
© C
OPYRIG

HT U
PM

i 

ROBUST DIAGNOSTICS AND ESTIMATION FOR DUAL RESPONSE 

SURFACE FUNCTION WITH HETEROSCEDASTIC ERRORS USING NEW 

OPTIMIZATION TECHNIQUE IN THE PRESENCE OF OUTLIERS

By 

NASUHAR BINTI AB. AZIZ

Thesis Submitted to the School of Graduate Studies, Universiti Putra Malaysia, 

in Fulfilment of the Requirements for the Degree of Doctor of Philosophy 

December 2022 

     FS 2022 64



© C
OPYRIG

HT U
PM

 

iii 

COPYRIGHT 

 

 

All material contained within the thesis, including without limitation text, logos, icons, 

photographs, and all other artwork, is copyright material of Universiti Putra Malaysia 
unless otherwise stated. Use may be made of any material contained within the thesis for 

non-commercial purposes from the copyright holder. Commercial use of material may 

only be made with the express, prior, written permission of Universiti Putra Malaysia. 

 

Copyright © Universiti Putra Malaysia  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



© C
OPYRIG

HT U
PM

 

iv 

DEDICATION 

 

 

To my parents; 

 
My mother Rohani Che Mat &  

 

My Father Late Ab Aziz Yusoff (May his soul rest in perfect peace, Ameen) 

 

and 

 

To my husband (Mohd Bahri Ab Rahman) and my son (Abderrahman Mohd Bahri) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



© C
OPYRIG

HT U
PM

 

i 

Abstract of thesis presented to the Senate of Universiti Putra Malaysia in fulfilment of 

the requirement for the degree of Doctor of Philosophy 

 

 

ROBUST DIAGNOSTICS AND ESTIMATION FOR DUAL RESPONSE 

SURFACE FUNCTION WITH HETEROSCEDASTIC ERRORS USING NEW 

OPTIMIZATION TECHNIQUE IN THE PRESENCE OF OUTLIERS  

 

 

By 

 

 

NASUHAR BINTI AB. AZIZ 

 

 

December 2022 

 
 

Chairman :   Professor Habshah binti Midi, PhD 

Faculty :   Science 

 

 

Robust design is a process and quality improvement method that focuses on determining 

the optimal factor settings to minimize variation in the quality characteristics while 

keeping a process mean at the customer-identified target value. The dual response 

surface optimization has become increasingly popular in robust design in order to 

achieve such aims whereby two empirical models, namely the process mean and process 

standard deviation of the response are established at the outset. Various dual response 
optimizations have been proposed, such as Vining and Myers (VM), Lin and Tu (LT), 

weighted mean square errors (WMSE) and Penalty function (PM) methods. However, 

the existing methods are not able to obtain an estimated mean response closer to the 

target value with small variation. In addressing the problem, a new optimization method 

called penalty function based on decision maker’s (PFDMM) preference method is 

developed. The PFDMM is developed in two stages whereby the penalty constant, ξ, is 

determined in the first stage and subsequently the PFDMM functions are optimized to 

obtain the optimal factor settings to estimate the optimal mean response. The 

performance of the PFDMM is compared to VM, LT, WMSE and PM methods. 

Empirical evidences via simulation experiments and numerical data have shown that the 

PFDMM method is more efficient than the existing methods as it has the least bias and 

RMSE.  
 

 

In the dual response surface methodology, sample mean and sample standard deviation, 

are the most commonly used measures for estimating the mean and standard deviation 

of the response variables. Moreover, the ordinary least squares (OLS) method is usually 

employed to estimate the parameters of the process mean and process standard deviation 

response functions. However, the OLS method is tremendously affected by the presence 

of outliers. Hence, we propose a robust penalty function optimization scheme based on 

MM-estimator, denoted as PFDMMR. Simulation studies and numerical examples have 
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proven that the newly proposed  PFDMMR outperforms the existing methods with the 

least bias and RMSE values for data with and without outliers. 

 

 
This research also addresses the combined problem of outliers and heteroscedastic errors 

for the dual response surface model. A robust reweighted least square (RRWLS) method 

is proposed and successfully tackles both problems. The newly proposed method 

consists of two steps to simultaneously solve the problem of outliers and heteroscedastic 

errors by considering robust weight. The first weight function is used to reduce 

heteroscedasticity effect, and the second weight function is formulated to reduce the 

effects of outliers. The reweighted least squares (RLS), two stage robust method based 

on MM-estimator (TSR-MM) and robust reweighted least squares (RRWLS) are 

integrated in the algorithm of VM, LT, WMSE, PM and PFDMM optimization methods. 

The result of simulation study and real datasets show that the PFDMM-RRWLS based 

method is superior compared to the existing methods discussed in this thesis. 

 
 

An augmented desirability function (AADF) approach was proposed to optimize the 

process mean and process standard deviation functions for multiple responses in which 

each response is replicated t times. The AADF employs the OLS method to estimate the 

parameters of the process mean and process standard deviation functions of the 

responses. The AADF is formulated by augmenting the overall desirability function of 

the predicted process mean and the overall desirability function of the predicted process 

standard deviation into a single overall desirability function, 𝐷𝑆𝜆 . It is observed that the 

𝐷𝑆𝜆 can be expressed as geometric mean. However, it is now evident that the OLS and 

the geometric mean are easily affected by outliers. Thus, a new robust augmented 
approach desirability function (RAADF) is developed by integrating the MM-estimator, 

geometric median and geometric MM in its establishment. The results indicate that the 

performance of the RAADF-geometric MM surpasses the RAADF-geometric median 

and AADF-geometric mean methods.  
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Reka bentuk teguh ialah proses dan kaedah penambahbaikan kualiti yang menumpukan 

pada penentuan tetapan faktor optimum untuk meminimumkan variasi dalam ciri kualiti 

sambil mengekalkan min proses pada nilai sasaran yang dikenal pasti oleh pelanggan. 

Pengoptimuman dua permukaan sambutan telah menjadi semakin popular dalam reka 

bentuk teguh untuk mencapai matlamat sedemikian di mana dua model empirikal, iaitu 
min proses dan sisihan piawai proses bagi sambutan diwujudkan pada awalnya. Pelbagai 

pengoptimuman dua permukaan sambutan telah dicadangkan, seperti kaedah Vining dan 

Myers (VM), Lin dan Tu (LT), ralat min kuasa dua berpemberat (WMSE) dan kaedah 

fungsi Penalti (PM). Walau bagaimanapun, kaedah sedia ada tidak dapat memperoleh 

anggaran sambutan min yang lebih hampir kepada nilai sasaran dengan variasi yang 

kecil. Dalam menangani masalah tersebut, kaedah pengoptimuman baharu yang 

dipanggil fungsi penalti berdasarkan keutamaan pembuat keputusan (PFDMM) 

dibangunkan. Prestasi PFDMM dibandingkan dengan kaedah VM, LT, WMSE dan PM. 

Bukti empirikal melalui kajian simulasi dan data berangka telah menunjukkan bahawa 

kaedah PFDMM adalah lebih cekap daripada kaedah sedia ada kerana ia mempunyai 

paling kurang bias dan RMSE. 

 
 

Dalam metodologi dua permukaan sambutan, min sampel dan sisihan piawai sampel 

adalah ukuran yang biasa digunakan untuk menganggar min dan sisihan piawai bagi 

pembolehubah sambutan. Selain itu, kaedah biasa kuasa dua terkecil (OLS) biasanya 

digunakan untuk menganggarkan parameter bagi fungsi sambutan min proses dan 

sisihan piawai proses. Walau bagaimanapun, kaedah OLS sangat dipengaruhi oleh 

kehadiran titik terpencil. Oleh itu, kami telah mencadangkan skema pengoptimuman 

fungsi penalti teguh berdasarkan penganggar MM, yang dilambangkan sebagai 

PFDMMR. Kajian simulasi dan contoh berangka telah membuktikan bahawa PFDMMR 
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dicadangkan mengatasi kaedah sedia ada dalam kajian ini dengan paling sedikit pincang 

dan nilai RMSE untuk data yang mempunyai titik terpencil dan tiada titik terpencil. 

 

 

Penyelidikan ini juga menangani masalah titik terpencil dan ralat berheterosedastik 
secara serentak untuk model dua permukaan sambutan. Kaedah kuasadua terkecil 

berpemberat teguh (RRWLS) dicadangkan dan berjaya menangani masalah kedua-

duanya. Kaedah yang baru dicadangkan terdiri daripada dua langkah untuk 

menyelesaikan masalah titik terpencil dan heterosedastik secara serentak dengan 

mengambil kira pemberat teguh. Fungsi pemberat pertama digunakan untuk 

mengurangkan kesan heterosedastik, dan fungsi pemberat kedua dirumuskan untuk 

mengurangkan kesan titik terpencil. Kaedah kuasadua terkecil berpemberat (RLS), 

kaedah dua peringkat teguh berdasarkan penganggar MM (TSR-MM) dan kaedah 

kuasadua terkecil berpemberat teguh (RRWLS) disepadukan dalam algoritma kaedah 

pengoptimuman VM, LT, WMSE, PM dan PFDMM. Hasil kajian simulasi dan set data 

sebenar menunjukkan kaedah berasaskan PFDMM-RRWLS adalah lebih unggul 

berbanding kaedah sedia ada yang dibincangkan dalam tesis ini. 
 

 

Pendekatan yang diperkukuhkan dengan fungsi desirability (AADF) telah dicadangkan 

untuk mengoptimumkan fungsi proses min dan proses sisihan piawai untuk sambutan 

berganda di mana setiap sambutan direplikasi sebanyak t kali. AADF menggunakan 

kaedah OLS untuk menganggarkan parameter fungsi sambutan bagi proses min dan 

proses sisihan piawai. AADF diformulasi dengan menggabungkan fungsi desirability 

keseluruhan bagi proses min yang diramalkan dan fungsi desirability keseluruhan bagi 

proses sisihan piawai yang diramalkan kepada satu fungsi desirability keseluruhan, 𝐷𝑆𝜆. 

Adalah diperhatikan bahawa, 𝐷𝑆𝜆 yang boleh dinyatakan sebagai min geometri. 
Walaubagaimanapun, ianya terbukti bahawa OLS dan min geometri mudah dipengaruhi 

oleh titik terpencil. Oleh itu, pendekatan yang diperkukuhkan untuk fungsi desirability 

keseluruhan teguh (RAADF) dibangunkan dengan mengintegrasikan penganggar MM, 

median geometri dan MM geometri. Keputusan menunjukkan bahawa prestasi RAADF-

MM geometrik mengatasi kaedah RAADF-median geometrik dan kaedah AADF-min 

geometric. 
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CHAPTER 1 

1 INTRODUCTION 

1.1 Background and Purpose 

Response surface methodology (RSM) was first developed by Box and Draper (1987). 

It is an important tool to find the optimal factor settings of the design point, which can 

either maximize or minimize the given response function. RSM is widely used in many 
disciplines, such as in manufacturing industries, engineering, and agricultural sciences. 

The food industry, in particular, has been a prime user of RSM since the early 1970s 

(Myers et al., 1989). For example, Dey and Dora (2011), studied the effects of 

temperature, pH, enzyme concentration / substrate concentration (E/S) ratio on the 

response, i.e., degree of hydrolysis (DH) for marine shrimp. They noted that RSM was 

successfully applied to determine the optimum factor settings on the control variables 

for maximum DH value. The traditional RSM emphasizes on locating the optimal 

process parameters to achieve the target mean value where it assumes a homogeneous 

variance. However, in a real situation, this assumption may not be achieved. In this 

situation, both the mean and the standard deviation of the responses should be considered 

when determining the optimum factor settings for the control variables which lead to the 

concept of dual response surface methodology (DRSM). The DRSM is the most efficient 
method for simultaneously optimizing the estimated mean and the estimated standard 

deviation functions of the responses to achieve the desired target while keeping the 

standard deviation small (Myers et al., 1989). Several optimization methods such as VM, 

MSE, WMSE and Penalty function methods have been proposed to simultaneously 

optimizing both functions of the estimated mean and the estimated standard deviation of 

the responses to obtain the optimal factor settings for the control variables. Various 

optimization models have been developed, and the widespread application of these 

techniques has resulted in significant improvement in product quality (Manojkumar, 

2022). 

1.2 Response Surface Designs 

In this section, the central composite design (CCD) is often employed in fitting the 

second-order polynomial model since it is the most popular class of designs in RSM.  

The three types of CCD designs and its characteristics are discussed in the following 

subsections. 

1.2.1 The Structure of Central Composite Design 

The central composite design is the most popular class of region of second-order designs. 

In fact, the basic of CCD is derived from a sequential experiment and turns out to be an 

effective tool for non-sequential response surface experiment. CCD is an efficient design 

that is ideal for sequential experimentation and allows a reasonable amount of 



© C
OPYRIG

HT U
PM

 

2 

information for testing lack of fit while not involving a large number of designs points. 

The CCD consists of three significant components: 

(a) 2𝑘 corner points which is the base of CCD formed by a two-level full factorial 
design. This component provides the information in estimation of linear term and two 

level interactions effects. The corner points take the coded coordinates of the form 

(±1, ±1, … ,±1) (Montgomery et al., 2021). For example, for 𝑘 = 2; 

 

Figure 1.1 : The CCD with 𝟐𝒌 corner points 
 

 

(b) 2𝑘 star points (axial points). These points permit the estimation of all quadratic 

terms. When 𝛼 > 1.0, significant test for higher-order curvature effects can be 

conducted. However, the axial points take the coordinates 

(±𝛼, 0, … ,0), (0,±𝛼,… ,0),  etc. For example, for 𝑘 = 2; 

 

Figure 1.2 : The CCD with axial points 𝜶 > 𝟏.𝟎 

 

 

(c) 𝑛0 center points provide the information about the existence of curvature in the 

system. Hence, it provides an internal estimation of error (pure error) and contributes 

toward the estimation of quadratic terms. The coded coordinates of the center point with 

replication are (0,0,… ,0). For example, for 𝑘 = 2;  
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Figure 1.3 : The CCD with corner, axial and center points  

 

 
The Table 1.1 shows the settings of the axial points is as follows: 

 

 

Table 1.1 : The settings of the axial point 

 

𝑥1 𝑥2 … 𝑥𝑘 

−𝛼 0 … 0 

𝛼 0 … 0 

0 −𝛼 … 0 

0 𝛼 … 0 

. 

. 

. 

. 

. 

. 

 . 
. 
. 

0 0 … −𝛼 
0 0 … 𝛼 

 

 

Hence, the setting of CCD for 𝑘 = 2 variables with a center point is shown in Table 1.2. 

Table 1.2 : The full settings of CCD for  𝒌 = 𝟐 

 

𝑥1 𝑥2 

-1 -1 
1 -1 

-1 1 
1 1 

−√2 0 

√2 0 

0 −√2 
0 √2 
0 0 
0 0 
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1.2.2 Types of Central Composite Design 

In general, there are three main types of CCD: circumscribed, face-centered, and 

inscribed. Each design has its own characteristics where the experimenter often chooses 

the design based on the region of interest and number of levels for each factor. Many 

experimenters are often doubtful in choosing the best type of CCD to use in a given 

study. In order to make the right choice, the experimenter must first understand the 

differences between these types in terms of the experimental region of interest and region 

of operability (Montgomery et al., 2021). 

1.2.2.1 Central Composite Circumscribed (CCC) 

Central Composite Circumscribed (CCC) provides a spherical region and it requires five 

levels for each factors. CCC is obtained by augmenting the factorial. The distance 

between axial point and center point, 𝛼 is greater than 1. Essentially, a CCC design 

provides high quality predictions over the entire prediction space. Figure 1.4 presents a 

CCC for time and temperature using the setting in Table 1.1. As the figure shows, the 

rotatable CCD uses an 𝛼 value 1.4 to describe a circular design geometry. 

 
 

Figure 1.4 : Two variables CCC design 

 

 

1.2.2.2 Central Composite Face Centered (CCF) 

Central Composite Face Centered (CCF) provides a cubical region and it requires three 

levels for each factors. The distance between the axial point and center point, 𝛼  is equal 

to 1. For this reason, CCF is not a rotatable design. Figure 1.5 presents a CCF design for 

two study variables: time and temperature. Both code and natural variable level settings 

for time and temperature are shown in the figure. The design consists of a center point, 

four factorial points (corner points) and four axial points (points parallel to each variable 

axis on a circle of radius equal to 1.0 and origin at the center). The points in Figure 1.5 
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identify the variable level setting combinations that constitute the nine design points 

(experiments runs). According to Montgomery et al. (2021), as the value of 𝛼 increases, 

the axial points extend beyond the faces of the square and the design region becomes 

more spherical. 

 
 

Figure 1.5 : Two variables CCF design 

 

 

1.2.2.3 Central Composite Inscribe (CCI) 

Central Composite Inscribe (CCI) is applicable in the situation where the range of a 

factors setting is limited. CCI uses the factors setting (±1) as the axial points and creates 

a factorial or fractional factorial design with this range. In other words, this design is a 

scaled down CCC design with each factor level of CCC design divided by 𝛼 to generate 

the CCI design. Similarly, CCI requires five levels of each factor. Since it uses only the 

points within the factor ranges that originally specified, it does not provide the same high 

quality prediction over the entire space when compared to the CCC. 

Figure 1.6 presents a CCI design for time and temperature, again using the previously 

defined lower and upper variable bounds. The CCI also uses an 𝛼  value of 1.4 to describe 

a circular geometric region. However, inscribing restricts the actual design region to the 

defined variables ranges by locating the axial points at the lower and upper bounds of 
the variables ranges. The factorial points are brought into the interior of the design space 

(inscribed) and set at a distance from the center point that preserves the proportional 

distance of the factorial points to the axial points. 

The inscribed option is a convenient way to generate a rotatable CCD that enables the 
experimenter to study the full ranges of the experiment variables while excluding non-

allowable operating conditions at one or more of the extremes of the design region. The 

excluded portion of the original CCF region is shown in grey in Figure 1.6 as are the 

excluded CCF points (Montgomery et al., 2021). 
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Figure 1.6 : Two variables CCI design 
 

 

Hence, the setting for each design is also distinct. For example, the setting for 𝑘 = 2 

CCC, CCF and CCI are given in Table 1.3. 

Table 1.3 : CCC, CCF and CCI settings for 𝒌 = 𝟐, 𝒏𝟎 = 𝟏  

 

CCC CCF CCI 

𝒙𝟏 𝒙𝟐 𝒙𝟏 𝒙𝟐 𝒙𝟏 𝒙𝟐 

-1 -1 -1 -1 -0.707 -0.707 

1 -1 1 -1 0.707 -0.707 
-1 1 -1 1 -0.707 0.707 
1 1 1 1 0.707 0.707 

-1.414 0 -1 0 -1 0 
1.414 0 1 0 1 0 

0 -1.414 0 -1 0 -1 
0 1.414 0 1 0 1 
0 0 0 0 0 0 

 
 

1.3 Basic Concepts of Robust Estimators 

There are three main concepts related to robust estimators. The three key concepts are 

discussed in the following subsections. 

1.3.1 Efficiency 

Efficiency refers to the extent to which the estimator executes the least squares under the 

conditions where the normal distributed errors occur. It is generally represented as a 

percentage and can be calculated with the help of the mean squared error or variance of 

the least squares fit divided by the mean squared error or variance of the robust fit. An 

estimator can be referred to as efficient if the minimum variance unbiased estimator 

(MVUE) reaches the minimum variance for all the parameter estimates. 
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According to Simpson (1995), the desirable range for efficiencies is 90%-95%. For 

normal distribution error, the efficiency can be represented as  

 

Efficiency =   
MSE (OLS𝐶) 

MSE (robust) 
 𝑥 100 

 

 

where OLS𝐶  refers to OLS for clean dataset. 

1.3.2 Breakdown Point 

The idea of a breakdown is more understood with respect to the concept of the robust 

regression estimating methodologies. The estimator is noted by the several outliers 

considered for rendering it as ineffective. The breakdown point is expressed in the form 
of a percent value or a fraction and it is described as the quantity of contamination which 

is allowed in a data set before all estimates present incorrect information regarding the 

parameters. There are a few regression estimators which have extremely small possible 

breakdown points of 1 𝑛⁄ , or 0%. In these cases, a single outlier would make the 

regression equation useless. Some other robust regression estimators have maximal 

breakdown points of  𝑛 2⁄  or 50% such as least median of square, least trimmed square, 

S and MM-estimator. The highest possible breakdown point (BP) is 50%, because the 

estimate keeps bounded when fewer than 50% of the data are replaced by outlying 

observations (Maronna et al., 2019). The breakdown point of an estimator 𝑇𝑥 given the 

data matrix 𝑋𝑦, is defined as: 

 

BP(𝑇𝑥 𝑋𝒚⁄ ) = min {
𝑚

𝑛
: SUP 𝑋∗𝑦‖𝑇𝑥(𝑋𝑦) − 𝑇𝑥(𝑋𝑦

∗)‖} = ∞ 

 

 

where the supremum represents the overall possible data matrix 𝑋𝑦
∗, which includes 𝑚 

contaminated points and n-m observation – refer to Donoho and Huber, (1983), Leroy 

Rousseeuw, (1987), Maronna et al., (2019). In layman’s terms, breakdown point is 

defined as the smallest fraction of contamination that can cause an estimator to take an 

arbitrary large value. The least squares estimator possesses a breakdown point that goes 

as low as 1 𝑛⁄ , which means that even a single outlying observation can render an OLS 

estimator useless. Alternatively, some robust regression estimators such as least median 

of squares, S and MM-estimator, and least trimmed squares have high BP values of about 

50%. The highest possible value for BP is equal to 50% due to the fact that the estimate 
stays bounded when the outlying observation replaces less than 50% of the data 

(Rousseeuw & Croux, 1993). 

1.3.3 Bounded Influence 

Another vital parameter in terms of the robust technique is associated with the bounded 

influence. This pertains to the capacity of the method to manage the effect on the 

estimation of the model and which is presented by the outlier points in the X-space (also 

known as the high leverage point) (Simpson, 1995). Certain outliers, especially the ones 
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found on the X-axis, can have a significant impact on the estimation of the coefficient 

for the regression equations. A bounded influence should be possessed by the estimator, 

as it limits the effect that the outlier data points have (Birkes & Dodge, 1993). The least 

squares have high susceptibility to the high leverage points. However, an unbounded 

influence is possessed by some of the robust methodologies. 

1.4 Motivation of the Study 

As will be discussed in Chapter 2 (Literature Review), many optimization methods have 

been proposed to simultaneously optimize the fitted functions of the mean and standard 

deviation of the response surface models (Vining & Myers, 1990; Lin & Tu, 1995; 

Copeland & Nelson, 1996; Ding et al., 2014). Among all of the methods that will be 

mentioned, most of them failed to obtain estimated mean response closer to the target 

value with small variation. Therefore, Baba et al. (2015) proposed a penalty function-

based approach (PM) as another alternative optimization scheme. Nonetheless, this 

method concentrates more on the bias and forces the estimated mean response to be close 
to the target value, which is not adequately efficient. The PM method also has another 

shortcoming whereby no specific rule is imposed for determining the penalty constant, 

𝜉. It is difficult to be used because the value of penalty constant, 𝜉 is determined on trial 

and error basis. Hence, their work has motivated us to propose a new procedure which 

is called penalty method based on decision maker’s (PFDMM) preference to obtain the 

penalty constant, 𝜉. The PFDMM is expected to be more efficient optimization scheme 

that is capable of obtaining estimated mean response closer to the target value while 

keeping small variations in the response variables. 

In the classical dual response approach problem, the sample mean and the sample 

standard deviation are usually used to estimate the process mean and process standard 

deviation of the responses. Moreover, the OLS methods are popularly used to estimate 

the parameters of the process mean and process standard deviation functions of the 

responses. It is now evident that the sample mean and sample standard deviations and 

the OLS methods are easily affected by outliers. In the presence of outliers, Park and 
Cho (2003) introduced replacement of sample mean with sample median, and used mean 

absolute deviation (MAD) and inter-quartile range (IQR) as an alternative to sample 

standard deviation. These estimators have been successfully used in different areas and 

well-known as outlier-resistant estimators. Although these estimators are resistant to 

outliers, they are not efficient under normal errors (Bakar & Midi, 2015). To overcome 

this problem, Park and Leeds (2016) used Hodges-Lehman estimator and Shamos 

estimator as an alternative to the location and scale estimates, respectively. According 

to Hettmansperger and McKean (2010), the breakdown points of Hodges-Lehman 

estimator and Shamos estimator are 29.3%. Yohai (1987) proposed MM-estimator which 

is not only highly efficient and robust, but it also has high breakdown points up to 50%. 

Hence, to get more efficient estimates of the mean and standard deviation of the response 
when outliers are present in a data, we integrate the MM-estimator in the establishment 

of the robust PFDMM optimization scheme. The MM-estimates of regression and MM-

estimator of mean and standard deviation are used to down weight the effect of the 

outliers in the responses. 
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This thesis also addresses the issue of parameter estimation of the response functions for 

the process mean and process standard deviation in the presence of heteroscedasticity 

and outliers. The reweighted least square (RLS) proposed by Goethals and Cho (2011) 

is used to estimate the model parameters when the assumptions of constant error 

variances are violated. Their work did not investigate the effect of outliers on the 

parameters estimates and consequently the estimated mean optimal response will be 
affected in their presence. Several methods are used to remedy the combined problem of 

outliers and heteroscedasticity in dual response surface models that include the two-stage 

robust (TSR-MM) MM-estimator of Mustafa and Midi (2019). The TSR-MM estimator 

are formulated using two stages whereby in the first stage, the RLS was employed and 

subsequently the MM procedure is employed in stage 2. Unfortunately, the TSR-MM is 

not effective enough since this procedure does not take into consideration in identifying 

the exact number of vertical outliers which are present in the dataset so that their effect 

can be minimized. A good robust estimator is one that can identify the exact number of 

outliers in a data set and minimize their effect (Dhhan et al., 2017; Rashid et al., 2021). 

The weakness of this estimator has inspired us to develop a new robust reweighted least 

squares method (RRWLS) that can simultaneously rectify the problems of 

heteroscedasticity and outliers. Subsequently, the RRWLS is integrated in the algorithm 

of PFDMM. 

The desirability function approach which was introduced by Harrington (1965) has been 

widely used for simultaneously optimizing multiple responses problem. However, the 
main problem in classical desirability function is that, this approach is only interested to 

optimize optimal factor settings based on predicted responses, 𝑦̂𝑙 assuming variability 

between responses is constant. In practice, this assumption is not always satisfied. As a 

results, Chen et al. (2012) proposed an augmented approach to the desirability function 

(AADF) method, whereby besides having introduced the transformation 𝑑𝑙 for the 

predicted responses, 𝑦̂𝑙, they also introduced the transformation 𝑑𝑙 for the standard 

deviation of the predicted responses, sd(𝑦̂𝑙). The overall desirability functions for the 

predicted responses, 𝑦̂𝑙 and the standard deviation of the predicted responses, sd(𝑦̂𝑙) 
were then constructed. In order to obtain the optimal factor settings, they combined the 

overall desirability function of the predicted responses, 𝑦̂𝑙  (DPR) and the overall 

desirability function for the standard deviation of the predicted responses, sd(𝑦̂𝑙) (DSR) 

into a single overall desirability function, denoted as 𝐷𝑆 desirability function by 

assigning weight to DPR and DSR overall desirability functions. Unfortunately, the 𝐷𝑆 

desirability function is not effective enough, since the transformation 𝑑𝑙 for the standard 

deviation of the predicted responses, sd(𝑦̂𝑙) is not desirable to minimize the variation of 
each response and also their approach is not applicable for the experimental data with 

replicates for each factor setting. Therefore, Chen et al. (2013), attempted to solve 

simultaneously optimization of the process mean and process standard deviation for 

multiple responses problem with the main aim to minimize the process standard 

deviation of the response. Therefore, Chen et al. (2013) used the smaller-the-better 

(STB) type of the transformation, 𝑑𝑙 introduced by Derringer and Suich (1980) to the 

transformation, 𝑑𝑙 for the process standard deviation, meanwhile for the process mean, 

larger-the-better (LTB), normal-the-better (NTB) and also smaller-the-better (STB) type 

is used as the transformation 𝑑𝑙 depending on whether the optimal process mean of the 

response has to maximized, attained a target value or minimized. The 𝐷𝑆 desirability 
function approach proposed by Chen et al. (2012) has been used to simultaneously 

optimize the process mean and process standard deviation of the responses. The 
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augmented desirability function (AADF) approach of Chen et al. (2013) is applicable for 

experimental data with replicates in each of the response variable for each factor setting.  

We observed that the DS used by Chen et al. (2012) and Chen et al. (2013) can be 

expressed as geometric mean. Moreover, their approaches are based on the OLS 

estimator and geometric mean which is very sensitive to outliers. Midi et al. (2013) 

proposed AADF-MM estimator for multiple responses. MM- estimator has been used to 

estimate the parameters of the second-order polynomial models. Then, they improvised 

the AADF method of Chen et al. (2012).  In their method, they proposed geometric 

median for the overall desirability function for the standard deviation of the predicted 

responses, sd(𝑦̂𝑙). However, it is not clearly written, how the overall desirability function 
of the AADF-MM is formulated. Hence, practitioners find this method difficult to use. 

Moreover, the AADF-MM can only be applied to the experimental data with un replicate 

response variable for each factor settings. Thus, this motivates us to develop robust 

augmented approach to the desirability function (RAADF) which is based on the MM 

estimator, geometric median and geometric MM which are outlier resistant estimator. 

1.5 Research Objectives 

The foremost objective of our research can be outlined systematically as follows:  
 

1. To establish a new penalty constant function optimization (PFDMM) based 

on the newly developed optimal penalty constant, 𝜉, in the dual response 

methodology in accordance with a decision maker’s preferences.  

2. To improve the performance of the proposed PFDMM method when outliers 

are present in the data by employing the MM-estimator in the algorithm of 

PFDMM method.  

3. To establish a new PFDMM technique based on the newly developed robust 

estimation technique (RRWLS) for dual response function models in the 

presence of heteroscedasticity and outliers. 

4. To develop a robust augmented desirability function technique for multiple 
responses based on MM-estimator, geometric median, and geometric MM in 

the presence of outliers. 

 

 

1.6 Scope and Limitation of the Study 

Dual response surface methodology is the widely used method in many fields of study 

such as engineering, clinical trials and high-tech industries. Most of the datasets 

collected using an experimental procedure. The experimenters such as scientists and 

engineers have to follow research ethics to publish their datasets. As such, not much 

referred real datasets in the literature. 
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The response surface design has different types of experimental design, such as central 

composite design (CCD), factorial design and Box Behnken design. All types of design 

have their limitation, the most crucial part is to consider total design points that will be 

used. For CCD design, the coded coordinates for the 𝑛𝑜 center point, let 𝑥𝑖𝑗 =

(𝑥𝑖1, 𝑥𝑖2, … , 𝑥𝑖𝑝) is written as  𝑥𝑖 = (0,0,…0). The more design points used; the more 

𝑛𝑜 center points should be introduced and this caused problems in the computation of 

the fitted response functions for the process mean and process standard deviation. 
Therefore, throughout the thesis we only conduct the simulation study with 27 and 45 

design points with 32 designs. 

Since robust statistic is relatively new technique in dual response surface model, there 

are not so many algorithms and statistical software related to dual response surface 
model are available. Writing our coded algorithms by R-programming is the most 

challenging job.  

1.7 Outline of the Thesis 

In accordance with the objectives and the scope of the study, the contents of this thesis 

are organized in seven chapters. The thesis chapters are structured so that the study 

objectives are apparent and are conducted in the sequence outlined. 

Chapter Two: This chapter briefly presents the literature reviews of the dual response 

surface optimization. This chapter also reviews some robust estimators and robust 

regression methods for parameter estimation in the presence of outliers. Different types 

of outliers in regression and experimental data and the existing techniques to detect them 

are also presented. This chapter also reviews on heteroscedasticity with example and its 

consequences and, heteroscedasticity with its usual detection and estimation technique 
are also reviewed by highlighting the strengths and weaknesses of existing methods. 

Finally, the desirability function methods are discussed.  

Chapter Three: This chapter discusses the development of new penalty function 
optimization based on decision maker’s preference (PFDMM). The Monte Carlo 

simulation study and two real datasets are discussed to evaluate the performance of the 

proposed method. 

Chapter Four: This chapter deals with development of robust design optimization-
based MM-estimates of process mean and process standard deviation and MM- estimates 

of regression with the new proposed penalty function optimization based on decision 

maker’s preference (PFDMM). The derivation of MM-estimator for the process mean 

and process standard deviation functions of dual response surface models are presented. 

The new proposed robust optimization approach is described. Numerical examples and 

simulation study are presented. 
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Chapter Five: This chapter deals with the new proposed weighting method and 

estimation technique for dual response surface model in the presence of outliers and 

heteroscedastic errors. The classical reweighted least squares estimators are presented. 

The new proposed method which is called robust reweighted least squares (RRWLS) 

algorithm is presented. Simulation study and numerical examples are presented to 

evaluate the performances of the proposed RRWLS estimator and the proposed PFDMM 

optimization based on the RRWLS estimator. 

Chapter Six: This chapter deals with the development of the augmented approach to the 

desirability function (AADF) to optimize dual response surface model for multiple 

responses with replicates for each factor settings in experimental data in the presence of 
outliers. The classical AADF method which can be expressed as geometric mean, used 

OLS method to estimate the parameters of the response functions models that can be 

adversely affected by outliers. The new proposed method which is called the robust 

augmented to the desirability function (RAADF) algorithm is presented to resolve the 

issues. The simulation study data and real data examples are presented.  

Chapter Seven: This chapter provides summary and detailed discussions of the thesis 

conclusions. Areas for future research are also recommended. 
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