivity
k Thermal conductivity
A Distance
ν Kinematic viscosity
ϕ CNTs volume fraction
λ Moving parameter
λc Critical value
∊ Error term
α Thermal diffusivity
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a moving thin needle. They discovered that kerosene-based CNTs
demonstrated the highest skin friction coefficient and heat transfer rate
when compared to water-based CNTs. They also demonstrated the ex-
istence of non-unique solutions by reversing the direction of the needle.

From the literature, to date, we have not yet found the exploration of
CNTs nanofluids flow past a horizontal moving thin needle under the
influence of magnetohydrodynamic (MHD) using different base fluids.
This research has chosen CNTs as the main nanoparticle due to their
excellent thermophysical properties and eco-friendly material compared
to other regular nanoparticles. We also observe that CNTs have been
applied below 4 % (SWCNTs: 1 % and MWCNTs: 2 %) in the area of
improving thermal performance, as reported by Olia et al. [42]. The
utilisation of CNTs in small applications has motivated us to further
study their potential for investigating the behaviour of fluid flow and
heat transfer. The challenge of picking between SWCNTs or MWCNTs to
improve heat transmission on various surfaces also serves as a driving
force for conducting this model. In previous studies, Anuar et al. [43]
conducted research that concluded that MWCNTs were the most effec-
tive type of CNTs. In contrast, Samat et al. [44] achieved results that
contradicted the findings of Anuar et al. [43]. Aziz et al. [45] found that
water is the most commonly used base fluid, accounting for approxi-
mately 87 % of nanofluids preparations. However, we are looking for a
substitute for the traditional fluid that incorporates CNTs. Therefore, our
proposal is to utilise kerosene in combination with CNTs and conduct a
numerical comparison of the performance between water and kerosene.
Aziz et al. [45] discovered that the preparation of nanofluids using
kerosene is on a small scale, accounting for nearly 2 %. This opportunity
allows us to further explore the flow behaviour of CNTs nanofluids with
kerosene and fill a research gap in this field. To explain MHD, according
to Ibrahim et al. [46], we can classify it as a magnetic parameter that can
increase the skin friction coefficient of the surface. Ahmad et al. [47]
found that MHD is a particularly fascinating subject of investigation due
to the potential impacts of magnetic fields on the boundary layer flow.

As a result of previous research on how CNTs flow over a thin needle,
we are deciding to broaden the work from Salleh et al. [41] by incor-
porating a new effect, the MHD effect, as a result of previous research on
CNTs flow over a thin needle. The current investigation differs from
those by Salleh et al. [41], as they did not take into account the MHD
effect on the flow when governing the model and did not perform an
optimisation procedure for the heat transmission. The magnetic

parameter term employed in our model is distinct from that of Gul
et al.’s approach [36].

The main purpose of constructing this model is to determine the
types of solutions and the expansion of their range as a result of the MHD
effect. We also observe the effect of MHD on the flow behaviour within
the boundary layer by evaluating the point at which the separation of
the boundary layer occurred. Based on the previous models, the pro-
duction of dual solutions enables researchers to precisely estimate the
detachment of the boundary layer.

To generate the approximate numerical solutions, MATLAB R2022b
bvp4c with a particular tolerance is coded and used. In order to meet
practical requirements, the efficacy of CNTs on physical quantities is
measured by computing the skin friction coefficient and the local Nus-
selt number. Different parameters that may influence the coefficient of
skin friction and heat transmission, especially MHD effect, are analysed,
and the results are represented graphically.

Response surface methodology (RSM) is used to find the best solution
for important physical quantities after the numerical experiment has
been run. This is the last step in our research methodology. Most
research has carried out stability analysis; there is very little scientific
publication on performing the optimisation approach on numerical ex-
periments. Motivation to enhance the model’s quality: Minitab is chosen
as a statistical and mathematical testing instrument for the coded model
after recognising several factors and their responses.

Before we begin our investigation, we outline the following objec-
tives for this exploration:

• To develop a mathematical model for the flow of CNTs nanofluids
across a moveable thin needle using two distinct based fluids (water
and kerosene).

• To transform the model that consists of partial differential equations
into non-dimensional ordinary differential equations using the sim-
ilarity transform method.

• To identify the region where the dual solutions occur for the desired
solutions.

• To create a predictive flow separation model using the dual solutions
due to the various parameter modifications.

• To examine the way in which changes in the size of the thin needle
and magnetic parameters affect the growth of the desired solutions.

Fig. 1. Schematic model.
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• To investigate a number of factors influencing the skin and heat
transfer coefficients.

• To generate the second-order regression models using three factors.
• To maximise the heat transfer coefficient of CNTs nanofluids based
on three factors using RSM.

2. Mathematical formulation

To construct this model, we referenced a number of sources from
Yasir et al., Salleh et al., Salleh et al., and Aladdin et al. [29,48–50]. In
order to clarify the physical model as illustrated in Fig. 1, we establish
the following assumptions:

• The formulation of the model is based on Tiwari and Das’s model.
• This model covers two-dimensional (2D)x and r coordinate
orientations.

• We set r, where r symbolizes the radial coordinates in cylindrical
form and perpendicular to the thin surface.

• The thin needle is assumed to be immersed in two different CNTs
nanofluids: CNTs nanofluids/water and CNTs nanofluids/kerosene.

• The flow of CNTs nanofluids is characterized by steady, incom-
pressible, and laminar flows.

• The movable thin needle across the fluid motion under the MHD
effect.

• By following the previous study from Mabood et al. [51], the
thickness of the thin needle is adjusted to be smaller than that of the
thermal and momentum boundary layers over it.

• Two horizontal dimensions of the movement of the thin needle are
either portrayed in the same direction (λ > 0) or in the opposite di-
rection (λ < 0).

• This paraboloid needle is also surrounded by a constant temperature,
Tw and a constant ambient temperature, T∞, where T∞ < Tw.

• The movement of this needle is at composite velocity, U = U∞ +Uw
as stated in Khan et al. [52], where Uw and U∞ are velocity constants.

• The heat is transferred through free convection.

• The thermal properties of the chosen CNTs and the base fluids are
depicted in Table 1.

We modify the works of Salleh et al. [41] and Salleh et al. [49] by
inserting the MHD term into the momentum equation. To keep novelty
of the work, we customise the MHD term introduced previously by
Salleh et al., Alahmadi et al., and Asshaari et al. [48,55,56]. Hence, we
develop a mathematical formulation that is compatible with our model
as follows:

∂
∂x (ru)+

∂
∂r (rv) = 0 (1)

u
∂u
∂x+ v

∂u
∂r =

μnf
ρnf

1
r
∂
∂r

(

r
∂u
∂r

)

+
σnf

ρnf
B2(U − u), (2)

u
∂T
∂x + v

∂T
∂r =

αnf

r
∂
∂r

(

r
∂T
∂r

)

. (3)

The complete boundary conditions are written as follows:

u = Uw, v = 0, T = Tw at r = R(x),
u→U∞, T→T∞ as r→∞.

(4)

The velocity elements are defined by u and v, which move along the (x, r)
directions. Thex − axis is determined along the surface and ther − radial
axis was normal to thex − axis. The term of μnf/ρnf are written as νnf =

μnf/ρnf , where νnf is the effective kinematic viscosity. The constant B is
the magnetic field, as in Samat et al. [57], applied to the fluid flow such
that B = B0

̅̅̅
x

√
. The thermal correlations of CNTs nanofluids are

depicted in Table 2.
In an effort to decrease the complexity of the computation proced-

ures, the nonlinear partial differential equations (PDEs) in Eqs. (2) – (3),
are transformed into non-dimensional ordinary equations (ODEs). In the
conversion procedure, we utilise the following similarity variables
proposed by Salleh et al. [41] and Aladdin et al. [61]:

η =
Ur2

νf x
,ψ = νf xf (η), r = R(x) =

̅̅̅̅̅̅̅̅̅
νf ηx
U

√

, θ(η) = T − T∞

Tw − T∞
, (5)

where ψ represents the dimensionless stream function depending on η.
The transformation of u and v, which reflect the velocity components in
2D to dimensionless components are expressed in the following forms:

u =
1
r
∂ψ
∂r , v = −

1
r
∂ψ
∂x . (6)

Implementing the similarity variables as expressed in Eq. (5), PDEs in
Eqs. (2) – (3) are transformed into ODEs of the following forms:

2
A1

A2
(ηf ″′ + f″)+ ff ″ +

A3

A2
M(1 − 2f ′) = 0, (7)

2
Pr

A4

A5
(ηθ″ + θ′)+ f θ′ = 0, (8)

where the function of f depends on η.With respect to η, the derivatives of
f″′, f″, f′, θ″, and θ′ are also computed. The termM can be denoted asM =

σf
ρf

B20
2U (Yasir et al. [29]). The following expressions can be used for

composing the terms Ai, i = 1,2,⋯, 5:

A1 =
μnf
μf

,A2 =
ρnf
ρf

,A3 =
σnf
σf

,A4 =
knf
kf
,A5 =

(
ρCp
)

nf(
ρCp
)

f

(9)

Eqs. (7) – (9) are subjected to the transformation boundary conditions as
follows:

Table 1
The thermo-physical characteristics of CNTs and the based fluids at room tem-
perature, as studied by Nayak et al., Aladdin et al., Khan et al., and Dinarvand
et al. [39,50,53,54].

Thermophysical properties Nanoparticles Base fluids

SWCNTs MWCNTs Water Kerosene

Density, ρ (kg/m3) 2600 1600 997 783
Specific heat, Cp (J/kg K) 425 796 4179 2090
Electrical conductivity, σ (S/
m)

1.0×
108

3.5× 106 5.0×
10− 2

5.0×
10− 11

Thermal conductivity, k (W/
m K)

6600 3000 0.613 0.145

Table 2
The thermo-physical correlations of CNTs nanofluids, as in Dinarvand et al.,
Dinarvand et al., Xue, Oztop et al., and Dinarvand et al. [18,54,58–60].

Properties Correlations

Dynamic viscosity μnf =
μf

(1 − ϕ)2.5

Density ρnf = (1 − ϕ)ρf + ϕρCNT
Heat capacity

(
ρCp
)

nf = (1 − ϕ)
(
ρCp
)

f + ϕ(ρCP)CNT
Thermal conductivity

knf = kf

((1 − ϕ) + 2ϕ
kCNT

kCNT − kf
ln
kCNT + kf

2kf

(1 − ϕ) + 2ϕ
kf

kCNT − kf
ln
kCNT + kf

2kf

⎞

⎠

Electrical conductivity

σnf = σf

⎛

⎝1+
3ϕ
(σCNT

σf
− 1
)

(σCNT
σf

+ 2 −

(
σCNT
σf

− 1
)

ϕ
)

⎞

⎠
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f ′(η) = λ
2
, f (η) = λ

2
c, θ(η) = 1 at η = c,

f ′(η) = −

(
λ − 1

2

)

, θ(η) = 0 as η→∞,

(10)

where c is the dimensionless needle size.
Next, we set up the skin friction coefficient, Cf , and the local Nusselt

number, Nux, as follows, since one of our primary objectives is to
examine how different parameters influence the efficiency of heat
transmission:

Cf =
τw

ρf U2,Nux =
xqw

kf (Tw − T∞)
, (11)

where τw and qw are the surface shear stress and the heat flux, respec-
tively. The terms τw and Nux can be expressed as

τw = μnf /μf
(
∂u
∂r

)

at r = c,

qw = − knf /kf
(
∂T
∂r

)

at r = c
(12)

To complete the forms of τw and qw in Eq. (12), the terms T from Eq.
(5) and u from Eq. (6) are differentiated with respect to r. The results
from these differentiations are substituted into Eq. (12). After some
rearranging of Eq. (12), hence, Eq. (12) becomes

Cf (Rex)1/2
=

4
(1 − ϕ)2.5(c)

1/2f″(c),

Nux(Rex)− 1/2
= − 2

knf
kf
(c)1/2θ′(c),

(13)

where Rex = Ux/νx represents the local Reynolds numbers. According to
Roy et al. [62], the Nusselt number is a crucial factor that can enhance

Model 
Formulation 

(Nonlinear PDEs)

Numerical
Solutions

Similarity 
Solutions

(Nonlinear ODEs)

Similarity Solution Method:
Transforming PDEs to ODEs

MATLAB R2022b bvp4C:
Transforming ODEs to numerical results

(a) Part I: Numerical procedures.

(b) Part II: RSM.

Design of 
Experiment

(DOE)

Optimal
Solutions

Predictive Model 
(Quadratic 

Regression Model)

Face Centered Central Composite 
Design: 3 factors and 1 response

Optimizer Response:
The heat transfer coefficient

Fig. 2. Computational approaches to the model.

Table 3
The matrix of significant parameters into the coded
symbols.

Parameters Coded Symbols

ϕ x1
M x2
c x3

Table 4
The validation with previous works.

The size of
needle,c

Ali et al.

[4]

Salleh et al.
[41]

Waini et al.

[71]

Present
Study

The size of
needle,c

Ali et al.

[4]

Salleh et al.
[41]

Waini et al.

[71]

Present
Study

0.01 26.59396 26.599394 26.599394 26.599394
0.05 − − − 6.726245
0.10 3.70711 3.703713 3.703714 3.703713
0.20 2.005421 2.005424 2.005427 2.005424
0.25 − − − 1.634343
0.30 − − 1.377147 1.377142
0.40 − − − 1.040475
0.01 26.59396 26.599394 26.599394 26.599394
0.05 − − − 6.726245
0.10 3.70711 3.703713 3.703714 3.703713
0.20 2.005421 2.005424 2.005427 2.005424
0.25 − − − 1.634343
0.30 − − 1.377147 1.377142
0.40 − − − 1.040475
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the rate of heat transfer.

3. Method of solution and code validation

To be able to solve the model, we implement two parts of the
computational strategies, as depicted in Fig. 2. Part I involves numerical
procedures using the bvp4c programme in MATLAB R2022b. To opti-
mise the heat transfer rate, in Part II, we utilise response surface

methodology (RSM) by using three parameters. The parameters are
selected based on the effects emphasised by Eqs. (7) – (10) and Tiwari
and Das’s model, specifically the volume fraction of CNTs, ϕ.

3.1. Numerical scheme

The similarity solutions (Eqs. (7) – (10)) that are produced for this
model deal with a higher-order ODEs system. In order to solve the

Fig. 3. Variation of (a) f″(c) and (b) − θ′(c) with different M and λ for SWCNTs/water.

N. Azlan Abdul Samat et al.
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nonlinear ODEs system numerically, Abbas et al. [63] stated that the
higher-order ODEs required being converted into first-order ODEs.
Hence, the nonlinear higher-order ODEs system expressed in Eqs. (7) –
(10) are converted to nonlinear first-order ODEs before operating the
codes numerically. The first-order ODEs are structured in the expres-
sions below:

= y(5),

f (η) = y(1), f ′(η) = y(2), f ″(η) = y(3), θ(η) = y(4), θ′(η)

f ″′(η) = −
1
η

[

y(3) +
1
2
A2

A1

(

y(1)y(3) +
A3

A2
M(1 − 2y(2)

)]

θ″(η) = −
1
η

[

y(5) +
Pr
2

A5

A4
(y(1)y(5) )

]
(14)

The boundary conditions in first-order ODEs are written as

ya(1) −
λ
2
c = 0, ya(2) −

λ
2
= 0, ya(4) − 1 = 0,

yb(2) +
(
λ − 1

2

)

= 0, yb(4) = 0,
(15)

where a describes η = c and b defines η→∞. The bvp4c function built
into MATLAB can be used to compute the first order in Eq. (14) and the
boundary conditions in Eq. (15). Khan et al. [64] believed that the bvp4c
function, utilising a finite difference method, is one of the finest ways to
solve first-order ODEs. This package has also applied an adaptive mesh
solver to solve the ODEs model. Ali [65] also noticed that it can provide
a platform that is efficient in terms of computational processes. We
anticipate that the numerical solutions, under specific parameters, will
produce two solutions: an upper branch and a lower branch. To generate
them, we construct the codes using varying initial guess values to satisfy
the boundary criteria in Equation (15). Because the initial guess values
for the lower solution (second solution) are harder to guess compared to
the upper solution (first solution), we organised the continuing codes to
estimate the set of solutions. To set up the maximum η, which symbolises
η→∞, we select η up to 60 depending on the control values of the pa-
rameters. To attain the convergence criterion of the velocity and tem-
perature profiles, the iterated computing procedure is performed at
tolerance limit 10-6.

3.2. Optimisation procedure using RSM

During the development of the model and execution of the numerical
experiment, several significant independent variables, often referred to
as factors, have an impact on the physical quantities, also known as
responses. The analysis of the relationship between variables and their
responses may be conducted using several optimisation programs,
including RSM. According to Lamidi et al. [66], RSM is widely recog-
nised as an excellent experimental design technique. This is because it
facilitates the fabrication of a highly robust design of experiments (DOE)
instrument, which is crucial in generating optimisation outcomes. The
success of RSM may be attributed to its capacity to effectively use
mathematical and statistical techniques in analysing the correlation
between various factors and corresponding outcomes.

The application of RSM can accomplish the objective of maximising
the heat transfer process by investigating the local Nusselt number
resulting from the use of distinct factors. The adoption of RSM can
effectively achieve the objective of optimising the heat transfer process
by examining the local Nusselt number obtained from the imple-
mentation of various influential factors.

This model is fitted using a second-order response surface model, as
this model has the potential to produce optimal solutions from the
curvature surface. The expression for the second-order polynomial
regression equation, which includes three controllable variables that
maximise the response, Res = y(x1, x2, x3) = NuxRe− 1/2x can be struc-
turally formulated as follows:

Res = b0 + b1x1 + b2x2 + b3x3 + b12x1x2 + b13x1x3 + b23x2x3 + b11x2
1 + b22x2

2

+ b33x2
3 + ∊,

(16)

where Res, x1, x2, x3, and ∊ denote the response (outcome), the first
factor, the second factor, the third factor, and the error term, respec-
tively. The term b0 is the overall mean response, and the regression
model coefficients are represented by b1, b2, b3, b11, b12, b13, b22, b23, and
b33.

The three key components that have a potential impact on the per-
formance of heat transmission are the CNTs nanoparticle volume frac-
tion, ϕ denoted as ‘x1’, the magnetic parameters, M marked as ‘x2’, and
the needle size, c labelled as ‘x3’. The matrix of three filtered parameters
into the coded characters is illustrated in Table 3. The selection of these

Fig. 4. Variation of (a) f″(c) and (b) − θ′(c) with different c and λ for
SWCNTs/water.
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Fig. 5. Effect of different values of M on the (a) velocity and (b) temperature profiles using various η and for SWCNTs/water.
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Fig. 6. Effect of different values of c on the (a) velocity and (b) temperature profiles using various η and for SWCNTs/water.
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independent components is based on the most significant parameter in
Tiwari and Das’s model, which is ϕ, as well as on Eqs. (7) – (10), which
represent the variables M and c.

The first factor, denoted as x1, can potentially be used to characterise
the impact of the nanoparticle volume fraction in either SWCNTs

nanoparticles or MWCNTs nanoparticles. So, the experimental designs
are based on two different responses, ResA and ResB, which are the heat
transfer responses for SWCNTs and MWCNTs, respectively. ResA and
ResB can be illustrated as

Fig. 7. Influence of different values of M on the (a) local skin friction and (b) heat transfer coefficients using various ϕ for SWCNTs/water and SWCNTs/kerosene.
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Fig. 8. Influence of different values of c on the (a) local skin friction and (b) heat transfer coefficients using various ϕ for SWCNTs/water and MWCNTs/water.
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ResA = ySWCNT(x1, x2, x3) =

⎛

⎜
⎝NuxRe−

1
2

x

⎞

⎟
⎠

SWCNT

, (17)

ResB = yMWCNT(x1, x2, x3) =

⎛

⎜
⎝NuxRe−

1
2

x

⎞

⎟
⎠

MWCNT

. (18)

The evaluation of heat transfer performance between SWCNTs and
MWCNTs can be determined by analysing the ResA and ResB outcomes.

In order to construct a design matrix that adheres to established re-

quirements, it is necessary to precisely determine the number of trials,
N. As the design involves two levels of design, the term N can be
computed by using the formula below:

N = 2F + 2F+C, (19)

where F stands for the number of factors and C belongs to the centre
points.

We use the approach that several studies, including Mahanthesh
et al., Jawairia et al., and Yahaya et al. [67–69], have used to construct

Table 5
Arrangement of coded symbols and uncoded parameters in three categories.

Parameters Coded Symbols Levels

High[ + 1] Medium [0] Low[ − 1]

ϕ x1 0.03 0.02 0.01
M x2 0.3 0.2 0.1
c x3 0.3 0.2 0.1

Table 6
Variation settings for coded symbols and uncoded parameters and responses for
SWCNTs and MWCNTs.

Trials Coded Symbols Uncoded Parameters Responses

x1 x2 x3 ϕ M c ResA ResB

1 − 1 − 1 − 1 0.01 0.1 0.1 3.2861 3.2260
2 1 − 1 − 1 0.03 0.1 0.1 4.5112 4.3111
3 − 1 1 − 1 0.01 0.3 0.1 3.3810 3.3191
4 1 1 − 1 0.03 0.3 0.1 4.6391 4.4334
5 − 1 − 1 1 0.01 0.1 0.3 2.8918 2.8354
6 1 − 1 1 0.03 0.1 0.3 4.0551 3.8629
7 − 1 1 1 0.01 0.3 0.3 2.9789 2.9208
8 1 1 1 0.03 0.3 0.3 4.1723 3.9748
9 − 1 0 0 0.01 0.2 0.2 3.0500 2.9920
10 1 0 0 0.03 0.2 0.2 4.2377 4.0421
11 0 − 1 0 0.02 0.1 0.2 3.5594 3.4383
12 0 1 0 0.02 0.3 0.2 3.6643 3.5398
13 0 0 − 1 0.02 0.2 0.1 3.9483 3.8192
14 0 0 1 0.02 0.2 0.3 3.5141 3.3915
15 0 0 0 0.02 0.2 0.2 3.6236 3.5004
16 0 0 0 0.02 0.2 0.2 3.6236 3.5004
17 0 0 0 0.02 0.2 0.2 3.6236 3.5004
18 0 0 0 0.02 0.2 0.2 3.6236 3.5004
19 0 0 0 0.02 0.2 0.2 3.6236 3.5004
20 0 0 0 0.02 0.2 0.2 3.6236 3.5004

Table 7
ANOVA for the heat transfer coefficient using SWCNTs.

Source DF Adj SS Adj MS F-Value P-Value

Model 9 4.25970 0.47330 7423.42 0.000
Linear 3 4.18693 1.39564 21889.76 0.000
x1 1 3.68158 3.68158 57743.19 0.000
x2 1 0.02421 0.02421 379.66 0.000
x3 1 0.48114 0.48114 7546.44 0.000
Square 3 0.06919 0.02306 361.72 0.000
x1 × x1 1 0.00133 0.00133 20.82 0.001
x2 × x2 1 0.00028 0.00028 4.34 0.064
x3 × x3 1 0.03287 0.03287 515.49 0.000
2-Way Interaction 3 0.00359 0.00120 18.77 0.000
x1 × x2 1 0.00007 0.00007 1.05 0.330
x1 × x3 1 0.00347 0.00347 54.35 0.000
x2 × x3 1 0.00006 0.00006 0.91 0.364
Error 10 0.00064 0.00006
Lack-of-Fit 5 0.00064 0.00013 * *
Pure Error 5 0.00000 0.00000
Total 19 4.26034

Table 8
ANOVA for the heat transfer coefficient using MWCNTs.

Source DF Adj SS Adj MS F-Value P-Value

Model 9 3.38056 0.37562 22126.47 0.000
Linear 3 3.31928 1.10643 65176.03 0.000
x1 1 2.84196 2.84196 167410.52 0.000
x2 1 0.02644 0.02644 1557.51 0.000
x3 1 0.45088 0.45088 26560.06 0.000
Square 3 0.05912 0.01971 1160.84 0.000
x1 × x1 1 0.00076 0.00076 44.49 0.000
x2 × x2 1 0.00036 0.00036 21.15 0.001
x3 × x3 1 0.03025 0.03025 1781.65 0.000
2-Way Interaction 3 0.00217 0.00072 42.54 0.000
x1 × x2 1 0.00039 0.00039 22.84 0.001
x1 × x3 1 0.00174 0.00174 102.35 0.000
x2 × x3 1 0.00004 0.00004 2.41 0.151
Error 10 0.00017 0.00002
Lack-of-Fit 5 0.00017 0.00003 * *
Pure Error 5 0.00000 0.00000
Total 19 3.38073

Table 9
The reduced model of the heat transfer coefficient using SWCNTs.

Source DF Adj SS Adj MS F-Value P-Value

Model 6 4.25930 0.70988 8885.83 0.000
Linear 3 4.18693 1.39564 17469.68 0.000
x1 1 3.68158 3.68158 46083.42 0.000
x2 1 0.02421 0.02421 303.00 0.000
x3 1 0.48114 0.48114 6022.63 0.000
Square 2 0.06891 0.03446 431.29 0.000
x1 × x1 1 0.00106 0.00106 13.29 0.003
x3 × x3 1 0.03566 0.03566 446.35 0.000
2-Way Interaction 1 0.00347 0.00347 43.38 0.000
x1 × x3 1 0.00347 0.00347 43.38 0.000
Error 13 0.00104 0.00008
Lack-of-Fit 8 0.00104 0.00013 * *
Pure Error 5 0.00000 0.00000
Total 19 4.26034

Table 10
The reduced model of the heat transfer coefficient using MWCNTs.

Source DF Adj SS Adj MS F-Value P-Value

Model 8 3.38052 0.42257 2,205,970 0.000
Linear 3 3.31928 1.10643 55760.12 0.000
x1 1 2.84196 2.84196 148362.09 0.000
x2 1 0.02644 0.02644 1380.29 0.000
x3 1 0.45088 0.45088 23537.98 0.000
Square 3 0.05912 0.01971 1028.75 0.000
x1 × x1 1 0.00076 0.00076 39.43 0.000
x2 × x2 1 0.00035 0.00036 18.75 0.001
x3 × x3 1 0.03025 0.03025 1578.93 0.000
2-Way Interaction 2 0.00213 0.00106 55.48 0.000
x1 × x2 1 0.00039 0.00039 20.25 0.001
x1 × x3 1 0.00174 0.00174 90.71 0.000
Error 11 0.00021 0.00002
Lack-of-Fit 6 0.00021 0.00004 * *
Pure Error 5 0.00000 0.00000
Total 19 3.38073
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Fig. 9. Contour (a) − (c) plots of the heat transfer using SWCNTs/water for
various interactions between parameters.

Fig. 10. Surface (a) − (c) plots of the heat transfer using SWCNTs/water for
various interactions between parameters.
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Fig. 11. Contour (a) − (c) plots of the heat transfer using MWCNTs/water for
various interactions between parameters.

Fig. 12. Surface (a) − (c) plots of the heat transfer using MWCNTs/water for
various interactions between parameters.
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the experimental design. They performed RSM adopting the face-
centred central composite design (CCF). This design generally involves
setting the value of A = 1, where A represents the distance between the
star points and the centre. To modify the original numeric values into
the coded values, we assign the coded values of + 1, 0, and − 1 to
represent the largest, middle, and smallest values of the factors,
respectively. This enables us to incorporate the responses into the ma-
trix, which displays the data in a coded format.

The validation of the design is conducted using the analysis of
variance (ANOVA) technique. The results of the P-value test, which
adhere to the generally accepted limit of 0.05 or below, demonstrate
that the model has statistical significance in accordance with the find-
ings of Samat et al. [70]. Finally, the optimising step is executed using
the response optimiser. Optimal outcomes of responses are deemed
acceptable when the desired function value reaches a level close to 1 or
100%.

3.3. Testing for code validation

To assure the precision and uniformity of our programming codes,
we conduct tests by comparing them with multiple models that focus on
the flow of boundary layer nanofluids across slim needles. The previous
models by Ali et al., Salleh et al., and Waini et al. [4,41,71] serve as the
foundation for the validity of the numerical calculation. We employ the
similar parameter values of M = 0, λ = − 1,ϕ = 0, and Pr = 1, which
were examined by Ali et al., Salleh et al., and Waini et al. [4,41,71] in
order to generate the reduced skin friction, f″(c). However, we expand
the range of values for c beyond Ali et al., Salleh et al., and Waini et al.
[4,41,71]. The values of c at 0.05, 0.25, and 0.40 were previously
selected by Singh et al. and Ibrar et al. [35,72]. These values of c have
potential for future reference for code validation. The comparable f″(c)
values are illustrated in Table 4. The results of f″(c) give us a high degree
of confidence in the accuracy of our codes. This motivation has led us to
continue our analysis of finding the required solutions.

4. Results and discussion

This section presents the numerical and optimisation solutions ob-
tained using the bvp4c function in MATLAB and the RSM approach,
respectively. In accordance with Eqs. (7) − (10), the parameters M, c,
and λ are designated as the primary parameters in this model. The range
of M is defined inside the domain 0 ≤ M ≤ 0.2, which was determined
by Aladdin et al., Sharma et al., and Rehman et al. [50,73,74]. When
determining the values of c, we follow the range defined by Ali et al.,
Salleh et al., and Waini et al. [4,41,71] in their reputable studies. To
classify the area of λ, we refer to Salleh et al. [41]. The values of λ that
correspond to the movement of the thin needle are set towards two
distinct flows: the same direction flow (λ > 0) and the opposite direction
flow (λ < 0). Since the model is based on Tiwari and Das’s model, we
also take into account the effect of ϕ on the analysis of fluid flow and

heat transfer characteristics. Kumar et al. [33] discovered that the values
of ϕ were applied at low concentrations in nanofluids. By following the
established values of ϕ recommended by Zhou et al. [75], the variable ϕ
varies from ϕ = 0 to ϕ = 0.1. For the purpose of presenting the out-
comes, we employ both graphical and tabular approaches.

4.1. The reduced skin friction, f″(c), and heat transfer − θ′(c)

The evaluation of the solutions for f″(c) and − θ′(c) in response to the
change in , c, and λ is shown in Fig. 3, Fig. 4, respectively. By referring to
the previous studies carried out on the magnetic effects by Sharma et al.
and Rehman et al. [73,74], it is possible to develop Fig. 3 with a satis-
factory range of the variableM. The value ofM varies from 0 to 0.04. We
consider the M value less than 0.1 in order to potentially generate a
coupled solution for f″(c) and − θ′(c) as recommended by Aladdin et al.
[50]. The parameters c, Pr, and ϕ are assigned a fixed value of 0.1, 6.2
(representing water), and 0.02, respectively. We combine SWCNTs and
water for producing SWCNTs/water nanofluids. The arrangement of all
the values mentioned above generates two distinct branches, namely the
upper (solid line) and lower (dot line) branches for f″(c) and − θ′(c), in
the specific region λ. The duality solutions are actively created when
λ < − 1 until f″(c) and − θ′(c) reach λc, where λc can be denoted as the
critical value of λ. However, f″(c) and − θ′(c) produce only one solution
(the first solution) if the thin needle passes in the same direction (λ > 0).
Based on Salleh et al.’s model [41], the first solution is considered stable
and potentially accepted for physical applications and operated for
optimisation. However, they found that the second solution is unstable.

The generation of dual solutions is crucial for properly foreseeing the
occurrence of boundary layer separation. Estimating flow separation
through experimentation is challenging. A lot of the equipment used in
engineering processes requires a longer duration in the laminar phase in
order to stabilise fluid motion. Therefore, we utilise a numerical method
to determine the separation point by examining its variation in response
to changes inM. From Fig. 3, the increase in theM from 0 to 0.04 on the
flow results in a reduction in the range of solutions for f″(c) and − θ′(c)
and also speeds up the separation of the boundary layer. This event is
similar to what Kraszewska et al. [76] discussed about the acceleration
of the transition from laminar to turbulence (boundary layer separa-
tion). Farahani et al. [77] summarised that the presence of a magnetic
effect produces a Lorentz force, resulting in the generation of a strong
magnetic field within the fluid flow. This leads to a faster transition from
laminar to turbulent flow.

A similar outcome of f″(c) and − θ′(c) is produced as in the previous
analysis when the values of c are arranged differently in ascending order
from c = 0.09 to c = 0.10. This phenomenon can be seen in Fig. 4, with
M locked at a value of 0.01. The increase in the needle size leads to a
drop in the range of f″(c) and − θ′(c). The separation of the boundary
layer occurs at a quicker rate when the value of c has a positive upward
trend until reaching a certain level. According to Waini et al. [71], an
increase in c leads to an increase in the interaction between the surface
of the needle and the fluid particle. Consequently, the velocity of fluid
motion rises, causing the flow separation to accelerate. In describing the
type of solutions in Fig. 4, there is no solution for situations when the
first and second solutions cross at λc and λc has to deal at a level lower
than λc.

4.2. The velocity and temperature profiles

With the intention to visually illustrate the utilisation of the defined
methods for constructing the dimensionless boundary conditions, as
described in Eq. (10), we provide illustrative depictions in Fig. 5, Fig. 6.
The analysis is conducted at constant values of Pr, ϕ, and λ using
SWCNTs/water nanofluids. As we can see in Fig. 5, an increase inM can
result in distinct responses to the first and second solutions. The rise inM
from 0 to 0.02 can reduce the fluid velocity for the first solution.

Table 11
Response optimisation solution for the heat transfer rate using SWCNTs.

Response Solution ySWCNTFit CompositeDesirability

x1 x2 x3

ySWCNT 1 1 − 1 4.64155 1

Table 12
Response optimisation solution for the heat transfer rate using MWCNTs.

Response Solution yMWCNTFit CompositeDesirability

x1 x2 x3

yMWCNT 1 1 − 1 4.42901 0.997252
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Adversely, the second solution displays an upward trend for the velocity
profile, indicating a favourable outcome. The opposite trend also can be
detected for the first and second solutions for the temperature profiles.
The first solution induces a growth in the temperature profile due to an
increase in M. This outcome is in line with Motozawa et al.’ [78]
experiment. As reported by Motozawa et al. [78], the inclusion of a
magnetic field into the fluid flow had a beneficial effect on the trans-
mission of heat.

The impact of c on the velocity and temperature profiles can be
illustrated in Fig. 6. The boost in c can decrease and increase the velocity
and temperature profiles for the first solution, respectively. However,
due to the increase in c, the second solution displays profiles that
contradict the first solution.

Upon analysing Fig. 5, Fig. 6, it becomes obvious that the numerical
findings gathered exhibit notable characteristics of asymptotic conver-
gence. Based on Fig. 5, Fig. 6, we can also conclude that the first solution
has a narrower profile compared to the second solution.

4.3. The physical quantities

To determine the ideal base fluid, we conduct an analysis to calculate
the skin friction coefficient and the local Nusselt number for both
SWCNTs/water nanofluids and SWCNTs/kerosene nanofluids. The
parameter M undergoes a transition from M = 0 to M = 0.2, and the
value of Pr alters from 6.2 (water) to 21 (kerosene). The value of ϕ spans
from 0 to 0.1, while the other parameters remain fixed at λ = 0.2 and c =

0.1. The manifestation of this phenomenon is shown in Fig. 7. Fig. 7
shows that the performance of kerosene is better than that of water in
both the skin friction coefficient and the local Nusselt number. Another
observation is that the increment of about 15% in the skin friction co-
efficient and around 2% in the local Nusselt number for SWCNTs/water
nanofluids and SWCNTs/kerosene nanofluids can be achieved success-
fully by increasing the value ofM by 50%. In addition, when the value ϕ
doubles, the skin friction increases by approximately 5 % and the heat
transfer coefficient improves by nearly 33 %.

To compare the effectiveness of SWCNTs andMWCNTs as depicted in
Fig. 8, which are both suspended in water, we manipulate the parameter
of needle size within the range of c = 0.1 to c = 0.3 while maintaining a
constant value of Pr = 6.2. The effects of M and λ are kept at a value of
0.01 and 0.3, respectively. From Fig. 8, we can highlight the increase in
both the skin friction coefficient and the local Nusselt number for
SWCNTs/water and MWCNTs/water due to a decrease in c. The skin
friction and heat transfer coefficients rise by roughly 16 % and 9 %,
respectively, with a 50 % drop in thin needle size. The scenario arises
because a smaller needle provides a greater surface area and hence
achieves improved contact with the surrounding materials. Hence, the
heat transfer rate is enhanced for smaller needle. Moreover, it has been
consistently verified through Fig. 8 that SWCNTs excel over MWCNTs
for both the skin friction and heat transfer coefficients.

4.4. The optimal heat transfer rate

The process of finding the optimal solutions due to the three different
parameters that are mentioned in Subsection 3.2 begins with arranging a
comprehensive tabulation of the factors that comprise the uppermost,
intermediate, and lowermost values, as depicted in Table 5.

By replacing F = 3, and C = 6 in Eq. ((19), 20 trials are conducted for
the experiment, and the data are listed in Table 6. Table 6′s data are used
to conduct ANOVA to determine the experiment’s significance. The re-
sults of the ANOVA are shown in Tables 7, 8.

Due to the fact that some of the sources in Tables 7, 8 have the
P-value greater than 0.05, these sources are eliminated. By dropping the
sources from Tables 7, 8, these tables have become the reduced model as
depicted in Table 9, 10. The symbol * that displayed in Tables 7-10 in-
dicates the value is too small to be tabulated.

After the significance test is reconducted and all resources are suf-

ficiently satisfied based on the statistical method, the data from Tables 9,
10 become valid to be tested for optimising responses. As the statistical
requirements are fulfilled, Eqs. (17) – (18) turn into expressions in order
to set up the predictive model of the heat transmission rate both for
SWCNTs and MWCNTs as follows:

ySWCNT = 3.62166+ 0.60676x1 + 0.04920x2 − 0.21935x3 + 0.01821x2
1

+ 0.10556x2
3 − 0.02081x1x3,

(20)

yMWCNT = 3.50043+ 0.53310x1 + 0.05142x2 − 0.21234x3 + 0.01657x2
1

− 0.01143x2
2 + 0.10487x2

3 + 0.00696x1x2 − 0.01474x1x3.
(21)

From Eqs. (20) – (21), we can see that these models are composed of
linear, interactions between parameters and have quadratic forms on the
heat transfer coefficients. The interaction between parameters can be
illustrated using contour plots and surface plots, as in Figs. 9-12. These
models have a probability of delivering optimal solutions precisely
because of their quadratic structure.

Due to the confidently performing the final step of finding optimi-
sation, response optimiser that is supported by Minitab is applied to
identify the optimum combination of parameter in order to obtain the
maximum heat transfer for both SWCNTs and MWCNTs. As observed in
Tables 11, 12, when the desirability function is near 100 percent (100 %
for ySWCNT and 99.73 % for yMWCNT), the maximum heat transfer rate can
be attained by setting M and ϕ to their high values, M = 0.3 and ϕ =

0.03, while c is set to the low level at c = 0.1. Tables 11, 12 also point
out that SWCNTs possess a higher heat transfer rate than MWCNTs,
where this result consistently holds the argument from the numerical
experiments that were performed before in Subsection 4.3.

5. Conclusion

In this present paper, the impact of MHD on the flow has been
considered when investigating the CNTs nanofluids flow over a moving
and horizontally slender needle. The adjustment of the significant pa-
rameters leads to the following conclusions regarding the boundary
layer’s and heat transfer’s behaviour, physical quantities, and the
optimal solution:

i. If the thin needle moves in the opposite direction, where λ < − 1,
then non-unique solutions are constructed.

ii. The increase in M and c reduce the range solutions f″(c) and
− θ′(c).

iii. When M and c decrease, it is permissible to prolong boundary
separation.

iv. Increasing the value of M about 100 % in CNTs nanofluids flow
can increase both skin friction and heat transfer coefficients by
nearly 30 % and 4 %, respectively.

v. Lowering the value of c twofold in the flow of CNT nanofluids can
increase the heat transfer coefficient by approximately 18 % and
the skin friction coefficient by around 32 %.

vi. Rising 100 % in the value of ϕ can boost 5 % and 33 % of the skin
friction and heat transmission coefficients.

vii. Both in terms of skin friction and heat transfer coefficients,
kerosene produces superior results to water.

viii. With a close to 100 % desirability value, numerical experiments
and RSM results indicate that the heat transmission coefficient of
SWCNTs is greater than that of MWCNTs.

ix. The maximum value of the heat transfer rate is generated whenM
and ϕ are at the highest level and c is at lowest level.

We can come to the conclusion that our findings significantly
contribute to the fields of mathematical analysis, thermal management,
and engineering. To extend our models, it is possible to develop a three-
dimensional (3D) model of CNT flow over a thin needle. Furthermore,
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the numerical results provided in this model can be compared to the
experimental results for a better illustration of flow and heat transfer
behaviour.
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