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Support Vector Regression (SVR) has become increasingly popular in the detection of
outliers and classification problems in high dimensional data (HDD), because it can
handle nonlinear, rank deficient and high dimensional problems by employing the kernel
trick to transform nonlinear relationship in the input space into a linear form in a high
dimensional feature space.

The standard SVR and the p-e-SVR are introduced to detect outliers in HDD.
Nonetheless, they are computationally expensive and not very successful in detecting
outliers. As a solution to this problems, the fixed parameters support vector regression
(FP-g-SVR) was put forward. The FP-e-SVR using -SVR is also not very successful in
identifying outliers. A nu-SVR is developed to overcome these shortcomings. The results
signify that the proposed nu-SVR method is very successful in identifying outliers under
a variety of situations, and with less computational running time.

The statistically inspired modification of the partial least squares (SIMPLS) is the widely
used method to handle partial least squares problems in high dimensional data. However,
the SIMPLS is no longer efficient when outliers are present in the data. The robust
iteratively reweighted SIMPLS (RWSIMPLS) technique, which is an enhancement of
the SIMPLS algorithm, is put forward to remedy this problem. Nevertheless, with regard
to parameter estimations and outlier diagnostics, the RWSIMPLS is still inefficient. It
also suffers from long computational times. Hence, a new robust RWSIMPLS (SVR-
RWSIMPLS) algorithm that incorporates a new weight function constructed from nu-
SVR, is established. The numerical results clearly indicate the SVR-RWSIMPLS
algorithm is more efficient, more robust and has less computational running times than
the RWSIMPLS. The proposed SVR-RWSIMPLS diagnostic plot is also very successful
in classifying observations into correct groups.



The least absolute shrinkage and selection operator (LASSO) is the shrinkage procedure
based on penalized function which is the commonly used method in performing parameter
estimations and variables selection, simultaneously. However, the LASSO method is easily
affected by outliers since it is a special case of the penalized least squares regression with
L, penalty function, where L, is the regularization penalty parameter that limits the
regression coefficients' size, such that some coefficients can become zero and be
eliminated. Many penalization methods have been proposed to remedy this problem that
includes the WLAD-LASSO. However, the shortcoming of the WLAD-LASSO is that
its efficiency tends to decrease as the number of good leverage points (outlying
observations in X-space where they follow the pattern of the majority of the data)
increases. Moreover, it can only handle low dimensional data because it is based on the
robust mahalanobis distance - minimum volume ellipsoid (RMD-MVE) weight whereby
MVE can only be computed for low dimensional data. Thus, a new weighted WLAD-
LASSO method (SVR-WLL) is developed to simultaneously estimate the parameters
and variables selection of regression model. The results of simulation study and real data
sets show that the SVR-WLL is superior compared to the existing methods discussed in
this thesis.

The Principal component analysis (PCA) is the most commonly used approach for
analysing high dimensional data in order to achieve dimension reduction. However,
outliers have an adverse effect on the PCA, hence reduce the accuracy of the prediction
model. To date, no research has been done to incorporate SVR technique in the algorithm
of PCA in order to obtain accurate prediction model with high accuracy. To close the
gap in the literature, a new hybrid PCA with the nu-SVR technique (SVR-PCA) is
established. The results show that the SVR-PCA is more efficient than the PCA
technique.
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Regresi Vektor Sokongan (SVR) telah menjadi semakin popular dalam pengesanan titik
terpencilr dan masalah klasifikasi dalam data dimensi tinggi (HDD), kerana ia boleh
menangani masalah bukan linear, kekurangan pangkat dan dimensi tinggi dengan
menggunakan helah kernel untuk mengubah hubungan tak linear dalam input ruang ke
dalam bentuk linear dalam ruang ciri dimensi tinggi.

Kaedah SVR biasa dan p-g-SVR diperkenalkan untuk mengesan titik terpencil dalam
HDD. Walau bagaimanapun, pengiraannya rumit dan tidak begitu berjaya dalam
mengesan titik terpencil. Sebagai penyelesaian kepada masalah ini, parameter tetap
penyokong regresi vektor (FP-e-SVR) dikemukakan. Kaedah FP-g-SVR menggunakan
¢-SVR juga tidak begitu berjaya dalam mengenal pasti titik terpencil. Kaedah Nu-SVR
dibangunkan untuk mengatasi kelemahan ini. Hasilnya menunjukkan bahawa kaedah nu-
SVR yang dicadangkan sangat berjaya dalam mengenal pasti titik terpencil di bawah
pelbagai situasi, dan mengambil masa pengiraan yang pantas.

Pengubahsuaian statistik kuasa dua terkecil separa (SIMPLS) ialah kaedah yang
digunakan secara meluas untuk menangani masalah kuasa dua separa terkecil dalam data
dimensi tinggi. Walau bagaimanapun, SIMPLS tidak lagi cekap apabila terdapat titik
terpencil dalam data. Teknik SIMPLS (RWSIMPLS) pemberat semula yang teguh, yang
merupakan peningkatan algoritma SIMPLS, dikemukakan untuk menyelesaikan
masalah ini. Namun begitu, RWSIMPLS masih tidak cekap dari segi anggaran parameter
dan diagnostik terpencil,. la juga mengalami masa pengiraan yang panjang. Oleh itu,
algoritma RWSIMPLS (SVR-RWSIMPLS) teguh baharu yang menggabungkan fungsi
berat baharu yang dibina daripada nu-SVR, diwujudkan. Keputusan berangka jelas
megambil masa pengiraan yang kurang daripada RWSIMPLS. Plot diagnostik SVR-



RWSIMPLS vyang dicadangkan juga sangat berjaya dalam mengklasifikasikan
pemerhatian kepada kumpulan yang betul.

Pengendali pengecutan dan pemilihan mutlak terkecil (LASSO) ialah prosedur pengecutan
berdasarkan fungsi berhukum yang merupakan kaedah yang biasa digunakan dalam
melaksanakan anggaran parameter dan pemilihan pembolehubah, secara serentak. Walau
bagaimanapun, kaedah LASSO mudah dipengaruhi oleh titik terpencil kerana ia adalah
kes khas regresi kuasa dua terkecil yang dikenakan penalti dengan fungsi penalti L,, di
mana L, ialah parameter penalti regularisasi yang menghadkan saiz pekali regresi, supaya
beberapa pekali boleh menjadi sifar dan dihapuskan. Banyak kaedah penalti telah
dicadangkan untuk membetulkan masalah ini termasuk WLAD-LASSO. Walau
bagaimanapun, kelemahan WLAD-LASSO ialah kecekapannya cenderung menurun
apabila bilangan titik tuasan tinggi yang baik (pemerhatian terpencil dalam ruang-X yang
mengikut corak majoriti data) meningkat. Selain itu, ia hanya boleh mengendalikan data
dimensi rendah kerana ia berdasarkan pemberat bagi jarak mahalanobis yang teguh —
isipadu minimum ellipsoid (RMD-MVE) di mana MVE hanya boleh dikira untuk data
dimensi rendah. Oleh itu, kaedah WLAD-LASSO berwajaran baharu (SVR-WLL)
dibangunkan untuk menganggarkan pemilihan parameter dan pembolehubah model
regresi secara serentak. Hasil kajian simulasi dan set data sebenar menunjukkan bahawa
SVR-WLL adalah lebih unggul berbanding kaedah sedia ada yang dibincangkan dalam
tesis ini.

Analisis komponen utama (PCA) ialah pendekatan yang paling biasa digunakan untuk
menganalisis data dimensi tinggi untuk mencapai pengurangan dimensi. Walau
bagaimanapun, titik terpencil mempunyai kesan buruk pada PCA, oleh itu
mengurangkan ketepatan model ramalan. Sehingga Kini, tiada kajian telah dilakukan
untuk menggabungkan teknik SVR dalam algoritma PCA bagi mendapatkan model
ramalan yang tepat dengan ketepatan yang tinggi. Untuk merapatkan jurang dalam
kesusasteraan, PCA hibrid baharu dengan teknik nu-SVR (SVR-PCA) dibangunkan.
Keputusan menunjukkan bahawa SVR-PCA adalah lebih cekap daripada teknik PCA.
Vektor Sokongan Regresi (SVR) telah menjadi semakin popular dalam pengesanan data
terpencil dan masalah klasifikasi dalam data berdimensi tinggi (HDD), kerana ia boleh
menangani masalah tak linear, kekurangan pangkat dan dimensi tinggi oleh penggunaan
helah kernel untuk mengubah hubungan tak linear di dalam ruang input kepada bentuk
linear dalam ruang ciri berdimensi tinggi.

Piawaian SVR dan p-e-SVR telah diperkenalkan untuk mengesan titik terpencil dalam
HDD. Namun, ianya adalah mahal dari segi pengiraan dan tidak begitu berjaya dalam
mengesan data terpencil. Sebagai penyelesaian kepada masalah ini, parameter tetap
Vektor Sokongan Regresi (FP-e-SVR) telah dikemukakan. FP-e-SVR menggunakan ¢-
SVR juga tidak begitu berjaya dalam mengenal pasti data terpencil. nu-SVR
dibangunkan untuk mengatasi kelemahan tersebut. Keputusan menunjukkan bahawa
cadangan kaedah nu-SVR sangat berjaya dalam mengenal pasti titik terpencil di bawah
pelbagai situasi, dan dengan masa pengiraan yang kurang.



Pengubahsuai yang diilhamkan secara statistik bagi kuasa dua terkecil separa (SIMPLS)
ialah kaedah yang digunakan secara meluas untuk menangani masalah kuasa dua terkecil
separa dalam data berdimensi tinggi. Walaubagaimanapun, SIMPLS tidak lagi cekap
dengan kehadiran titik terpencil dalam data. Teknik perulangan pemberat teguh SIMPLS
(RWSIMPLS) yang merupakan peningkatan algoritma SIMPLS, dikemukakan untuk
menyelesaikan masalah ini. Namun, berkenaan dengan anggaran parameter dan
diagnostik outlier, RWSIMPLS masih tidak cekap. la juga mengalami masa pengiraan
yang panjang. Maka, algoritma teguh baru RWSIMPLS (SVR-RWSIMPLS) yang
menggabungkan fungsi pemberat baharu yang dibina daripada nu-SVR, diwujudkan.
Keputusan berangka dengan jelas menunjukkan SVR-RWSIMPLS algoritma adalah
lebih cekap, lebih teguh dan mempunyai masa pengiraan yang kurang daripada
RWSIMPLS. Plot diagnostik SVR-RWSIMPLS yang dicadangkan juga sangat berjaya
dalam mengklasifikasikan pemerhatian ke dalam kumpulan yang betul.

Pengecutanc mutlak terkecil dan pemilihan pengendali (LASSO) ialah prosedur
pengecutan berdasarkan fungsi penalti yang merupakan kaedah yang biasa digunakan
dalam melaksanakan anggaran parameter dan pemilihan pembolehubah, secara serentak.
Namun, kaedah LASSO mudah dipengaruhi oleh data terpencil kerana ia adalah kes khas
penalti regresi kuasa dua terkecil dengan fungsi penalti L,. Banyak kaedah penalti telah
dicadangkan untuk membetulkan masalah ini termasuk WLAD-LASSO.
Walaubagaimanapun, kelemahan WLAD-LASSO ialah kecekapannya cenderung
menurun apabila bilangan titik tuasan yang baik (pemerhatian terpencil dalam ruang-X di
mana ia mengikut corak majoriti data) meningkat. Selain itu, ia hanya boleh
mengendalikan data berdimensi rendah, (p <n ) kerana ia berdasarkan berat RMD-
MVE di mana MVE hanya boleh dikira untuk data berdimensi rendah. Oleh itu, kaedah
WLAD-LASSO berwajaran baharu (SVR-WLL) dibangunkan secara serentak
menganggar pemilihan parameter dan pembolehubah model regresi. Hasil kajian
simulasi dan set data sebenar menunjukkan bahawa SVR-WLL adalah lebih unggul
berbanding kaedah sedia ada yang dibincangkan dalam tesis ini.

Analisis komponen utama (PCA) ialah pendekatan yang paling biasa digunakan untuk
menganalisis data berdimensi tinggi untuk mencapai pengurangan dimensi. Walau
bagaimanapun, titik terpencil mempunyai kesan buruk terhadap PCA, oleh itu
mengurangkan ketepatan model ramalan. Sehingga Kini, tiada kajian telah dilakukan
untuk menggabungkan teknik SVR dalam algoritma PCA bagi mendapatkan model
ramalan yang tepat dengan ketepatan yang tinggi. Untuk merapatkan jurang dalam
literatur, PCA hibrid baharu dengan teknik nu-SVR (SVR-PCA) dibangunkan.
Keputusan menunjukkan bahawa SVR-PCA adalah lebih cekap daripada teknik PCA.
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CHAPTER 1

INTRODUCTION

1.1 Background of the Study

Regression analysis resembles a statistical procedure for determining the functional
relationship between two or more variables in order to predict a dependent variable (DV)
(output) from one or more independent variables (1V) (input) (Kutner et al., 2005). Given
the explanatory variables, regression analysis calculates the response variable's
conditional expectation. That means when the independent variables are fixed, it
calculates the average value of the dependent variable. This can be accomplished by
employing the appropriate approach for the data set under investigation. One of the most
prevalent estimation strategies in regression analysis is the ordinary least squares method
(OLS). The OLS is among the common estimation technique in the linear regression,
due to its attractive properties and ease of calculation. Moreover, provided that random
errors are independent and identically normally distributed (11D), then the OLS estimator
is the best linear unbiased estimator (BLUE). In the sense that within all possible linear
unbiased estimators, the OLS estimator possesses the minimum variance. However, in
the vast majority of real-world applications, the assumptions underlying the linear
regression model such as the error terms are independent and normally distributed, are
not met. Additionally, the OLS estimator is not resilient in the presence of outliers, which
are common in real-world scenarios. To put it another way, the OLS estimator has a low
breakdown point of 1/n (Maronna et al., 2006), in which n represents the sample size.
This implies that even if one point is abnormal, it can drastically affect the least squares
estimate in the incorrect direction (refer to Rousseeow and Leroy, 1987; Kamruzzaman
and Imon, 2002; Maronna et al., 2006).

In the presence of one or more outlying observations, the normal distribution of the error
terms are easily offended. According to Belsley et al. (1980), outliers refer to
observations that have the greatest effect on the calculated values of various estimates,
either alone or in combination with multiple other points. Additionally, Hawkins (1980)
described an outlier as one which differs very significantly than the others that it raises
concerns that it was caused by a variety of factors. "An outlier is an observation that,
because it is unusual and/or unjustified, deviates decisively from the overall behaviour
of experimental data in regards to the criterion studied," as explained by Muoz-Garcia et
al. (1990). As per Barnett and Lewis (1994), outliers are points that are significantly
different from the bulk of observations included in a data collection. In general, outliers
in regression issues may be divided into numerous categories. Outliers, or also called as
vertical outliers, are those outlying data in the Y-direction. On the other hand, high
leverage points (HLPs) are observations that are outlying in the X-direction, while
residual outliers are observations that have large residuals. According to Midi et al.
(2021), HLPs can be classified into good and bad leverage points. The good leverage
points are located on the regression line, and they possess minor effects on the regression
estimators, with the potential to improve the precision of an estimate. On the contrary,



the bad leverage points are located distant from the regression line and possess a large
impact on regression estimators.

With regards to the non-linearity relationship and outliers between variables, additional
major difficulties that impact the projected model include high-dimensional and sparse
(p is much larger than the sample size, n). Additionally, Yatchew (2003) pointed that the
potential approximation error is larger ten times for each additional explanatory variable
to the regression model because of the difficulty to meet the assumptions of the
parametric regression model. Nowadays, there are humerous techniques that deal with
these issues independently. Even so, there are few studies in the literature that take into
account the existence of outliers, high-dimensional and non-linearity issues (less than
full or full rank) all at the same time. Consequently, finding options that provide the
essential flexibility to deal with these difficulties, for instance, nonparametric
approaches, particularly learning machines, has become a crucial requirement. Therefore
in this thesis, the focus is mainly on developing several statistical methods based on
support vector regression on high dimensional data. Hence, it is important to first
introduce the concept of support vector regression, followed by some other important
concepts.

1.2 Support Vector Machine for Regression

The conventional regression assumptions, for instance, the assumption of linear
relationship among variables with the knowledge of the data’s underlying probability
distribution, are difficult to achieve in most real-world situations (Ukil, 2007). Due to
this problem, other alternative methods such as the nonparametric machine learning
should be adopted.

Support Vector Machine (SVM) is a promising and somewhat new approach for learning
to separate functions in classification problems (SVC) or conducting function estimation
in regression issues (SVR). Moreover, because of its high performance and capability to
transform non-linear relationships among variables into the linear forms using the kernel
notion (kernel function), SVM applications have been rising recently. Additionally,
Cortes and Vapnik (1995) developed the support vector machine using statistical
learning theory (SLT) for distribution-free data learning. They described SVM as a
collection of related supervised learning approaches that can be used to solve regression
and classification issues. By virtue of its exceptional performance in a diversified
learning situation, it has sparked great attention in the machine learning field, both
theoretically and empirically. It is good at solving problems in image analysis (Guo et
al., 2008), bioinformatics (Ben-Hur et al., 2008), financial prediction and marketing
database (Ukil, 2007), bankruptcy prediction (Hardle et al., 2011), artificial intelligence
(Frohlich and Zell, 2005), and text categorization (Kuo and Yajima, 2010). Other factors
that contribute to the SVM's widespread use include its theoretical assurances regarding
its performance and less sensitivity to local minima.



The SVM was first used to solve classification problems (Cortes and Vapnik, 1995).
However, the formulation was immediately improved to solve regression issues (Vapnik,
1995; Vapnik et al., 1996). Moreover, the SVM is distinguished by its capacity to
generate a comprehensive, sparse, and unique solution (Ceperic et al., 2014). Vapnik's
e-insensitive SVR is a popular support vector regression formulation. It generates a
predictive model that is based on only a portion of the training data (sparse model) and
disregards any aspects that fall under the threshold €. The sparse regression model is a
simplified model, in general. When compared to the complexity ratio, it can achieve
excellent accuracy. On the other hand, the SVR model incorporates a regularisation term
(weight) in its training formulation that helps to reduce the model's complexity. Several
advantages of the sparse regression model have been identified by several researchers,
which may be summarized in the next three points (Tipping, 2001; De Figueiredo, 2003;
Roth, 2004; De Brabanter et al., 2010; Guo et al., 2010):

Tendency to avoid the issue of over-fitting: a model with less complexity is less likely
to over-fit the data.

Lower computational expenses during active use: the SV machine model's estimate time
is significantly related to the support vectors (the support vectors number), and as this
number reduces, the execution speed increases.

Capability to generalize: generalization, as well as over-fitting are two notions that are
closely associated in that if the likelihood of over-fitting is reduced, the model's ability
to generalize is strengthened.

Nevertheless, the SVR's ability to generate a sparse model by itself is insufficient to
guarantee that the model will generalize effectively. As an example, when the parameter
¢ value is too small, then, the generated model will be dependent on the majority of the
training points, which leads to the non-sparse resulting solution (Guo et al., 2010).

1.2.1 The Basic ldea

Let consider the training data {(x1, ¥1), ..., (x,),)} €X %R, in which X denotes the input
variables space (e.g., X=R?% ). The purpose of the e-tube SVR is to search f(x) such that
it has at most, ¢ deviation from the acquired outputs y;. Moreover, at the same time it
should be as flat as possible (Smola and Scholkopf, 2004). It is worth mentioning that
the training errors are not much taken into consideration as long as they are smaller than
the threshold value e, but any deviation more than this will not be tolerated. Let us first
consider the situation of a linear function f, as follows:

fG) = (w,x) + b, (1.1)



in which (., .) describes the dot product in X, b € R and w € X denotes the offset and
slope of the regression function. Flatness in the function (1.1) means that one attempts a
small value by minimizing the Euclidean norm ||w/||2.

This problem may be expressed as a convex optimization problem (Smola and
Scholkopf, 2004).

o 1.5
minimize Ellwll

yvi—(w,x;)—b< ¢ (1.2)

subject to {(w,xi)+b—3’i < ¢.

In (1.2), the implied assumption was that the convex optimization problem is feasible.
The slack variables are introduced to deal with the issue of the optimization problem’s
infeasible constraints (1.2). According to Vapnik (1995), this process leads to the
formulation:

n
1
minimize Ellwll2 + C Z(Ei + &)
i=1

yi—{w,x))—b< e+¢
subjectto {(w,x;))+b—y; < e+ & (1.3)
b= N=1.2 ...4n

in which & and &; resemble the slack variables that provide the lower and the upper
errors, and C is realized as the tradeoff between model complexity and the number of
deviations higher than e which can be tolerated.

This is equivalence of minimizing the e-insensitive loss function as given in (1.4), in
which it describes the best robustness characteristics among different common loss
functions, for instance, Huber’s, Gaussian, and Laplacian (Schélkopf and Smola, 2002;
Rojo-Alvarez et al., 2003; Colliez et al., 2006).

0 ifly; — f()l< e

ly; — f(x)|—¢ otherwise. (1.4)

L (y) = {

The hypothetical aspect is visually depicted in Figure 2.1. It can be observed from this
figure, that only the points that are falled beyond the e-tube (the shaded region) are
considered as support vectors, and their deviations are penalized in a linear way. As per
Lee and Mangasarian (2001), the optimization problem (1.3) can easily be solved in its
dual formulation, provided that the dimension of the parameter w is much bigger
compared to the number of samples. Furthermore, the dual formulation is the key to
extend the SVR method to nonlinear functions.
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Figure 1.1 : A linear SVM soft margin loss setting (Schélkopf and Smola 2002)

122 Dual Problem and Quadratic Programs

The main idea is to construct the Lagrange function (L) from the objective function and
its accompanying constraints that possesses a saddle point at the solution in terms of the
dual and primal variables (for more details refer Vanderbei, 1999). This can be
accomplished by introducing dual set of variables that can be shown as follows:

1 n n
L= W2 +C ) (= &)= C ) (i +migD)
i=1 i=1

=) e+ &=y +w,x) + )

i=1
n

=) @i+ & +yi—(wx)—b, (1.3)

i=1

where «a;, a;,n;,n; resemble the Lagrange multipliers that have to meet positivity
constraints, such that

* *
ag, a;,n,n; 2 0.

To achieve the optimality, the partial derivatives of L to the primal variables (w, b, ;, ;')
are selected and be equated to zero (Smola and Schélkopf, 2004).

oL . .
% = Z((Zi — ai) =0 (16)
i=1



oL _ i Dx; =0 1.7)
T =V ‘_1(al- ai)x; = .

oL
—=C—ai—ni=0 (18)

aafi

L
=C—a;—n;=0. (1.9)

661

The following dual optimization problem is obtained by substituting (1.6), (1.7), (1.8),
and (1.9) into (1.5) (Smola and Schdélkopf, 2004):

1 n
|( E Z (al a; )(a] )(xux]
maximize { ln i
| —¢ (a;+a))+ ) yi(a; — (1.10)
k lzl z

subject to Z(ai —af) =0 and a;,a;e[0,C].

i=1

Conditions (1.8) and (1.9) are used to remove the dual variables n; and n; in deriving
(1.10). The weight vector w can be obtained by rewriting equation (1.7) as

w = Z(ai — D), (111)

Hence, the regression function is represented as

Flx) = Z(ai — a}){x,x) + b. (112)

It important to highlight that the parameter b can be calculated by exploiting the Karush—
Kuhn-Tucker criteria (KKT) (Keerthi et al., 2001; Ceperic et al., 2014). Moreover, the
conditions of KKT to nonlinear programming generalize the Lagrange multiplier
approach to permit inequality constraints as well as equality requirements (Boyd and
Vandenberghe, 2004).

1.2.3 Generalized SVR Algorithm for Nonlinear Case

Only the linear regression situation has been explored in the preceding subsections. The
following stage is to build the SVM algorithm nonlinear. This could be achieved by



simply applying the function @ : X — F on the training patterns x;. The function @ is
employed to transform the input space X into some feature space F by applying the
conventional SV regression procedure (Smola and Schélkopf, 2004; Ceperic et al.,
2014). Regrettably, for both high-dimensionality and polynomial (high order) features,
this strategy can quickly become computationally expensive (Vapnik, 1995). Clearly,
this strategy is not appropriate in all circumstances, and one may look for other methods
that are computationally less expensive.

As previously stated, the SVM method is only relies on the dot products among patterns
x;. Thus, Boser et al. (1992) have deduced that knowing k(x;, x) = (®(x;), ®(x))
instead of @ explicitly is sufficient, allowing us to recast the optimization problem of
SVM (1.10) as the following:

n

1
G z (a; — az‘)(aj - a]-*)k(xi,x]-)

ij=1
n n
e Y (@ +a) + ) yila - a))
k i,j=1 i=1
n

subject to Z(ai —a;) =0 and a;a/€[0,C].

i=1

maximize

Similarly, the equations (1.11) and (1.12) can rewritten as

W= @ =)o)

and

f(x) = Z(ai —a))k(x;,x) +b.

i=1

The distinction between the two scenarios is that in the nonlinear case, unlike the linear
example, w is not explicitly provided. It is worth noting that, in the nonlinear situation,
the optimization issue corresponds to the discovering the flattest function in feature
space instead of input space.

124 The Steps of SVR Algorithm

The different phases of the regression process are visually illustrated in this section.
Figure 2.2 shows how the map function @ is utilized to map the input pattern x; into the
feature space (Scholkopf and Smola, 2002). Then, within the training patterns that were



previously mapped by the map function, compute the dot products. This is equivalent to
analysing the kernel functions k(x;, x) = (®(x;), ®(x)). Afterwards the weights v; =
a; — «a; are used to insert the dot products. Lastly, the regression's final prediction output
is obtained by adding the parameter b. It is also worth noting that the procedure which
has been previously explained is quite comparable to Neural Network Regression
(NNR), with the difference that in the case of SV, the weights in the input layer are the
training patterns’ subset.

)2 output I, kX))
A %
/// /I/ \\\ :
Dz o \\U weights
A JENEs L
/// J \\
(-) (-) ces (-) dot product (O(x)d(x,))=k(x.x,)
| i . A
Dix,) bix,) dix) bix,)  mapped vectors O(x) Ox)
A A A A
7 4— St 4 support vectors X ... X,

1 test vector X

Figure 1.2 : A regression machine's architecture generated by the SV algorithm
(Schélkopf and Smola 2002)

1.2.5 The standard SVM Regression for Outlier Detection

With regard to Karush-Kuhn-Tucker (KKT) circumstances, the conventional SVR
approach for outlier detection (Jordaan and Smits, 2004) takes advantage of the Lagrange
multipliers produced by solving optimization problem. This explains why the output
between the dual variables and constraints must dematerialize at the moment of solution.

ai(e+&—yi+ P(x)+ b)=0

aj(e+§ +y,— @(x)—b)=0
§(C—a)=0
§(C—ai)=0.

If the slack variable is zero for any point, while the upper-bound Lagrange multiplier «;
or a; is not present, then, the data point is not suspected as an outlier. On the other hand,
the data points that possess upper bounds Lagrange multipliers «; and a; may be termed
as elected outliers. Because different data points possess different upper bounds for
Lagrange multipliers, it is usually required to locate the real outlier. The candidate

8



having the greatest frequency of suspected outliers having varying values of'¢, is deemed
as an outlier after numerous computations of SVR values f(x). This technique is done
repeatedly until no further outliers are identified or until the mean square error (training
error) falls below the set threshold.

When this approach is applied to real-world occurrences, the following concerns arise.
Firstly, in order to manage data with several outliers, the technique necessitates
significant computation costs, as detecting an outlier requires repeated rounds of the
optimization calculation. Secondly, non-expert users will find it difficult to use since it
demands exact detection. Thirdly, SV method has a unique benefit based on SVM
theory, in which it creates its formation (Chuang et al., 2002), signifying the chance of
decreasing swamping and masking problems when utilizing various & parameter values.

1.2.6 p- e-SVR Based Outlier Detection

Instead of using the parameter C, the u-e-SVR method for outlier detection uses
parameter u (new regularization parameter) introduced by Nakayama and Yun (2006) as
a solution to solve the difficulties of the standard approach problems (Jordaan and Smits,
2004). Moreover, the u- e-SVR algorithm (Nishiguchi et al., 2010), was established in
the following way:

1
minimize . Iwlli? + u (& + &)

Yiwm W.q)(xi) —-b< e+ fi (113)
subjectto Sw.®(x)+b—y; < e+ &
&, =0,i=12...,n

Only the highest training errors (¢; or &) are considered in the primary formation of
the u- e-SVR method (1.13), not the average slack variables used in the standard SVR
(Jordaan and Smits, 2004). From (1.13), the Lagrange function is constructed as follows:

1 n n
L= WP+ 1 ) G+ 6D = ) (i + 06D
i=1 i=1

=Y e+ &= yitwd() +b)

i=1
n

—Zai*(e+fi* + y;—w.®(x;) —b).
i=1

Based on the saddle point condition, we can see that the partial derivatives of function L
with respect to the primary variables (w, b, &, &) provide the following dual
optimization problem.



(1N : :
|—3 Z (@ = a))(a; — &) )k (x;, %)
{ i,j=1
maximize .
l 82(“14‘“)"'23’1(“1 a;)
i = (1.14)
subject to Z(a’ ai) =0 and a;ai =0

n n
Zai Su,Za <
i=1

i=1

With regard to KKT conditions, the Lagrange multipliers sum is employed rather than

their values by computing (1.14).
n
fl(”_zal> & 0)

% (1.15)

s‘i*(u—zai*>=0-

i=1

Each data points having non-zero (positive) Lagrange multipliers owns the same
maximum error when the Lagrange multipliers sum (1.15) reaches the upper bound .
Thus, these data points are most likely the actual outliers. Hence, provided that an outlier
exists, the point having the greatest Lagrange multiplier is considered as the most
probable outlier among points, according to the optimization concept. All Lagrange
multipliers are not confined by the upper bound, as shown by the dual problem (1.14).
The upper bounded Lagrange multiplier for several data points is always different. It is
important to highlight that, any training errors less than the € zone, or outliers, will not
occur if the sum of the Lagrange multipliers is less than the upper bound p. Hence, the
outlier detection technique can employ the sum of the Lagrange multipliers. Outlier
detection with the p--SVR algorithm is given below:

Step 1: Compute p-g¢ —SVR.
Step 2: Determine the greatest a;, a

Step 3: From the data set, remove x; and y; with the highest ;, «;

Step 4: Repeat the process until no more outliers are found.

When this approach is used in real-world applications, the following limitations occur.
Firstly, because it can only discover and eliminate one outlier every iteration, this method
is best for data with few outliers. When outliers are increased, computational costs
approach those resulting from the standard SVR technique. Secondly, despite the fact

10



that it has a fixed tolerance &, which tend to reduce swamping and masking issues, there
is no clear criteria for determining the € parameter value.

1.3 Basic Concepts

The robust regression approach was introduced with the goal of providing resistant
estimates in the outliers’ presence in the data set. Theoretically, the most basic qualities
used to quantify the performance of resilient approaches are breakdown point and
bounded influence. These robust estimator principles are briefly stated as the following.

1.3.1 Breakdown Point

A high breakdown point is another desired characteristic of a robust approach. The
breakdown point (BP) is the minimum contamination percentage that can entirely ruin
or implode an estimator or estimating process (Hampel, 1974, Coakley and
Hettmansperger, 1993). Conversely, the smallest number of bad data (outliers) can
drastically alter an estimator. In most cases, a high breakdown point indicates that the
estimator can endure a significant number of outliers without the analysis imploding.
Since the estimate remains bounded when fewer than 0.50 of the data are replaced with
outlying observations, the largest attainable BP is 0.50 (Rousseeuw and Croux, 1993).
Moreover, to propose a breakdown’s formal finite sample definition, we may utilize a
sample of n data point given as follows:

G = {(xn, ...,xlp,yl), D) (%1, ...,xnp,yn)} .

If we assume T to be a regression estimator, we get the following vector of regression
coefficients when we apply T to such a sample G:

T(G) = f.

To obtain all possible corrupted samples G, any m of the original data points is replaced
with arbitrary values, or also known as outliers. Therefore, the estimator T's breakdown
point at sample G is defined as

m
BP(T,G) = min {;; SUPIT(G™) — T(6)llis inﬁnite}
G

in which the supremum is over all possible data matrix G, which contains n —m
observation and m contaminated points (Rousseeuw and Leroy, 1987; Maronna et al.
2006).

11



1.3.2 Bounded Influence Function

A robust for high leverage points or X space is shown by the bounded influence function
(BIF) (Simpson, 1995). Specifically, BIF is an ability to protect the model estimators
from the outlying points’ effect in the X space. Moreover, the influence function (IF)
assesses an estimator’s robustness with regards to low contamination levels, and is
frequently employed to determine either the estimator possesses BIF. The following is
the IF of an estimator T at a distribution F in those points x, of the sample space when
the limit exists:

T((A=8)F +6¢y,) —TKF)
5 ,

IF(xy; T,F) = gim

where ¢, denotes the probability distribution that puts all its mass in the point x, and &
represents the contamination amount. Moreover, it is vital to note that the influence
function reflects the bias introduced by a few outliers at the point x, (Rousseeuw and
Leroy, 1987; Simpson, 1995; Wilcox, 2005; Maronna, 2006).

1.4 Standardized

To limit the impacts of unit variation, the standardized form is often employed in
numerous multiple regression applications. Therefore, the Standardized form is
formulated this way for all i =1,2,...,nandj =1,2,...,p (Kutner et al., 2005;
Montgomery et al., 2015).

x.*'_xij xJ

ij N

L

- 03 MM

yi | S )
y

in which S,, and y represent the standard deviation and mean of the dependent variable
y, respectively.

_\2
_ LX) s 2 (xy — %)
J n J n—1 '
o X1 Yi S = 2ie (i —¥)?
y n ’ Y n—1 '
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15 Problem Statement

Several researchers have observed that true data sets include a high percentage of outliers
spanning from 1% to 10% (Hampel et al., 1986; Wilcox, 2005). The existence of one or
numerous outliers in a data set affects both parametric and nonparametric regression
methods (the nonparametric methods are less swayed than the parametric methods).
High leverage points (HLPs), as well as outliers, possess a significant impact on the
various estimation values, resulting in inaccurate results and actions. Hence, it is very
crucial to identify them before constructing a predictive model (Cook, 1977) or orienting
resilient approaches (Huber, 1973). Moreover, these parametric approaches are unable
to handle data that is less than complete. To overcome this issue, several academics turn
to non-parametric methods to detect outliers in both full rank and less than full rank
scenarios. For outlier detection in high dimensional data (HDD) that refer to a situation
whenp > > n, Jordaan and Smits (2004) proposed utilizing standard support vector
regression (SSVR). This strategy works by repeatedly performing the SV regression
model and detecting points that are thought to be outliers. When it comes to real-world
applications, Nishiguchi et al. (2010) pointed out certain issues. Multiple outliers in the
data demand significant computing costs because outlier detection necessitates a lot of
rounds of the calculation; trial and error are employed for conclusive identifications
because ways to find the outlier threshold value is unclear. To address the issue,
Nishiguchi et al. (2010) established the modified support vector regression (MSVR)
approach for outlier detection by adopting a new trade-off parameter (), where they are
effective in detecting HLPs and outliers. However, because only one cycle is necessary
to discover one outlier, the MSVR technique is acceptable for data with few outliers. As
a result, in the presence of several outliers, computational costs are similar to those
resulting from the traditional SVM regression approach. Furthermore, no strict precedent
for determining the threshold parameter value, despite the fact that it has a fixed value.

To overcome those problems, Dhhan et al. (2015) introduced the fixed parameter support
vector regression (FP-SVR). The FP-SVR approach shows good performance for
detecting outliers from a single time iteration by using a fixed set of parameters.
However, the FP-SVR performs well for p < n, but when applied to high dimensional
data, it suffers from masking and swamping issues. As a results, the FP-SVR is not very
successful in the detection of outliers under a variety of scenarios. Hence, their work has
motivated us to develop a new method of identification of outliers in HDD which is
expected to be very successful in the detection of outliers with the least percentage of
masking and swamping effects. We call this method nu-support vector regression,
denoted as nu-SVR.

Moreover, this thesis also focuses on robust approaches to heading the problem of the
presence of HLPs in high dimensional data (HDD) in multiple linear regression models.
As previously stated, the existence of outliers has a significant impact on the OLS
estimator as well as it cannot be applied in HDD. There are several robust regression
methods in the literature, that are alternatives to OLS, such as the least median of squares
(LMS), least absolute values (LAV), the least trimmed squares (LTS), the maximal
likelihood estimator (M-estimator), the method of moment estimator (MM estimator),
the generalized M-estimator (GM1-estimator), and a new class of GM-estimator (GM6)
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introduced by Coakley and Hettmansperger (1993). However, all these methods
previously mentioned are not efficient enough in the presence of multiple outliers in the
linear regression model, where these methods suffer from masking and swamping
effects. To solve this problem, Dhhan et al. (2017) proposed a new version of the GM6
estimator based on SVR, which is called the GM-SVR. The GM-SVR technique
performs well when predictors (p) are less than the sample size (n), but it cannot be
applied when p >> n. To handle the dimensionality problems, Partial Least Squares
Regression (PLSR) was developed to produce a regression model with multicollinear
data in HDD. The aim is to use algorithms to extract uncorrelated latent variables
(components) (Wold et al. (1983)). The statistically inspired modification of the PLS
(SIMPLS) is one of the most popular algorithms for extracting such components
iteratively (De Jong, 1993). Due to the use of the OLS estimation technique and a non-
robust covariance matrix in collecting the components, it is now clear that the SIMPLS
algorithm is very sensitive to outliers. Alin and Agostinelli (2017) introduced the Robust
Iteratively Reweighted SIMPLS (RWSIMPLYS) by using a weight function devised by
Markatou et al. (1998), which is based on the response variable, the model distribution
chosen, and the sample empirical distribution. However, using this weight function has
shortcomings as there is no specific rule to indicate which observations are the outliers.
This limitation has inspired us to develop another version of RWSIMPLS based on nu-
SVR, denoted as SVR-RWSIMPLS.

This thesis is also concerned on constructing diagnostic plots to classify observations
into four categories—regular observations, vertical outliers (outlying observations in Y-
space), good leverage points (outlying observations in X space where they follow the
pattern of the rest of the data) and bad leverage points (outlying observations in both X-
space and Y-space) for HDD. Alin and Agostinelli (2017) and Alin et al. (2019) proposed
a diagnostic plot for HDD by plotting the robust standardized residuals of the
RWSIMPLS versus the leverage values. This turned out to be not a good approach since
it is now evident that leverage values are not very successful in identifying HLPs
(Habshah et al., 2009). This weaknesses has motivated us to develop a better approach
of classifying observations into the four categories mentioned above.

This thesis also addresses the issue of variable selection in HDD. Some shrinkage
procedures based on penalized function, such as the least absolute shrinkage and
selection operator (LASSO) (Tibshirani, 1996), adaptive LASSO (Zou, 2006), and
Elastic-Net (Zou and Hasti, 2005) were proposed to simultaneously perform coefficient
estimation and variable selection for HDD. Unfortunately, all of these methods are not
resistant to outliers and unable to select the importance variables. The LAD-LASSO (Xu,
2005; Wang and Leng, 2007) was put forward to address this issue. Nonetheless, the
LAD-LASSO is still not very successful in selecting the important variables because it
is only resistant to vertical outliers but not resistant to high leverage points. To remedy
this problem, Arslan (2012) developed Weighted LAD-LASSO (WLAD-LASSO) by
combining the Weighted LAD (WLAD) criterion with the L, penalty function. He
utilized weight function which is obtained from robust mahalanobis distance (RMD)
based on minimum volume ellipsoid (MVE). However, it is now evident that RMD-
MVE suffers from swamping and masking effects (Dhhan et al. ,2015; Rashid et al.
,2021). Moreover, the WLAD-LASSO can only be applied to low dimensional data but
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not for HDD. The shortcomings of WLAD-LASSO have inspired us to develop a new
variable selection approach by incorporating a new weight function obtained from nu-
SVR. We call this method the robust weighted LAD LASSO based on nu-SVR, denoted
as WLL-SVR which is anticipated to be more accurate in selecting only the significant
predictors in the model.

In this thesis, the issue of dimension reduction is also addressed. Principal component
analysis (PCA) is a popular method for analyzing dimensional space in order to achieve
dimension reduction, which can be accomplished by selecting the most components that
can explain the variability in the data (Barnett and Lewis, 1994). Unfortunately, outliers
have a bad effect on the PCA method, and this may lead to misleading conclusions.
Hence, this drawback, has motivated us to develop a new approach that can achieve
robustness and dimension reduction, known as the PCA-SVR method.

16 Research Objectives

This thesis’s major purpose is to look at the challenges of high dimensionality in
nonlinear and linear regression models when there are outliers (outlying in coordinates
X and Y). The Ordinary least squares (OLS) estimates are used in most conventional
diagnostic and estimation procedures for outliers’ situations. Regrettably, the OLS
estimate is not resistant to outliers. Furthermore, it is inappropriate for nonlinear
regression models, and meeting all of its assumptions for high-dimensional models is
challenging (full or less than full rank).

It is important to leave the classic models and the search for alternative that is flexible
to be more resistant against outliers and appropriate for linear and nonlinear problems,
whether it has a complete or incomplete rank. Our research's primary goals can be
summarized in the following manner:

1. To develop a new detection method based on nu-SVR for the identification of
high leverage points and vertical outliers in high dimensional data.

2. To establish a new robust partial least squares estimation method based on nu-
SVR to remedy the presence of leverage points and outliers in high dimensional
data.

3. To formulate a new classification scheme to classify observations into regular
observations, vertical outliers, good and bad leverage points in high
dimensional data.

4. To develop a robust WLAD-LASSO variable selection procedure in the
presence of HLPs and correlated variables in high dimensional data.

5. To develop a new robust principal component analysis based on the nu-SVR
model to overcome the curse of high dimensionality by achieving the
dimensional reduction in the multiple linear regression model.
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1.7 Study’s Limitation and Scope

Many disciplines of study, e.g., bioinformatics, economics, financial forecasting,
chemometrics, gene expressions and many more deal with high dimensional data. The
analysis of high dimensional data become increasingly important in many fields and
forms a major statistical challenge in terms of data classification and other statistical
analysis. Therefore the scope of this thesis focusses on the development of several robust
methods in high dimensional data.

Several problems arise when dealing with high dimensional data. The main problem is
that a matrix related to some algorithms may become singular. Moreover, most of the
classical procedures are easily affected by outliers and consequently the entire classical
inferential procedures which rely on certain assumptions, especially the normality
assumption, will give inaccurate predictions. Hence, the thesis also focusses on using
robust method and nonparametric methods which do not depend on certain assumptions
to handle those issues.

The nonparametric procedure refers to another statistical modelling technique that is
used to examine high-dimensional and nonlinear relationships challenges. The SVM is
among the most efficient algorithms in the nonparametric machine learning community
(Frohlich and Zell, 2005). Nevertheless, when the threshold is low, the SVM model's
capacity to evaluate high-dimensional issues is hindered since the resulting model is non-
sparse.

The analysis of high dimensional data is computationally expensive and requires a large
number of steps and long computer running times to complete. Since most of the analysis
were done using lap-top computer (Intel(R) Core i5, 3ed generation, 2CUP) , it took
several hours of computational running times to get certain results unless we can get
access to working under high performance computer (HPC). Due to this problem, most
work dealing with HDD, considered p up to 1,000 and percentage of contaminations
only up to 20%. Hence, in certain chapters of this thesis, we are able to run the simulation
study only up to p equals to 1,000. Moreover, the percentage of contamination is limited
up to 20%.

1.8 Overview of the Thesis

This thesis’s contents are organized into eight chapters in line with the study's goals and
scope.

Chapter Two: The least squares estimation technique’s literature review and violation
of its basic assumptions (the outliers’ existence and departure from normality) are
covered in this section. The literature study of the support vector machine for regression
is highlighted, as well as the core principle of using the kernel trick during the estimation
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process. Leverage points and outliers are also explored, as well as their diagnostic
approaches. Basic notions of robust linear regression are also discussed, as well as some
major existing robust regression algorithms. The core principle of the partial least
squares regression model, as well as its estimating methods, are explained in this section.
The idea of variable selection is also discussed, as are certain penalization strategies.
Lastly, the approach for principal component analysis and dimension reduction is also
explored.

Chapter Three: This chapter is mainly devoted to developing a new method of
identification of multiple HLPs in high dimensional data and named it nu-SVR. In this
chapter, the performance of nu-SVR is evaluated using real data sets and simulation
studies.

Chapter Four: The establishment of the RWSIMPLS estimation algorithm based on
nu-SVR is presented in this chapter. Monte Carlo simulation studies and two real data
sets are employed to assess the performance of the proposed method.

Chapter Five: In this chapter, a new variable selection method that we called WLL-
SVR is discussed. The proposed method is evaluated through simulation studies and two
real data sets.

Chapter Six: A hybrid principal component analysis and support vector regression
(denoted by PCA-SVR) is developed in this chapter. A Monte Carlo simulation studies
and real data sets are given to assess the performance of the proposed method.

Chapter Seven: The thesis conclusions are summarized and discussed in depth in this
chapter, followed by suggestion for future study.
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