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AsstrACT. This paper examines the spectral properties of the power graph of the generalized quaternion
group. We focus on the characteristic polynomial of the graph associated with adjacency, Laplacian, and
signless Laplacian matrices.
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INTRODUCTION

There are various types of spectral graph theory, including adjacency, Laplacian, and signless
Laplacian matrices. An analysis of the spectrum of these matrices can provide information regarding
the graph. In this paper, the spectra properties of the power graph are examined, one of the finite
groups that may be represented by graphs.

A power graph of the group G is denoted by I' and defined as a graph whose vertex set is all the
elements of G and two distinct vertices v, and v, are adjacent if and only if v} = v, or vy = v, for
positive integers « and y [4]. Further discussion on this topic can be found in Alj, et al. [2] which
discussed some topological indices of the power graph of dihedral and generalized quaternion groups.
Meanwhile, the degree of a vertex of this graph is presented by Sehgal and Singh [7].

Several authors have presented the spectral problem of the graph, including the commuting and
non-commuting graphs for the dihedral group, which can be seen in [8-11]. Accordingly, Romdhini et

al. [12] investigated the spectra theory of the power graph for dihedral groups. Therefore, this research
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aims to formulate the characteristic polynomial of the power graph for the generalized quaternion
group associated with adjacency, Laplacian, and signless Laplacian matrices.

This paper is structured as follows: Section 1 introduces the aim of our research. In Section 2,
we provide an overview of important background information that will be utilized throughout this
work. Moving on to Section 3, we investigate the characteristic polynomial of the power graph for the

generalized quaternion group. Lastly, in Section 4, we conclude the main results of this research.

1. PRELIMINARIES

In this section, we present some fundamental definitions and preliminary concepts that will be

consistently applied throughout the entirety of our work.

Definition 1.1. [5] Generalized quaternion group (Q4,) with n > 2 is defined by
<a, bla* =e,a" = b*, b tab = a*1> )

Throughout the discussion, we denote I'y,,, as the power graph of Q4,,. Now, we divide Q4,, into three
sets for further discussion. Let Vi = {e,a"}, Vo = {a’b: 0 <i<2n—1},and V3 = {a’ : 1 <i < 2n}\V1.
It is clearly that |V1| = 2, |[V2| = 2n and |V3]| = 2n — 2.

Furthermore, Ali et al [1] have described the degree of every vertex in I'g,, which are beneficial to

construct the Laplacian and signless Laplacian matrices of I'g,,,. It is presented below:

Theorem 1.2. [1] Let I'q,, be a power graph of Q4, and deg(v) be the degree of vertex v, then
(1) deg(v) =4n —1,Yv € V,
(2) deg(v) =3,Yv € V3,
(3) deg(v) =2n—1,Yv € V3.

The foundational theories of the adjacency, Laplacian, and signless Laplacian matrices of I'g,,, are

presented below.

Definition 1.3. [3] The adjacency (A) matrix of I'g,,, denoted by A(I'g,,,) = [ai;], where

1, ifv; # v; and they are adjacent
CLZ']' =
0, otherwise.
To construct matrices in Definition 1.4 and 1.5, we need the definition of the degree matrix of I'g,,, .
It is defined as the diagonal matrix of vertex degree of I'g,,, and denoted by D(I'g,,.). Now we are

moving to the definition of Laplacian and signless Laplacian matrices.

Definition 1.4. [3] The Laplacian (L) matrix of order n x n associated with I, , is given by L(I'g,,,) =
D(FQ4n) - A(FQ4n)‘
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Definition 1.5. [3] The signless Laplacian (SL) matrix of order n x n associated with I'g,,, is given by

SL(Tq,,) = D(Tq,,) + A(Tq,,)-

The characteristic polynomial of A(T'g,,) is the determinant of the matrix A\l,, — A(I'g,,) and is
denoted by Py, (). The eigenvalues of A(I'g,, ) are the roots of Pyr,, 1(A) = 0. Similar definition
for matrices L(I'q,, ) and SL(I'g,,). In order to formulate Py, (A), Prrq, )(A), and Pgpr, (A),

we need the following theorem to simplify the process.

A B

Theorem 1.6. [0] If a square matrix M = can be partitioned into four blocks where |A| # 0, then
C D
the determinant of M is
A B 1
|M| = = |A]|D - CA™'B].
O D-CA™'B

Next, the row and column operations are used to prove the main results. Therefore, it is sufficient to
write the notation. R; is the i-th row, R; is the new i-th row provided from row operation. Meanwhile,

C; is the i-th column and C;; is its new column from column operation.

2. MaiIN Resutrs

Within this section, we present the formulation of the characteristic polynomial of I'g,,, throughout

the entirety of our work. We focus on the adjacency, Laplacian, and signless Laplacian matrices.

Theorem 2.1. Let I'qy,,, be the power graph for Quy, then the characteristic polynomial of A(T'q,,,) is
Parg, y(A) =(A" = 2(n = 1)X* — 6n2% + 2(4n° — Tn — 1)A + 8n® — 10n — 1)
A+ 13— 1)",
Proof. From Theorem 1.2 we know that the vertex of V; is adjacent to all other vertices in I'g,,,. Vertices
in V5 are adjacent to vertices in V; and two vertices a'b and a"t'b are always adjacent, for 0 <i <n —1.

Meanwhile, every vertex in V3 is adjacent to all other vertices in V3. Following Definition 1.3, we can

construct A(T'g,, ) of the size 2n x 2n as given below:
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e a* a a1t "ttt a® ' b ab a” b a™b a"t'b a®" 1
e 0 1 1 1 1 1 1 1 1 1 1 1
a” 1 0 1 1 1 1 1 1 1 1 1 1
a 1 1 0 1 1 1 0 0 0 0 0 0
a1 1 1 0 1 1 0 0 0 0 0
a1 11 1 0 1 0 0 0 0 0 0
2n—1
a 1 1 1 ... 1 1 ... 0 0o 0 ... 0 0 0 0 (2.1)
b 1 1 0 0 0 0 0 0 0 1 0 0
ab 1 1 0 0 0 0 0 0 0 0 1 0
a1 1 0 ... 0 0 0 0o 0 ... 0 0 0 1
ah |1 1 0 ... 0 0o ... 0 1 0 ... 0 0 0 . 0
a1 1 0o ... 0 0 0 0o 1 ... 0 0 0 0
@ 'v\1 1 0 ... 0 0 0 0o 0 ... 1 0 0 0

Matrix A(T'g,, ) can be partitioned into 16 block matrices as follows:

(J =12 Jax(en—2) Joxn Joxn
J, n— J—1 n— 0 n— n 0 n— n
ATg,) = | Ten-2x2 ( J2n—2 O@n—2)xn  O(2n—2)x
Inx2 0n><(2n—2) On, I
Inx2 Onx(2n-2) I, On

The characteristic polynomial of A(T'g,, ) is |\, — A(I'g,, )| as follows:

A+ 1Dl —J2 —Jax(2n—2) —Jaxn —Joxn
—J, n— At 1)op—2— Jon— O2n— n O@n— n
P ) = @en-2)x2  ( Jon—2 — Jon—2  O(2n—2)x (2n—2)x (22)
A(FQ471)
—dJnx2 071><(2n72) AIn In
—dJnx2 0n><(2n—2) *In )\In

We apply the following steps to simplify the determinant in Equation 2.2 as given below:
(1) Rsnyi — R3pti — Ropyi, fori=1,2,... n.
(2) Conyi — Copyi+ Capyy, fori=1,2,... . n.
) Ronyi4+i — Ropt1+i — Ropg1, fori=1,2,...,n— 1.
) Cont1 —> Cont1 + Conyo + ...+ Cay,.
(5) C1 — C1 + 155 Congr.
) C2 — Oz + 527 Cany1.
)

R3+; — R3y; — Rs, fori=1,2,...,2n — 3.
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(8) C3 — C3+Cy+ ...+ Cop.

Then Py, () can be expressed as

A— 2 -1 2 2—-2n —Jix (2n—3) —on —2J1%(n—1) -1 —Jix(n-1)
-1- = -2 2—2n —Jix(2n-3) —2n —2J1x (n—1) -1 —Jix(n—1)
—1 —1 A—(2n-3) —Jix(2n-3) 0 O1x(n-1) 0 O1x(n-1)
0 0 O(2n—3)x1 A+ DI2an-3 O@n-sx1  O@n—3)x(n-1) 0 0(2n—3)x(n—1)
0 0 0 01x(2n—3) A—1 01x(n-1) -1 01x(n-1)
On—1yx1  O(n—1)x1 O(n—1)x1 On—1yx@2n—-3) Om-1x1 A =D@ic1  Jm-1)x1 —In_1
0 0 0 01x(2n—3) 0 01x(n-1) A+1 01x(n-1)
On—1yx1  O(n—1)x1 O(n—1)x1 On—1)x(2n=3) Om—1)x1 On—1 On—yx1 A+

Consequently, by Theorem 1.6, we can obtain the characteristic polynomial of A(I'g,, ) as follows:

2n 2n
Ao Tl-sSr 2-2n
Parg, )N =| -1- 2% A— 2% 2-9n  |(A+1)P3A—1)m
-1 1 A—(2n-3)

It can be seen that the first determinant is a 3 x 3 matrix, therefore, we can get
Parg, y(A) =\ = 2(n = )X — 6nA* + 2(4n” — Tn — 1)\ + 8n? — 10n — 1)

A+ 13N = 1)

Theorem 2.2. Let I'g,,, be the power graph for Quy, then the characteristic polynomial of L(I'g,, ) is

Prrg, y(A) = A —4n)*(A = 2n)"" 73 (A — 2)"(A — 4)™.

FQ4n

Proof. The Laplacian matrix of I'g,,, construction depends on the degree and adjacency matrices of
I'q,,- The 4n x 4n degree matrix of I'g,,,, D(I'g,,.), is as follows

e an a an—l an+1 a2n—1 b an—lb a"b a2n—1b

e dn — 1 0 0 0 0 0 0o ... 0
a™ 0 an —1 0 0 0 0 0 0o ... 0

a 0 0 2n — 1 0 0 0 0 0
an ! 0 on —1 0 0 0 0
antl 0 0 2n — 1 1 0 0 0
2n—1 (23)
a?"~ 0 0 0 2n—1 0 0 0

b 0 0 0 0 0 3 0 0
a1 0 0 0 0 0 3 0
a™b 0 0 0 0 0

a®>"1p 0 0 0 0 0 0 0 ... 0 0o ... 3
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Based on Definition 1.4, the Laplacian matrix of I'g,,, is L(I'p,,,) = D(I'p,,) — A(I'p,, ) as follows:

e an a an—l an+1 a2n—1 b L a’“lb CL"b . a2n71b
e an — 1 -1 -1 -1 -1 -1 -1 ... -1 -1 ... -1
a” -1 an —1 -1 -1 -1 -1 -1 ... -1 -1 ... -1
a -1 -1 2n—1 ... -1 -1 -1 0o ... 0 0o ... 0
a™ ! -1 -1 -1 2n — 1 -1 -1 0 0
ant! -1 -1 -1 -1 2n — 1 -1 0 0
a?nt -1 -1 -1 -1 -1 2n—1 0 0 0 0
b -1 -1 0 0 0 0 3 0 -1 0
a1 -1 -1 0 0 0 3 -1
a™b -1 -1 0 0 -1 0 0
a®"1p -1 -1 0 0 0 0 0o ... -1 0o ... 3

Moreover, L(I'g,, ) can be partitioned into 16 block matrices as given below:

dnly — Jo —J2x(2n-2) —Jaxn —Jaxn
L(To,.) —Jan-2)x2 2nlan—2 — Joan—2 Opn—2)xn O@n—2)xn
—Jnx2 Onx(2n—2) 31y —I,
—Jnx2 Onx(2n—2) —In 31y

The characteristic polynomial of L(I'g,, ) can be obtained from the following determinant:

(A —4dn)lz + J2 Jax (2n—2) Jaxn Jaxn
Jan— A—=2n)lan 2+ Jon— O2n— n O@n— n
Prrg, (N = erp Mon-z - Jan=z On-zxn Oan-gyen | (2.4)
Jnxe2 0n><(2n72) ()‘ - 3)In I
Inx2 Onx(2n72) In ()\ — 3)In

The row and column operations apply to Equation 2.4 as follows:

(1) Rspt+i — Rsn+i — Ropgi, fori=1,2,... n.
(2) Copyi — Copyi+ Capyy, fori=1,2,... . n.
(3) Ront1+i — Ropy14i — Rops1, fori=1,2,...,n— 1.
(4) Copnt1 —> Copg1 + Copya + ... + Csy.
(5) C1 — C1 — 5Com41.
(6) Cy — Co — 5Con41.
(7) Rs+; — R34; — Rs, fori=1,2,...,2n — 3.
(8) C3 — C34+ Cy+ ...+ Cop.
(9) C1 — C1 — 1550s.
(10) Co — Co — s35Cs.
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Then after performing row and column operations, we get P, o )()\) as
n
% % 2n —2 J1x (2n—3) 2n 2J1x(n—1) 1 Jix(n—1)
A=in % 2n —2 J1x (2n—3) 2n 2J1 % (n—1) 1 Jix(n—1)
0 0 A—2 J1x(2n—3) 0 O1x(n—1) 0 O1x(n—1)
0 0 Oizn-3yx1 (A —=2n)I2n—3 O@n—3)x1 O@n—3)x(n-1) 0 O(2n—3)x(n—1)
0 0 0 01x (2n—3) A—2 O1x(n—1) 1 O01x (n—1)
O(n—1)x1 O(n—1)x1 On-1)x1  Om-1)x(2n-3) Om—-1)x1 A=2)Ip—1 —Jn-1)x1 In—1
0 0 0 01x(2n—3) 0 01 (n-1) A—4 O1x(n-1)
O(n—1)x1 O(n—1)x1 On—1)x1  Om-1)x(2n-3) Om—1)x1 On—1 O(n—1)x1 A=4)In—1
Following Theorem 1.6, we then can obtain
(A—4n)(A—1) A—4dn
-2 A—2 2n—3 n+1 n
P A) = A A—2n A—2)" (A —4
L(FQ4n)( ) A—dn, (A—4n)(A—1) ( ) ( ) ( )
A—2 A—2
_ 2 2n—3 n n
— A — 4n)2 (A — 20)2 3 (A — 2)"(A — 4)".
O

Theorem 2.3. Let I'qy,,, be the power graph for Quy, then the characteristic polynomial of SL(I'g,,,) is
Psr(rg, )(A) = (AT = 2(6n — 1)A° + 4(12n° — 2n — 3)A% — 8(8n” 4 6n° — 161 + 5)A
+32(6n° — 11n* + 6n — 1)) (A — 20 +2)" (A = 2)"(A — 4)"!

Proof. Based on Equations 2.3 and 2.1 and Definition 1.5, the signless Laplacian matrix of I'g,, is

SL(T'p,,) = D(I'p,,) + A(I'p,,) as given below:
e a'n a an—l an+1 aQn—l b an—lb anb a2n—1b
e dn —1 1 1 1 1 1 1 1 1 ... 1
a” 1 an —1 1 1 1 1 1 1 1 1
a 1 1 2n — 1 1 1 1 0 0 0 . 0
an ! 1 1 1 o2n — 1 1 1 0 0 0
ant? 1 1 1 1 2n — 1 1 0 0 0
a?nt 1 1 1 1 1 2n—1 0 0 0 0
b 1 1 0 0 0 0 3 0
a1 1 1 0 0 3 1
a™b 1 1 0 1 0 0
a®>"1p 1 1 0 0 0 0 0 ... 1 0o ... 3
SL(T'g,,) can be partitioned into 16 block matrices as given below:
(4n —2)I + J2 Jax (2n—2) Jaxn Joxn
J(2n—2)x2 (2n —2)Ien—2 + J2n-2 O@n—2)xn O@n—2)xn
SL(FQ4n) =
Jn><2 07L><(2n72) 3In In
Jn><2 0n><(2n—2) In SIn
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The characteristic polynomial of SL(I'g,, ) can be obtained from the following determinant:

A—4n+2)I2 — J2 —Jax(2n—2) —Jaxn —Jaxn
—Jiom_ A—2n+Dlon_2 — Jon—2  Owamn_2xn  O(2m_2)xn
Pspirg, (N = (2n—2)x2 ( n+2)lan—2 — Jan—2  O2n—2)x (2n—2)x (25)
an —JInx2 0n><(2n—2) ()‘ - 3)I’n 71"1
—Jnx2 Onx(2n72) _In (>‘ - 3)In
We apply the following row and column operations to Equation 2.5, then
(1) Rgn_H' — Rgn_;,_i — Rgn_ﬂ', fori= 1, 2, ceeyn.
(2) Copvi — Copyi + Cspyy, fori =1,2,... n.
(3) Ronti1+i — Ront1+i — Ropyr, fori=1,2,...,n— 1.
(4) Cont1 — Copg1 + Copya + ... + O3y
(5) Ci — 1+ ﬁcmﬂ'
(6) Cy — Cy+ ﬁCQR_H.
(7) Rg_;,_i — R3+i —R3,f01'i =1,2,...,2n — 3.
(8) C3—C3+Csh+...+Cyy,.
1
(9) Ci —Ci+ mc;;.
1
(10) Cy — Cy + mc&
Consequently, we derive Py, )(A) as the following determinant
a b 2—2n —Jix(2n-3) —2n —2J1x(n-1) -1 —Jix(n-1)
b a 2-2n —Jix(2n—3) —2n —2J1x(n-1) -1 —Jix(n-1)
0 0 A—dn+4 —J1x(2n-3) 0 O1x(n—1) 0 O1x(n—1)
0 0 Ozn—3yx1  (A=2n+2)I2p—3 Op@n_3)x1 O@n—3)x(n-1) 0 0(2n—3)x (n—1)
0 0 0 01 (2n—3) A—4 O1x (n—1) -1 Oix(n-1) |
Om—1)x1 O(m—1)x1 O(n—1)x1 O(n—1)x (2n—3) O(n—1)x1 AN=4)In Jn—1)x1 —In_1
0 0 0 01x(2n—3) 0 O1x(n—1) A—2 O1x(n—1)
On-1)x1  Om—1)x1  O(n—1)x1 O(n—1)x(2n—3) O(n—1)x1 Op—1 O(n—1)x1 (AN=2)In_1
wherea = A —4n+1— % — A(E’Z;i)él and b= —1-— % — ,\(3251)4' Based on Theorem 1.6, we then can
obtain
2 (2n—2) 2 (2n—2)
PSL(F )()\) — A—dn +1- )\7—714 - A—Zn-&-4 s ﬁ - )\—Zn+4
Qan 2 (2 —2) 2 (2 _2)
-1-52 - ,\jln+4 A—dn+1- 525 - A—Zn+4
A —4n+4)(A—2n4+2)2"3(A = 2)" (A —4)"
= (A* = 2(6n — 1)A* + 4(12n* — 2n — 3)A* — 8(8n® 4 6n° — 16n + 5)A
+32(6n° — 11n% +6n — 1)) (A —2n+2)2" 3 (A = 2)"(A —4)" L.
O

3. CoNcLUSsION

An analysis of the spectral properties of the power graph of the generalized quaternion group is
presented in this paper. Specifically, we presented the characteristic polynomial of the graph whose

matrix is either adjacency, Laplacian, or signless Laplacian.
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