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THE FASCINATING NUMBERS

Introduction

We see numbers almost everywhere and every day in our lives.
Numbers such as telephone numbers, car plate numbers and IC numbers
serve to organise our daily activities into some order. Numbers are money-
spinners for TNB, Telekom and other business concerns and more recently

IWK despite the ignorance of its activities by some quarters.

Numbers, especially big ones seem to be the nightmares of
politicians and economists although the empty one (zero) is an elusive
dream for consumers in this age of concern over the threat of inflation.
Numbers are conveniently employed to determine the status of salary

increments under the SSB.

Numbers make charming combinations. 69 is a pretty and matching
combination of two numbers of opposite parity. The RIMV certainly
knows this and turns them into good bank accounts. The first 10 natural
numbers attain the status of royalty in this country for they are reserved for

persons of revered status. Also no vision is as perfect as that of 2020.

Numbers have mystical properties. 6 is a perfect number whilst 7 is
a nice friendly number and 13 is a foreboding one especially on Fridays.
Although we would not get anything significant from the licence numbers
of cars involved in an accident it is still a popular method to predict the

outcome of horse races by a section of the populace in the country.

Birth dates play a similar role. In some communities plans of

marriages have known to be aborted because of incompatible combination



of birth dates of the courting couples that predict chaos if the plan is carried

out.

Such is the overpowering influence of numbers in the lives of men.
Infact numbers have been omnipresent in the organization of activities of
men since time immemorial. The footprints of mathematical ingenuity can
be seen in the construction of pyramids of the Pharoahs in Egypt and the
Mayas in South America. In modern times the versatility of numbers have

led men to invent computers and send rockets to outer space.

The role played by numbers is so extensive that they have become
the fundamental elements of activities of our civilisation since ancient times.
As a result it is inevitable that numbers become the object of scrutiny and
study of scholars throughout the ages. Out of these activities has grown up

the study of the theory of numbers.

Numbers (nowadays denoted b'y 1,2,3,...) have been in existence
since men learn to count. They have been known to us for so long that the
mathematician Leopold Kronecker (1823-1891) once remarked “God
created the natural numbers, and all the rest is work of man”. For this
reason the numbers are also called the natural numbers. Symbols for these
numbers were unique to each civilisation since the ancient times. So were
the methods of operations involving these numbers. Although most of the
time numbers were employed to simplify arguments and problems, in the
course of time they had attracted the attention of men, mathematicians

professionals and amateurs alike to their intrinsic properties.

It is found that numbers possess characteristics of their own and

display interesting properties worthy of study. Hence through out history



we find individuals and groups of them who would devote their time to
studying of numbers for their own sake. A personality no less colourful
than Napolean Bonaparte himself was often caught pondering over
numbers when he was not planning any military strategies. In his book
bearing the name of the French general, J. Abbot wrote “When he had a
few moments for diversion, he not unfrequently employed them over a

book of logarithms, in which he always found recreation”.

The activities of these number theorists as they are called are akin to
the linguists who study words and their properties independent of their

meanings.

A Brief Historical Survey

The exact point in time when ‘formal’ studies on numbers were
started is lost in antiquity. Written historical records show that the ancient
Egyptians and Babylonians were experts in the use of numbers in dealing
with matters pertaining to their daily activities. In the ensuing centuries
numbers began to become the object of study by scholars especially during
the time of the Chinese and Hindu civilisations and also during the high

points of intellectual pursuits of the Greek, Roman and Islamic empires.

Mathematical activities of the Egyptian civilisation began as early as
2100 B.C. Records came down to us through the discovery of the
heiroglyphical writings of the Egyptians on stone walls, skins of animals
and especially on papyrus leaves. Two types of numbers were used by the
Egyptians. One known as the demotic was used for daily purposes and the

other as heiratic for religious activities.



A sl ¥y
As is known the Babylonian civilisation flourished on the banks of
the Euphrates and Tigris rivers. As early as 2250 B.C. the Babylonian
civilisation reached its peak. The discovery made by the archaelogist Otto
Neugebauer in the 1920’s showed that their number system was already in
existence since the time of the emperor Hammarubi. The Babylonian
numbers basically used the wedge symbols V to represent 1 and <

representing 10.

In the development of world civilisation, western scholars were
quite unanimous in choosing the Greek civilisation as the most important
foundation in the development of civilisation in the west. They attribute the
growth of ancient civilisation to the vigour and influence of the Greeks.
This is especially apparent since it was during the time of the Greek
civilisation that written works of scientific importance of their scholars
were properly recorded. Because of the absence of such records previously
it appears that none of the previous civilisations had any scholar of good

standing to boast of.

The Greeks had employed various vefsions of number systems in
the entire period of their civilisation, which are rather complicated and
difficult to apply. For example they used what is known as the Graeco-
Athic number system mainly centred in Athens. At the same time they used
the Graeco-Ionia number system which employs the Greek alphabets to

represent numbers.

Among the Greek mathematicians Pythagoras (580-500 B.C.) stood
head and shoulders above the rest in making contributions to the study of

numbers. His influence extends even to this day. His teachings to his
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disciples known as the Pythagoreans placed great emphasis on the role of
numbers in ‘cleansing’ the souls and elevating them to a blissful plane.
Thus numbers from his time on are known to have ‘mystical’ properties and
whatever teachings he gave became closely guarded secrets known only to

them.

Another giant among the Greek mathematicians is Euclid (320-260
B.C.). He made Alexandna his centre for expounding his ideas. His
greatest contribution was his famous treatise known as the Elements, which
remains to this day an often-quoted source in mathematics. According to
Gittlemen (1975) “the Element is the most successful book in the world,
second only to the Bible”. The Elements records in it Euclid’s
mathematical ideas and also contains works of previous Greek scholars,

including those of Pythagoras.

Archimedes (287-212 B.C.) and Erastosthenes (275-195 B.C.) are
two other great scholars in the Greek civilisation who had contributed
much to the study of numbers. Diophantus (c.250 B.C.) whose name has
been immortalised in an area of active research in number theory in
recognition of his outstanding contributions, the diophantine equations, was

no less a giant in the Greeks field of mathematics.

Soon after the collapse of Alexandrian civilisation the Romans

whicfi fiad 6een walfowing in the shadows of the Greeks took centre stage.
As early as 2000 B.C. on the banks of fhe Tyber in Rome the Roman
civilisation grew. They were greatly influenced by the Greeks whom they
conquered, in their scholarly works. They did not have many outstanding

mathematics scholar to boast of. One of them Boethius (480-524 B.C)



wrote on the Roman mathematics which was of a very inferior standard
compared to those of the Greeks. The Romans however were instrumental
in preserving and transmitting the works of Greek scholars to the

subsequent civilisations.

The history of mathematics of India began in about 800 B.C. The
period between 800 B.C. and 500 B.C. is known as the era of Sulvasutra
(“strings arrangements”) since during this time mathematical calculations
were carried out by using strings. The calculations dealt mainly with
problems related to religious purposes. This period is followed by the
Siddhanta era, known to be an era of Renaissance for India, since during
this period interests in studying the Hindu sciences grew. It is during this

period that Sanskrit, the language of Hindu scholars, found its supremacy.

The Hindus had their own number systems especially since the days
of Asoka the Great. They employed two types of number system known as
the Brahmi and Kharosti. These numbers display some influence from the
Greek and Roman numerical system. It is the Brahmi system that gives us a
hint to the development of the present day system especially in giving
different symbols for the first nine numbers. Whether the Hindu number
system gave us the number zero (sunya) or not is debatable. The record by
Gwalior (876 A.D.) was the earliest that mentions the use of this number by

the Hindus. This however is subsequent to the use by the Muslims.

The Hindu civilisation contributed many mathematical scholars of
its own. Between the 6th and 11th centuries Hindu mathematicians of the
likes of Aryabhata, Varamahira, Brahmagupta and Mahavira were very

active in their respective fields.



One of their eminent scholars, Sridhara (born 991 A.D.) also known
as Sridharakarya (Sridhara the wise) contributed much to the Hindu
mathematics through his work Gavita-Sara also known as Trisatika. In it
number system is discussed at length and also its applications in
measurements, arrangements and other problems in mathematics, and it
gives instructions on proper use of mathematical operations. In the
discussion on the number system Sridhara dwells on the topics of division
and multiplications, square roots, fractions and gives an insight into the

meanings of sunya (zero).

Bhaskara (1114-1185) a renown mathematician and astronomer
wrote the treatise Lilavati in which are discussed basic properties of
numbers and their roles in finding solutions to equations in more than one

unknown.

The period of the Hindu civilisation saw studies on mathematics in
general and number system in particular being carried out in earnest by their
scholars. Much work that was produced during this period left an indelible
mark on mathematics and especially in the present day number system. A
treatise on astronomy which was written in the Sth century called Surya
Siddhanta and contains some influence of Greek mathematics reached the
courts of the Abbasid caliphs in Baghdad and was translated into Arabic

which later found its way into the west.

Among the eastern civilisations the Chinese stands quite
prominently as a contributor to the advancement of the studies on numbers.
As early as 1105 B.C. the oldest known manuscript of Chinese mathematics

was written. Known as Chou Pei Suan King it contains numerous



mathematical notes of that era. Lia Hin (C.250 B.C.) wrote an important
book called Chiu Chang Suan Shu (The Arithmetics of Nine Chapters). It
contains discussions on the applications of mathematics in solving problems

related to farming activities.

One of the earliest topics discussed in the Chinese mathematics is
the magic squares. It was said to have been written in 2200 B.C. during the
reign of Emperor Yu. The magic squares also became an engrossing topic

of number theory in the Islamic and later the western civilisation.

In the 12th century contacts were made between Muslim scholars of
mathematics and the Chinese in Samarqand. Prominent in expounding the
Islamic mathematical ideas then was AlKashani who had many under his
wings. The Chinese mathematics flourished soon after. In the 13th
century a writer by the name of Chin Chiu Shao (1202-1261) wrote his
‘master piece Shu-shu Chiu-Chang (Mathematics in nine chapters) in 1247.
His book records for the first time the use of zero as a recognized entity,
and deals with finding solutions to one-variable equations. Another
prominent scholar Chu Shih-Chieh (1280-1303) discusses among others a
triangle which later in the west became to be known as Pascal’s triangle, in

his book Ssu-yuan yu-chieu (The method of four elements) written in 1303.

Interest in the science of numbers and reckoning among Muslims
goes back to the earliest Islamic centuries. At the beginning the Muslims
distinguished between ‘ilm al-adad (science of numbers) and ‘ilm al-hisab
(science of reckoning) following the Greeks. During the later centuries the
two names were used almost interchangeably while the name arithmatiqi

derived from the Greek was also employed by certain authors.



The interest with the science of numbers among Muslims was
closely connected with the study of magic squares and amicable numbers
which were also applied to various occult sciences from alchemy to magic.
Two numbers are said to be amicable if the sum of their divisors are equal.
For example 220 and 284 are a pair of amicable numbers. It used to be
thought by some that if one person carries a talisman of some sort
containing the number 220 and another with 284 then they would be
favourably disposed to each other. Thabit ibn Qurrah had proposed a
general rule for these types of numbers. Amicable numbers attracted the
attention of respectable mathematicians even as late as the early twentieth
century. Euler found many such pairs, and long lists of them exist. As far
as magic squares are concerned they appeared in the writings of Jabir ibn
Hayyan and were further studied by Ikhwan al-Safa. Studies on them were
also carried out by Sham al-Din al-Buni. From such preoccupations came
the study of numerical series. In the 10th century alKaraji in his Kitab al-
Fakhri devoted a sizeable section to them while at-Biruni later wrote

numerous studies on them.

In Persia the Islamic civilisation produced one of its outstranding
and influential mathematician in the person of Shaykh Baha’al-Din Amili.
He wrote his master piece Khulasat al-hisab which contains extensive

discussions on number theory.

The influence of Islamic mathematics on the world today is
extensive and profound. Whenever westerners think of Islamic civilisation,
one of the first elements which comes to their minds is the Arabic numerals
which reached the west in the 10th century. It brought about such a

transformation in the west that some historians have compared their far-
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reaching significance to that of the new methods of harnessing the power

and speed of the horse and the settling of the northern regions of Europe.

In the eastern lands of Islam extending as far as Egypt the numerals

used are, with slight variations, as follows:

A AV \ O & ¥ v .

In North Africa the numerals are the same as those which

westerners called Arabic numerals.

These number systems as practised today is born out of the
marriage between the Islamic and Hindu number systems. According to
Abraham ben Ezra, a Jewish mathematician of the 12th century, a Hindu
scholar by the name of Kankah visited the courts of the caliph al-Mansur
- and introduced the first nine numbers to Muslim mathematicians. Al-Qifti a
13th century Muslim mathematician gave the date of the visit to be in the
year 156H (778 A.D.). Abu Jaafar Mohammed Musa al-Khwarizmi was
the scholar who worked with the system of Kankah’s to arrive at the
present system. His works were translated into Latin by the name of
Algoritmi de numers Indorum and Liber Ysagogarum Alchorismi in artem
astronomicum a magistro A compositus which were used in Europe in the
teaching of mathematics and astronomy in the ensuing centuries. The
Arabic numeral system win complete ascendancy over the then practised

Roman one in Europe in the late 16th century.

With the adoption of the new number system works in number

theory were greatly simplified and gained momentum in the hands of
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Muslim and later western scholars. The history of number theory is then
laden with new discoveries, conjectures and open questions. Research in
this field has also led to the birth of new mathematical disciplines in their

own right.

The word “algorithm” which we use widely in mathematical
operations and more recently in connection with computing machines
originates from the term “algorism” which originally comes from the name
of one of Islamic civilisation’s giant in mathematics Abu Jaafar Mohammed
ibn Musa al-Khwarizmi (9th cent.) who wrote his master piece Kitab al jabr
w’al-muqabala (Rules of Restoration and Reduction) from which the name
algebra is derived. This book was translated into Latin by Robert de
Chester in 1140 A.D.

Works by AlKhwarizmi, AlKhashani, AlKhazin, AlUqlidsi and many
others had had such a great influence on the developments of number
theory that their contributions remain to the present time a naturally quoted

text in written materials on number theory.
Appeal of Number Theory

Due to the unquestioned historical importance of the subject, the
theory of numbers has always occupied a unique position in the world of
mathematics. It is one of the few disciplines that have demonstrable results
which predates the very idea of a university or an academy. Nearly every
century since classical antiquity has witnessed new and fascinating
discoveries relating to the property of numbers. And at some point in their

careers, most of the great masters of mathematical sciences have
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contributed to this body of knowledge. Because of its importance and
commanding presence the great German mathematician C.F. Gauss (1777-
1855) once said “Mathematics is the queen of science and number theory

the queen of mathematics”.

Why has number theory held such an irresistible appeal for the
leading mathematicians and for thousands of amateurs? One answer lies in
the basic nature of its problems. While many questions in the field are
extremely hard to decide, they can be formulated in terms simple enough to
arouse the interest and curiousity of those with little mathematical training.
Some of the simplest sounding questions have withstood the intellectual
assaults for ages and remain among the most elusive unsolved problems in

the whole of mathematics.

| Among the unsolved problems in number theory that have eluded
the prowess of the human minds for centuries is the problem of showing
that there do not exist triplets of positive integers (x,y,z) satisfying the
equation.
X'+y'=2z"

with n a positive integer greater than 2. The solutions for (x,y,z) is
infinitely many for n = 1, 2 as shown much earlier in history by AlKhazin
(10th century), who generalised the work of the Greek Diophantus. Much
work has been devoted to finding the proof of the above assertion for n > 3
since the days of the great French mathematician Pierre de Fermat (17th

cent.) who wrote in his own copy of the book Arithmatecae of Diophantus:

“To resolve a cube into the sum of two cubes, a fourth power into

fourth powers, or in general any power higher than the second into two of

12




the same kind, is impossible; of which fact I have found a remarkable proof.

The margin is too small to contain it”.

Fermat died before he could publicise his proof. And if ever there
was one it went with him to the grave. The above problem is then known

as Fermat’s Last Theorem.

Spurred by this incident many a mathematician, well-known and of
lesser fame, had embarked on the search for the proof ever since. For
example the mathematics giant of the 18th century, Leonard Euler had
shown that the case is true for n=3. Later Dirichlet (1828) and Legendre
(1830) demonstrated the truth of the assertion for n=5 and in 1832
Dirichlet proved the case for n=14. This was followed by Heath-Brown
who showed that the percentage of n satisfying Fermat’s Last Theorem as it
is called would approach 100% as n assumes larger and larger values.
Many claimed to have found the proof for the general case but all them
contained flaws in their arguments. Before the first world war there was
even a large prize offered in Germany for a correct proof. More than three
centuries after Fermat precisely on 23rd of June 1993 in the quiet hall of
Isaac Newton Institute of Mathematics, Cambridge University, Andrew
Wiles of Princeton University presented a talk that gave more than a hint to
the proof. In August 1995 at Boston University a complete proof was
given by him assisted by other renown mathematicians on whose work

Wiles had depended to obtain his proof.

The proof of Wiles contained in his paper “Modular Elliptic Curves
and Fermat’s Last Theorem” is considered to be correct up until now. It

was a momentous occasion for the community of mathematicians through
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out the world on that day in June 1993. It was also a solemn moment for
here at last is the proof that had escaped the human minds including those

of great mathematicians more than three centuries since the time of Fermat.
The Number Builders

Among the community of numbers the most delightful, intriguing
but frustrating are the prime numbers. These are numbers which cannot be

expressed as product of other numbers. Examples of prime numbers are
2.3,18, B:11;18,:47, 19,23, 29, 31,37, 41,43,....

The prime numbers are the ‘building blocks’ of other numbers as
was known to the ancient Greeks. This is because every number can be

~written as a product of distinct powers of prime numbers. For example
2520=2"x3"x5x7
2°, 3%, 5, 7 are called factors of 2520

The problem immediately arises of finding these primes for any
given number. It is not hard to think of ‘theoretical methods’. The “Sieve
of Erathosthenes” developed by the Greek Erathosthenes (276 -196 BC)
for example gave us a method for identifying primes. The method boils
down to working out all possible products of primes and checking whether
the number you want occurs anywhere. For practical purposes however
this method is hopelessly inefficient. There remains a great deal of room

for improvement and basic questions are still unanswered.
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