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3 Department of Mathematics, Babeş-Bolyai University, R-400084 Cluj-Napoca, Romania
4 Academy of Romanian Scientists, 050044 Bucharest, Romania
5 Centre of Foundation Studies For Agricultural Science, Universiti Putra Malaysia, Serdang 43400, Malaysia
* Correspondence: popm.ioan@yahoo.co.uk

Abstract: A mathematical model for the unsteady, two-dimensional mixed convection stagnation
point flow over a Riga plate is presented in this study. Convective boundary conditions, time-
dependent derivatives, mixed convection, radiation effects, and the Grinberg term were all incorpo-
rated into the formulation of the governing equations and boundary conditions. By incorporating
similarity transformations, ordinary differential (similarity) equations (ODEs) are derived from
the partial differential equations (PDEs) of the flow model. The boundary value problem of the
fourth-order accuracy code (bvp4c) was implemented in MATLAB (2017b, The MathWorks, Inc.,
Natick, MA. USA, 2017) to solve the mathematical model numerically. Due to the plate’s shrinking
motion, two (dual) solutions are possible (first and second solutions). Based on the stability analysis,
it was found that the first solution is stable and physically realizable in practice, while the second
solution is not stable and not physically realizable in practice. It was found that the increase in the
mixed convection parameter, modified Hartmann number, and unsteadiness parameter improved the
hybrid nanofluid’s temperature profile. In addition, increasing the unsteadiness parameter decreased
the velocity profile and the skin friction coefficient. Thus, the numerical results suggested that the
augmentation of the modified Hartmann number, mixed convection parameter, and unsteadiness
parameter can enhance the heat transfer performance in this flow model. This study offers valuable
insight into fundamental transport phenomena such as the transmission of momentum, heat, or mass.
Hence, it provides valuable information on the gradients of essential factors to control the boundary
layer flow pattern.

Keywords: Riga plate; hybrid nanofluid; mixed convection; radiation; convective boundary condition
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1. Introduction

The dispersion of at least two different nanoparticles in a conventional heat trans-
fer fluid produces a hybrid nanofluid. This fluid is manufactured to provide a better
heat transfer fluid with a higher thermal conductivity than mono-nanofluids and regu-
lar fluids (e.g., water, organic liquids, engine oil, and polymeric solutions). Therefore,
the hybrid nanofluid can be employed in a wide range of areas, such as electronic cool-
ing, heat exchangers, military equipment, automotive, solar collectors, and refrigeration
systems, in place of mono-nanofluids and conventional fluids [1,2]. In addition, hybrid
nanofluids can also be used to enhance the heat transfer performance of cold storage and
solar thermal energy storage systems (see Shao et al. [3]; Dubal et al. [4]; Vaka et al. [5];
Selimefendigila et al. [6]; Gao et al. [7]; Maleki et al. [8]; and Alrowaili et al. [9]). Turcu et al. [10],
Jana et al. [11], and Suresh et al. [12] were among the first researchers to do experimental
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research on the development of hybrid nanofluids. Other researchers then evaluated the
synthesis of hybrid nanofluids and their thermophysical properties [13–19]. Despite this,
hybrid nanofluids are still in the research and development phase, necessitating consid-
erable research on numerous factors that can affect their heat transfer capability, such as
nanoparticle combinations, their mixing ratio, stability, and mechanisms.

The mixture of free and forced convection is referred to as mixed convection. Mixed
convection flow is produced when the effects of forced flow in free convection or buoyant
force in forced convection become considerable. This flow type becomes prominent when
there is a significant temperature difference and/or a low forced flow velocity [20]. The
research on mixed convection flow is helpful to numerous industrial applications and tech-
nologies, including paper production, steel extrusion, pipeline transport, cooling of metallic
plates, nanotechnology, atmospheric boundary layer flows, electronic power supply, and
nuclear reactors [21–23]. After the introduction of hybrid nanofluids, several investigations
on the mixed convection in hybrid nanofluids were conducted. Different flow regimes
and geometries were considered. Khan et al. [24] studied the combined forced and free
convection stagnation point flow on a curved surface. Then, Hanif et al. [25] analyzed the
unsteady flow past an inverted cone submerged in a porous media. The hybrid nanofluid
flow over a horizontal circular cylinder with mixed convection, radiation, magnetic field,
and convective boundary condition was then scrutinized by El-Zahar et al. [26]. Patil and
Kulkarni [27] and Abbasi et al. [28] conducted more research on hybrid nanofluid flow past
a cylinder with mixed convection. In the meantime, Jahan et al. [29] discussed the effects of
radiation and viscous dissipation on the mixed convection hybrid nanofluid flow past a
thin needle. Then, several other solid boundaries and physical conditions were investigated
for the mixed convection flow of hybrid nanofluids, such as flow over a cone with heat
radiation and suction/injection analyzed by Patil and Kulkarni [30]. Asghar et al. [31]
then investigated the radiation and partial slip effects on the mixed convection flow over
a sheet that shrinks exponentially. In addition, Abdelaziz et al. [32], Khan et al. [33],
Khan et al. [34], Wahid et al. [23], Gohar et al. [35], Ahmed and Raizah [36], Asghar et al. [37],
Wafa and Toufik [38], and Mandal et al. [39] have also undertaken some additional research
on hybrid nanofluid flow with mixed convection.

A Riga plate is an electromagnetic actuator composed of alternating electrodes and
permanent magnets installed on a flat surface. This revolutionary flow control mechanism,
introduced by Gailitis and Lielausis [40], can induce the Lorentz force. In addition to the
standard flow control methods (i.e., suction, blowing, and wall motion), electromagnetic
body forces can be used to control the flow of an electrically conducting fluid. Classical
magnetohydrodynamics (MHD) flow control is applicable to fluids with high specific
conductance, such as liquid metals and semiconductor melts [41]. However, fluids with
low conductivity (e.g., seawater) require an additional external electric field to achieve
the desired flow control (i.e., electromagnetohydrodynamics (EMHD) flow control). Sub-
sequently, the interplay of electric and magnetic fields generates a Lorentz force, which
can change the pressure-driven boundary layer flow and stabilize the flow by slowing its
growth [42,43]. Thus, it prevents boundary layer separation and turbulent flow.

A Riga plate can introduce the wall-parallel Lorentz force into the boundary layer.
Fluid flow past a Riga plate has beneficial applications in mechanical engineering, chemi-
cal engineering, civil engineering, and biomedical sciences with the nanofluid flow [44].
Grinberg term, which gives rise to the electromagnetic parameter known as the modified
Hartmann number, is also a crucial component for the flow past a Riga plate [45]. This
term in the boundary layer momentum equation diminishes exponentially in the direction
perpendicular to the plate and is decoupled from the flow [46]. Positive and negative values
of the modified Hartmann number represent the assisting and opposing flows, respectively.
These flows were studied by Magyari and Pantokratoras [41] with the inclusion of mixed
convection. Due to the increase in viscosity caused by the opposite Lorentz force, the fluid
velocity in the opposing flow was discovered to decrease. Then, other researchers analyzed
the mixed convection nanofluid flow over a Riga plate (see Bhatti et al. [43], Ayub et al. [46],
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and Ahmad et al. [47]). The work on the flow over a mixed convection shrinking sheet is a
new type of shrinking sheet flow, that is essentially a backward flow, which was discussed
by Goldstein [48] and it shows physical phenomena quite distinct than that of the stretching
Riga plate.

Following these studies, we investigate the combined forced and free (mixed) convec-
tion stagnation point flow of a hybrid Cu–Al2O3/H2O nanofluid across a vertical Riga plate,
that was also examined by Khashi’ie et al. [49]. In the previous investigation, numerical
computing methods yielded two solutions, but only one was deemed stable. In contrast
to the opposing flow, the assisting mixed convection flow generated a higher rate of heat
transfer and skin friction coefficient. Additionally, the hybrid nanofluid outperformed the
Al2O3/H2O nanofluid and water in terms of skin friction coefficient and heat transfer rate.
Then, Zainal et al. [50] broadened this investigation to include the unsteady flow over a
stretching/shrinking Riga plate with thermal radiation. This investigation also obtained
dual solutions with only one stable solution. When the modified Hartmann number grew,
the heat transmission rate increased while the temperature profile of the hybrid nanofluid
reduced. However, the heat transmission rate decreased as the thermal radiation parameter
increased. Wahid et al. [51] then extended this investigation with a new hybrid nanofluid
(i.e., Fe3O4–CoFe2O4/H2O) and the presence of a velocity slip factor in a steady flow. It was
observed that as the velocity slip parameter and modified Hartmann number increased,
the skin friction coefficient decreased. In contrast, the heat transmission rate improved due
to these parameters. Additional recent and intriguing studies on the mixed convection
hybrid nanofluid flow over a Riga plate have also been mentioned (see Ahmad et al. [47];
Alshehri et al. [52]; Khashi’ie et al. [53]; Nadeem et al. [54]; Nayak et al. [55]; Ramzan et al. [56];
Salawu et al. [57]; and Shatnawi et al. [58]).

Based on these earlier investigations by Khashi’ie et al. [49], Zainal et al. [50], and
Wahid et al. [51], the current investigation will concentrate on the Cu–Al2O3/H2O hybrid
nanofluid’s unsteady mixed convection flow across a fixed vertical Riga plate. Thermal
radiation and convective boundary conditions will be considered for the heat transfer
analysis. The energy equation and boundary condition will each include the terms relevant
to these impacts. To the authors’ knowledge, this flow problem has not been the subject of
any investigations. Therefore, it is interesting to analyze the following:

i. Does this flow problem have multiple solutions?
ii. How does the unsteady flow affect the Nusselt number and skin friction coefficient?
iii. Does the existence of convective boundary conditions improve/diminish the hybrid

nanofluid’s temperature and velocity distributions?
iv. How do other controlling parameters affect the hybrid nanofluid’s temperature and

velocity distributions?

Using the bvp4c solver, the regulating equations and associated boundary conditions
will be numerically solved. If multiple solutions exist, stability analysis will identify the
more reliable solution. The analysis and discussion of the outcomes will then be made
based on this reliable solution.

2. Problem Formulation

The hybrid nanofluid’s unsteady mixed convection stagnation point flow past a
vertical Riga plate is examined in this study. As depicted in Figure 1, (x, y) are Cartesian
coordinates measured along and normal to the plate, respectively, with the flow occurring
in the region y ≥ 0. The polarity of the magnets on the Riga plate is represented by the
letters North (N) and South (S). The Lorentz force is introduced into the system using this
formation. Meanwhile, the far-field (hybrid nanofluid) is assumed to have a linear velocity
of ue(x, t) = a x/(1− c t), where (a, c) are constants with a > 0, c shows the unsteadiness
of the problem, and t denotes the time. According to Fang et al. [59], if c is positive, the
Riga plate shrinks over the time (e.g., contracting), whereas if c is negative, the Riga plate
grows over time (e.g., expanding). It is assumed that the convective temperature at the
plate surface is Tf (x, t), l is the characteristic length of the Riga plate, T∞ is the constant
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temperature of the base hybrid nanofluid. qr is the radiation heat flux that can be expressed
as [60]:

qr = −
4 σ∗

3 k∗
∂T4

∂y
. (1)
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Figure 1. Schematic representation of the flow problem.

The mass, momentum, and energy equations regulating this unsteady flow can be
expressed as (see Shatnawi et al. [58]; Devi and Devi [61]):

∂ u
∂ x

+
∂ v
∂ y

= 0, (2)

∂ u
∂ t + u ∂ u

∂ x + v ∂ u
∂ y = ∂ ue

∂ t + ue
∂ ue
∂ x +

µhn f
ρhn f

∂2u
∂ y2 +

π j0 M̃0(x,t)
8 ρhn f

e(−
π y

p )
+ βhn f (T − T∞)g

, (3)

∂ T
∂ t

+ u
∂ T
∂ x

+ v
∂T
∂ y

=
khn f(

ρ Cp
)

hn f

∂2T
∂ y2 −

1(
ρ Cp

)
hn f

∂ qr

∂ y
. (4)

By using the Taylor series and ignoring higher-order terms, T4 can be expanded about T∞
to obtain T4 ≈ 4T3

∞T − 3T4
∞, so that Equation (1) becomes:

qr = −
16 σ∗T3

∞
3 k∗

∂T
∂y

, (5)

and Equation (4) can be written as:

∂ T
∂ t

+ u
∂ T
∂ x

+ v
∂T
∂ y

=
1(

ρ Cp
)

hn f

(
khn f +

16 σ∗T3
∞

3 k∗

)
∂2T
∂ y2 , (6)

where σ∗ and k∗ represent the Stefan–Boltzmann constant and the mean absorption
coefficient, respectively. Meanwhile, the pertaining boundary conditions for this flow
problem are:

v = vw(x, t) = 0, u = uw(x, t) = 0,−khn f
∂T
∂y = h f

(
Tf − T

)
at y = 0

u = ue(x, t)→ a x
1−c t , T → T∞ at y→ ∞

}
. (7)

In the above equations and boundary conditions, (u, v) denote the velocity compo-
nents along the (x, y)-axes, T is the temperature, g is the acceleration due to gravity, and h f
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is the convective heat transfer coefficient. In Equation (3),
[
π j0 M̃0(x)

(
−π z

p

)]
/
[
8 ρhn f

]
is

the Grinberg term with M̃0 as the magnetization of the permanent magnets, p as the width
of electrodes, and j0 as the density applied in the electrodes.

Furthermore,

µhn f = µH2O
(
1− φAl2O3 − φCu

)−2.5

ρhn f = φAl2O3 ρAl2O3 + φCuρCu +
(

1− φhn f

)
ρH2O

khn f
kH2O

=

{
φAl2O3

kAl2O3
+φCukCu

φAl2O3
+φCu

+ 2kH2O + 2
(
φAl2O3 kAl2O3 + φCukCu

)
− 2
(
φAl2O3 + φCu

)
kH2O

}
×{

φAl2O3
kAl2O3

+φCukCu
φAl2O3

+φCu
+ 2kH2O −

(
φAl2O3 kAl2O3 + φCukCu

)
+
(
φAl2O3 + φCu

)
kH2O

}−1

(
ρCp

)
hn f = φAl2O3

(
ρCp

)
Al2O3

+ φCu
(
ρCp

)
Cu +

(
1− φhn f

)(
ρCp

)
H2O

(ρβ)hn f =
(

1− φhn f

)
(ρβ)H2O + φAl2O3(ρβ)Al2O3

+ φCu(ρβ)Cu

where φhn f = φAl2O3 + φCu



(8)

These correlations for the hybrid nanofluid’s density (ρnh f ), dynamic viscosity (µhn f ),
thermal conductivity (khn f ), heat capacity (

(
ρ Cp

)
hn f ), and thermal expansion coefficient

(βhn f ) are plausible and true (see Takabi and Salehi [62]). Here, φ is the nanoparticle volume
fraction and Cp stands for the heat capacity at constant pressure. This model is reduced
to Cu/H2O nanofluid if φAl2O3 = 0% and Al2O3/H2O nanofluid if φCu = 0%. In addition,
a model for a viscous fluid is obtained when both φAl2O3 = φCu = 0%. Table 1 lists the
physical characteristics of water (H2O), alumina (Al2O3), and copper (Cu).

Table 1. Thermal and physical characteristics for the base fluid and nanofluids (see Ahmed et al. [63]).

Physical Properties ρ (kg/m3) Cp (J/kg K) k (W/m K)

Cu 8933 385 400
Al2O3 3970 765 40
H2O 997.1 4179 0.613

We now introduce the following appropriate transformations [58]:

u = a x
1−c t f ′(η), v = −

√
a ν f

1− c t f (η), θ(η) = T−T∞
Tf (x,t)−T∞

,

η = y
√

a/ν f
1− c t .

(9)

In order for Equations (2), (3) and (6) to reduce to ordinary differential equations (have
similarity solutions), we assume that M̃0(x, t) = [(x/l) M0]/

[
(1− c t)2

]
,

b̃(t) = (1− c t)−1/2b, h̃ f (t) = (1− ct)−1/2h f , where M0, b, and h f are constant.
Then, we obtain the following differential equations after substituting the similarity

variables (9) into Equations (2), (3) and (6):

µhn f /µH2O

ρhn f /ρH2O
f ′′′ + f f ′′ + 1− f ′2 − A

(
f ′ +

η

2
f ′′ − 1

)
+

 Z
ρhn f
ρH2O

e−b η +
βhn f

βH2O
θλ = 0, (10)

1
Pr

(ρCp)H2O(
ρCp

)
hn f

( khn f

kH2O
+

4
3

R
)

θ′′+ f θ′ − 1
2

Aηθ′ = 0, (11)

subject to the boundary conditions

f (0) = 0, f ′(0) = 0, θ′(0) = − kH2O
khn f

Bi[1− θ(0)],

f ′(η)→ 1, θ(η)→ 0 as η → ∞.

}
(12)
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Here, Z stands for the modified Hartmann number, Pr for the Prandtl number, b for
the parameter associated with the magnets and electrode width, A for the unsteadiness
parameter, R for the radiation parameter, λ for the mixed convection parameter, and Bi for
the Biot number, which are defined by:

Pr =
(µCp)H2O

kH2O
, Z = π j0 M0

8 a2lρH2O
, b = π

p

√
νH2O

a , A = c
a ,

R = 4 σ∗ T3
∞

kH2O k∗ , λ = Grx
Re2

x
, Bi =

h f
kH2O

√
νH2O

a ,

with Grx = g βH2O

[
Tf (x, t)− T∞

]
x3/νH2O

2 and Rex = ue(x, t) x/νH2O as the local
Grashof number and local Reynolds number, respectively.

In the present work, we assume the Riga plate has an A ≤ 0 and is deceleratingly
shrinking. The EMHD parameter Z > 0 symbolizes the movement of the Lorentz force
towards the positive y− axis, while Z < 0 acts contradictorily. When Z = 0, the Riga plate
acts as an axial flow.

Meanwhile,

C f =
µhn f

ρH2O u2
e (x, t)

(
∂ u
∂ y

)
y=0

, Nux = − x

kH2O

(
Tf − T∞

) [(khn f
∂ T
∂ y

)
y=0

+ (qr)y=0

]
, (13)

are the local skin friction coefficient C f and the local Nusselt number Nux. Using (9) and
(13), we get:

Re1/2
x C f =

µhn f

µH2O
f ′′ (0), Re−1/2

x Nux =

( khn f

kH2O
+

4
3

R
)[
−θ′(0)

]
. (14)

For φ = 0 (classical viscous fluid), A = 0 (steady state flow), R = 0, and Z = 0 (flat
plate), Equations (10) and (12) reduce to:

f ′′′ + f f ′′ + 1− f ′2 + θλ = 0, (15)

θ′′ + Pr f θ′ = 0, (16)

f (0) = 0, f ′(0) = 0, θ′(0) = −Bi[1− θ(0)]
f ′(η)→ 1, θ(η)→ 0 as η → ∞

}
. (17)

The boundary value problem (15 to 17) is identical to the boundary value problems
(8–10) from Jafar et al. [64] and the boundary value problem (7–10) from Mohamed et al. [65],
when M = ε = 0. Therefore, we can compare our results with the papers mentioned above
(see Table 2).

Table 2. Comparison of results with those by Jafar et al. [64] and Mohamed et al. [65].

Pr Bi
Re1/2

x Cf Re−1/2
x Nux

Percentage Difference (%)
Present Result Mohamed et al. [65] Present Result Jafar et al. [64]

0.72 0.05 1.2325876 1.2325877 0.045466 0.045466 8.11301 × 10−6

0.1 1.2325876 1.2325877 0.083373 0.083373 8.11301 × 10−6

0.2 1.2325876 1.2325877 0.142974 0.142974 8.11301 × 10−6

3. Stability Analysis

We tested whether the dual solutions of the boundary value problem (10 to 12) are sta-
ble or unstable by performing a stability analysis. In this respect, we followed Merkin [66]
or Weidman et al. [67], who have shown that the lower branch solutions are unstable (not
physically realizable in practice), while the upper branch solutions are stable (physically
realizable in practice). As in Weidman et al. [67], we introduce the new dimensionless time
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variable τ. The use of τ is associated with an initial value problem and is consistent with
the question of which obtained solution is stable (physically realizable). We now have:

u = a x
1−c t

∂ f
∂η (η, τ), v = −

√
a ν f

1− c t f (η, τ)

θ(η, τ) = T−T∞
Tf (x,t)−T∞

, η = y
√

a/ν f
1− c t

, (18)

so that Equations (3) and (6) become:

µhn f /µH2O
ρhn f /ρH2O

∂3 f
∂η3 + f ∂2 f

∂η2 + 1−
(

∂ f
∂η

)2
− A

(
∂ f
∂η + η

2
∂2 f
∂η2 − 1

)
+
(

Z
ρhn f /ρH2O

)
e−b η

+
βhn f
βH2O

θλ− (1 + Aτ)
∂2 f

∂η∂τ = 0,
(19)

1
Pr

(ρCp)H2O(
ρCp

)
hn f

( khn f

kH2O
+

4
3

R
)

∂2θ

∂η2 + f
∂θ

∂η
− 1

2
Aη

∂θ

∂η
− (1 + Aτ)

∂θ

∂τ
= 0, (20)

with boundary conditions of:

f (0, τ) = 0, ∂ f
∂η (0, τ) = 0, ∂θ

∂η (0, τ) = − kH2O
khn f

Bi[1− θ(0, τ)]
∂ f
∂η (η, τ)→ 1, θ(η, τ)→ 0 as η → ∞

. (21)

Initial decay or growth of disturbance in the steady solutions f0(η) and θ0(η) deter-
mines the stability of the solutions [67]. Therefore, the following perturbation functions
containing disturbance that changes exponentially with time (see Weidman et al. [67]):

f (η, τ) = f0(η) + e−γτ F(η, τ)
θ(η, τ) = θ0(η) + e−γτ M(η, τ)

}
, (22)

are substituted into Equations (19) to (21). In the preceding functions, γ represents the
unknown eigenvalue, and f0(η) and θ0(η) are large in comparison to F(η, τ) and M(η, τ),
respectively. By setting the value τ = 0,

µhn f /µH2O

ρhn f /ρH2O
F′′′0 + f0F′′0 + F0 f ′′0 − 2 f ′0F′0 − AF′0 −

A
2

ηF′′0 +
βhn f

βH2O
λM0 + γF′0 = 0, (23)

1
Pr

(ρCp)H2O(
ρCp

)
hn f

( khn f

kH2O
+

4
3

R
)

M′′
0 + f0M′0 + F0θ′0 −

A
2

ηM′0 + γM0 = 0, (24)

F0(0) = 0, F′0(0) = 0, M′0(0) =
kH2O
khn f

BiM0(0)

F′0(η)→ 0, M0(η)→ 0 as η → ∞

}
. (25)

To allow the evaluation of the smallest eigenvalue γ1, one of the homogenous far-field
boundary conditions (25) (i.e., F′0(η)→ 0) is relaxed to yield F′′0 (0) = 1 [68]. The stable
and unstable solutions are represented by the positive and negative values of γ1.

4. Results and Discussion

The MATLAB solver bvp4c, which has a finite difference code, generated all the
numerical results in this work. For computation purposes, appropriate substitutions are
made to rewrite Equations (10) to (12) as first-order ordinary differential equations. A
brief example of this step of the computation is described by Yahaya et al. [69]. Before
further computations are made using the MATLAB solver, the mathematical framework
and approach employed in this study are validated by comparing them to the previously
published papers by Jafar et al. [64] and Mohamed et al. [65]. As can be seen from Table 2,
our results are in excellent agreement with the results mentioned above. Therefore, we are
deeply confident that the present results are accurate and correct.
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The impacts of several pertinent parameters on the flow and heat transfer behaviors
of the hybrid nanofluid were scrutinized. Throughout this study, Pr = 6.2 for water, and
φAl2O3 and φCu were maintained at 0.02. The far-field region of ηmax was adjusted to 10 for
the velocity and temperature profiles, which asymptotically achieved the far-field boundary
condition (12). The bvp4c function requires an initial guess of the solution for the boundary
values problem (10 to 12). The guess must satisfy the boundary conditions (12) and keep the
behavior of the solution. Determining an initial guess for the first (upper branch) solution
is not difficult because the bvp4c method will converge to the first solution even for poor
guesses. However, it is rather difficult to determine a sufficiently good guess for the second
(lower branch) solution of the boundary value problem (10 to 12). In this case, we used the
technique called continuation [70]. As explained in the previous section, the computation
of linearized eigenvalue problems (23) to (25) subjected to the new boundary condition
will produce an infinite set of eigenvalues (i.e., γ1 < γ2 < γ3 < · · · ). The value of γ1
will determine the stability of the solutions, and the results are tabulated in Table 3. As
observed from this table, the first solution has positive γ1 values, that denote a meaningful
and stable solution (physically realizable in practice). The second solution, with negative
values of γ1, is identified as unstable but still holds mathematical importance. Therefore,
the discussion here is based on the physically realizable first solution. Nevertheless, the
second solution was still be recorded.

Table 3. Smallest eigenvalue, γ1 for Pr = 6.2, A = −0.5, φAl2O3 = φCu = 0.02, b = Z = Bi = 0.5,
and R = 1.3.

λ γ1

First Solution Second Solution

−1.0 0.97587 −1.51783
−0.5 1.86571 −1.78683
0.9 0.89239 −0.06152
1.0 0.88626 −0.06402

We notice that all Figures 2–10 show that unique solutions exist for the boundary value
problem (10 to 12) when λ > 0 (assisting flow), dual solutions (upper and lower branch
solutions) exist for λc < λ < 0 (opposing flow) and no solutions exist for λ < λc < 0 where
λc < 0 is the critical value of λ < 0 for which the boundary value problem (10 to 12) have
no solutions. It should be stated that for λ < λc < 0 the full Navier–Stokes and energy
Equations (2) to (4) have to be solved.

The plots of physical quantities of interest with the unsteadiness parameter A and
mixed convection parameter λ are given in Figure 2. Both solutions of Re1/2

x C f showed
a reducing trend with the increasing magnitude of A (see Figure 2a). Meanwhile, the
increment of λ augmented the value of Re1/2

x C f , which denotes the rise of the skin friction
coefficient. A slight improvement of Re−1/2

x Nux by λ was also observed in Figure 2b.
This behavior is due to the enhancement of temperature gradient −θ′(0). In addition,
the increase in |A| raised the values of Re−1/2

x Nux, which are proportional to the heat
transfer rate.

Figure 3 depicts the behavior of the skin friction coefficient and Nusselt number with
varying values of the modified Hartmann number Z. Both the opposing (λ < 0) and aiding
(λ > 0) flows exhibited an amplified skin friction coefficient as Z increased (see Figure 3a).
Similar behavior was also seen for Re−1/2

x Nux in Figure 3b. The rise in heat transfer rate
by Z indicates better cooling is achieved. Meanwhile, Figure 4 shows the variation of
Re1/2

x C f and Re−1/2
x Nux with b and Z. In both Figure 4a,b, two different behaviors were

obtained for the opposing (Z < 0) and aiding (Z > 0) the Lorentz force when the magnets
and electrode width parameter b increased. For negative values of Z, the enhancement
of b augmented the values of Re1/2

x C f and Re−1/2
x Nux. However, the opposite trend was

obtained for positive values of Z.
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Figure 2. Plots of (a) 𝑅𝑒௫
ଵ/ଶ 𝐶 and (b) 𝑅𝑒௫

ିଵ/ଶ𝑁𝑢௫ with various values of 𝐴 and 𝜆. Figure 2. Plots of (a) Re1/2
x C f and (b) Re−1/2

x Nux with various values of A and λ.

Further, Figure 5 illustrates the impacts of A on the velocity and temperature profiles.
The velocity profile around the plate diminished with the increase in |A| (see Figure 5a).
The boundary layer thickened and reduced the velocity gradient (i.e., f ′′ (0)), which further
decreased the value of Re1/2

x C f , as shown in Figure 2a. Interestingly, the velocity profile of
the hybrid nanofluid, located far from the plate, showed an increasing trend with |A|. In
contrast, a rise in |A| reduced the temperature profile and reduced the thermal boundary
layer (see Figure 5b). The temperature gradient at the Riga plate’s surface then increased,
boosting the Re−1/2

x Nux.
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Next, Figure 6 illustrates the velocity and temperature profiles with the effects of
the mixed convection parameter λ. The opposing flow or heating problem is represented
by λ < 0 such that Tf < T∞, while λ > 0 denotes an assisting flow or cooling problem
for Tf > T∞. Based on Figure 6a, the increase in λ was observed to improve the hybrid
nanofluid’s velocity profile and to thin the momentum boundary layer. The increase of the
mixed convection parameter λ promoted the enhancement of the free convection parameter
Grx. Hence, the buoyancy force rose and boosted the hybrid nanofluid flow. The velocity
gradient increased and raised Re1/2

x C f , as seen in Figure 2a. However, a decreasing trend
was seen for the temperature profile in Figure 6b when λ increased. The augmentation of λ
decreased the thermal diffusivity of the hybrid nanofluid (see Ibrahim and Anbessa [71]).
As a result, the thermal boundary layer became thinner (see Figure 6b).
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The velocity profile was also enhanced by the increase in the modified Hartmann
number Z. Physically, the increase in Z was associated with the increment of the electrical
field that generates the Lorentz force [60]. This force then retarded the boundary layer and
raised the velocity profile, as obtained in Figure 7a. Further increase in Z then promoted
the overshot of the velocity profiles (see Figure 7a), which indicates that the velocity of
the hybrid nanofluid near the Riga plate exceeded the free stream velocity under strong
Lorentz forces. Meanwhile, the thermal boundary layer constricted as Z increased. Then, a
subsequent decrease in the temperature profile was seen (see Figure 7b). Ganesh et al. [72]
and Nayak et al. [73] reported the same behavior.
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Figure 5. (a) Velocity and (b) temperature distributions for various values of A.

Other than that, the effects of the magnets and electrode width were analyzed through
the dimensionless parameter b. The results presented in Figure 8 suggest that the increment
of b reduced and increased the velocity and temperature profiles, respectively. In addition,
it can be noticed that the increase in b promoted the growth of momentum and thermal
boundary layers (see Figure 8a,b). However, the increase in b reduced the gradients
of velocity and temperature (i.e., f ′′ (0)) and −θ′(0)), which lowered the magnitudes of
Re1/2

x C f and Re−1/2
x Nux (see Figure 4a,b).
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Finally, a parameter related to the convective boundary condition, Bi, directly cor-
related with the convective heat transfer coefficient h f . Therefore, the augmentation of
the Biot number boosted the convective heat transfer between the plate and the hybrid
nanofluid, raised the temperature profile of the hybrid nanofluid, and thickened the bound-
ary layer, as observed in Figure 9. Likewise, the existence of radiation in the flow resulted in
the same impacts towards the boundary layer and temperature distribution (see Figure 10).
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5. Conclusions

The mathematical formulation for the unsteady two-dimensional hybrid nanofluid’s
flow, induced by mixed convection, across a Riga plate with radiation and convective
boundary condition was presented. The problem was solved numerically using the bvp4c
solver in MATLAB. Dual solutions in the computation prompted a stability analysis that
successfully identified the first solution as stable and physically meaningful. In addition,
the effects of other controlling parameters were scrutinized.

The increase in the unsteadiness parameter reduced the skin friction coefficient and
improved the Nusselt number. Meanwhile, enhancing the mixed convection parameter
and modified Hartmann number augmented the skin friction coefficient and Nusselt
number. In addition, increasing the magnets and electrode width parameter in opposing
Lorentz force enhanced these physical quantities of interest. Still, the opposite trend was
obtained with the aiding Lorentz force. Through the numerical computations, is was
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indicated that the heat transfer performance can be improved using the Riga plate with
the augmentation of the modified Hartmann number, mixed convection parameter, and
unsteadiness parameter. However, the increment of the modified Hartmann number and
mixed convection parameter raised the wall shear stress.

The current study emphasized providing the numerical solution for the mathematical
formulation of the stated flow problem. Then, a stability analysis was performed to aid the
process of choosing a stable, physically realizable solution in actual practice. This current
study can be extended into an experimental study or supplied with modifications to suit
real-life applications.
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Nomenclature

a, c constant
A unsteadiness parameter
b parameter related to magnets and electrode width
Bi Biot number
C f skin friction coefficient
Cp heat capacity (J/kgK)
f dimensionless velocity
g acceleration due to gravity (m/s2)
Grx local Grashof number
h f convective heat transfer coefficient
j0 density applied in the electrodes
k thermal conductivity (W/m·K)
k∗ mean absorption coefficient
l characteristic length
M̃0 magnetization of permanent magnets
Nux local Nusselt number
p width of electrodes
Pr Prandtl number
qr radiation heat flux
R radiation parameter
Rex local Reynolds number
t time (s)
T fluid temperature (K)
Tf convective temperature
T0 characteristic temperature
T∞ far-field temperature
x, y Cartesian coordinates (m)
u, v velocity components(m/s)
ue far-field velocity (m/s)
ue far-field velocity (m/s)
Z modified Hartmann number



Mathematics 2023, 11, 215 18 of 20

Greek symbols
ν kinematic viscosity (m2/s)
β thermal expansion coefficient
ψ stream function
λ mixed convection parameter
σ∗ Stefan–Boltzmann constant
γ unknown eigenvalue
τ dimensionless time variable
η similarity variable
θ dimensionless temperature
ρ fluid density (kg/m3)
φ nanoparticle volume fraction
µ dynamic viscosity (kg/m2s)
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