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Leibniz algebras was introduced by Louis Loday due to several considerations in
algebraic K-theory. The cyclic cohomology was somehow related to Lie algebra
homology. Chevalley-Eilenberg chain complex that included in Lie algebras which
the exterior powers of the Lie algebra was involved. There was a new complex
which a noncommutative generalization was categorized in Lie algebra. It was
called Leibniz homology as Loday is the founder. As the Lie algebra homology was
related to the cyclic homology, the Leibniz homology somehow was related to the
Hochschild homology.

The main purpose of this thesis is to apply the Skjelbred-Sund method and find a list
of isomorphism classes for associative and Leibniz algebras. The method used is to
find the high dimension of algebras by using the list of low dimensional algebras. It
deals with one dimensional central extension of low dimensional algebras. To get
the central extension of algebras, the condition 8--NC(L) = 0 need to be satisfied. If
the condition is not satisfied, there is no central extension of one dimensional alge-
bra which means this method is inapplicable. In addition, some extension invariants
such as center, radical, coboundary, centroid, maximum commutative subalgebra,
maximum abelian subalgebra and second cohomology are needed to investigate the
isomorphism problem. As the results, seven isomorphism classes of three dimen-
sional associative algebras, eight isomorphism classes of three dimensional Leibniz
algebras and 13 isomorphism classes of four dimensional Leibniz algebra are pro-
vided.
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PELUASAN BERPUSAT BAGI MATRA RENDAH ALJABAR KALIS
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Aljabar Leibniz telah diperkenalkan oleh Louis Loday disebabkan oleh beberapa
pertimbangan dalam Teori K aljabar. Kitaran kohomologi bagaimanapun berkait
dengan homologi aljabar Lie. Kitaran kompleks Chevalley-Eilenberg yang termasuk
dalam aljabar Lie di mana kuasa luaran aljabar Lie telah terlibat. Terdapat sebuah
kompleks baru di mana pengitlakan tak tukar tertib terdapat dalam aljabar Lie.
Janya dipanggil kohomologi Leibniz dan Loday ialah pengasasnya. Sebagaimana
homologi dikaitkan dengan homologi kitaran, begitu jugalah homologi Leibniz
berkait dengan homologi Hochschild.

Tujuan utama tesis ini ialah untuk menggunakan kaedah Skjelbred-Sund dan men-
cari senarai kelas isomorfisma bagi aljabar kalis sekutuan dan Leibniz. Kaedah yang
digunakan adalah untuk mendapatkan aljabar bermatra lebih tinggi dengan meng-
gunakan senarai aljabar bermatra rendah. Ia berkaitan dengan peluasan berpusat
aljabar bermatra satu. Untuk mendapatkan peluasan berpusat bagi aljabar, syarat
6 NC(L) = 0 perlu dipenuhi. Jika tidak, tidak wujud peluasan berpusat aljabar
bermatra satu, bermaksud kaedah ini tidak boleh digunakan. Tambahan pula, be-
berapa peluasan tak varian seperti pusat, radikal, kosempadan, sentroid, sub aljabar
tukar tertib maksima, sub aljabar abelian maksima dan homologi kedua adalah diper-
lukan untuk menyiasat masalah berisomorfik. Sebagai hasilnya, tujuh kelas isomor-
fisma bagi aljabar kalis sekutuan bermatra tiga, lapan kelas isomorfisma bagi aljabar
Leibniz bermatra tiga dan 13 kelas isomorfisma bagi aljabar Leibniz bermatra empat
disediakan.
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CHAPTER 1

INTRODUCTION

The classification of associative and Leibniz algebras are categorized in an old
problem which has been studied by many researchers. The study of Leibniz algebras
is raised from a generalization of Lie algebras and its applications. Lie algebras give
a significant role in different areas of mathematics and physics such as theoretical
physics and quantum field theory. The classification theory of Lie algebras is
related to central extensions of Lie algebras. For example in the Lie algebras case,
the Leibniz central extensions give a significant role in the structural theory of
Leibniz algebras. In this research, nilpotent Leibniz algebras as central extensions
of nilpotent Leibniz algebras of lower dimension is completed.

Let A be a nilpotent algebra, V is a vector space and 6 be a cocycle in a second coho-
mology of algebra, H 3 (A,K). Then 0 defines an algebra structure on A &V, which
is called the central extension of A by 6. By this computation all nilpotent algebras
of dimension n are obtained. In general, the central extension is used to enlarge from
algebra dimension »n to algebra dimension n+ 1. As an application, the set of all
three dimensional associative algebras, three dimensional Leibniz algebras and four
dimensional Leibniz algebras are described. The purpose of this introductory chap-
ter is mainly to review briefly some familiar properties of basic concepts and some
crucial materials in our study. This chapter is also used to set down the conventions
and notations throughout the thesis.

1.1 Basic Concepts

In this section some basic concepts regarding vector space, algebra, associative
algebra, Lie algebra and Leibniz algebra are introduced.

Definition 1.1 (Morris, 1978) A set V is called a vector space over the K or a K-
space if
(a)(i) V is closed with respect to a binary operation called addition (+),
ie. ifuyveV,thenu+veV.
(ii)(Commutative axiom) u+v =v—+u forallu,v € V.
(iii)(Associative axiom) u+ (v+w) = (u+v) +w for all u,v,w € V.
(iv) There exist an element 0 € V, called the zero element, such that
u+0=0+u=uforallucV.
(v) For every v € V, there exist an element (—v) € V such that
v+ (—=v)=0=(=v) 4.
(b)(i) For every o« € K and v € V. An element av called the scalar multiple of v
by a, is defined and oov € V.



(i) a(u+v) = au+av, forallo € K,u,v € V.
(iii)(a+B)v=av+Pv, foralla, €K,vEV.
(iv) a(Bv) = (aP)v, forall a, € K,u,v € V.
(v) lv=vforallveV.

As an example, let My, ,, or simply M, denote the set of all m x n matrices over
an arbitrary K. Then M, , is a vector space over K with respect to the ordinary
operations of addition and scalar multiplication (Lipschutz, 1991). Another example,
let K be an arbitrary field. The notation K" is frequently used to denote the set of
all n-tuples of elements in K, where K" is a vector space over K using the following
operations for vector addition :

(a17a27'"7al’l)+(b17b27"'7bl’l) = (dl +blaa2+b27'~-aan +bn)
For scalar multiplication :
k(ay,ay,...,an) = (kay,kay,. .. kay).

The zero vector, 0 in K" is the n-tuple of zeros, 0 = (0,0,...,0) and the negative
of a vector is defined by —(ay,as,...,ay) = (—ay,—ay,...,—a,) (Lipschutz and
Lipson, 2002).

Polynomial is often related to vector space. For example, Martin and Mizel (1996)
stated that the set of all pairs of real numbers (a, B) where o = (ay,a3),8 = (b1,b3)
and the addition and scalar multiplication are defined as follows:

oa+p = (a1+b17a2+b2),

ca = (cay,cay),

where c is any scalar. The K together with these rules of addition and scalar multi-
plication is a vector space which we denote by K2. Next, Ayres and Jaisingh (2004)
gave an example, let K be any field, V = F[x] be the polynomial domain in x over K,
and define usual addition and scalar multiplication in F[x]. Then V is a vector space
over K. Later on, Anderson and Feil (2015) illustrate the fact that the multiplication
vectors are not included in a vector space. Let Q,[x] be the set of polynomials of de-
gree not more than n with coefficients in Q that is a vector space over Q, vectors are
polynomials of degrees not more than n and scalars are rational numbers. Thus Q,,[x]
is closed under addition. Nicholson (2019) stated that given n > 1, let P, denote the
set of all polynomials of degree at most n, together with the zero polynomial. That
is
P, ={ag+a\x+a\x> +-- +anx"|ag,ay,az,. .. ,an € R}.

Then P, is a vector space. Indeed, sums and scalar multiples of polynomials in P,
are again in P,, and the other vector space axioms are inherited from F,. In particu-
lar, the zero vector and the negative of a polynomial in P, are the same as those in P,.



Definition 1.2 (Marcus and Minc, 1968) If W = (vi,...,v;) and the vectors
Vi,...,Vv are linearly independent, then they are said to form a basis of the (finite
dimensional) space W.

For examples, let U be the vector space of all 2 x 3 matrices over a field K. Then
the matrices

1 0 0f |O0O1 O0f |0 O 1f |0 O O |0 O Of |0 0 O
0 0 0’10 0 O[”|0 O O]”|L O O|”|0 1 O|”(0 O 1}’

form a basis of U. Thus dim U = 6. More generally, let V be the vector space
of all m x n matrices over K and let E;; € V be the matrix with ij—entry 1 and O
elsewhere. Then the set {E;;} is a basis for V, consequently dim V = mn. Another
example, consider the following n+ 1 polynomials in P, (#):

e 2 RO

The degree of (t — l)k is k; hence no polynomial can be a linear combination of pro-
ceeding polynomials. Thus the polynomials are linearly independent. Futhermore,
they form a basis of P, (¢) and dimension of P,(¢) = n+ 1. (Lipschutz, 1987).

Martin and Mizel (1996) considered B : 3y, ..., 3,1 be the system of polynomials
1,1,.2,...,t"~1 € P", the vector space of all polynomials of degree not exceeding
n—1. Let

o= aotnil _~_a1tn72 +---+ap—1,

be an ordinary member of P". Then
o =aoPy—1+aifp—2+-+an—1po,
so that B clearly spans P". B is also independent. For if
coPn—1+c1Pp2+-+cn1Bo =0,

then
cot Vet 4oy,

is a polynomial which is identically zero. Since by the fundamental theorem of
algebra only the trivial polynomial vanishes identically, it follows that

C0:C1:"':Cn71:0'

Therefore B is independent, an independent spanner for P". Thus B is a basis of P".

Definition 1.3 (Marcus and Minc, 1968) Let V be a finite dimensional vector space.
The dimension of V, denoted by dim V, is the number of vectors in a basis of V. IfV



consists of n vectors, then V is n-dimensional.

Anderson and Feil (2015) stated that the dimension of the vector space R3 over Ris 3.
Lete; = (2,0,0),e, = (0,1,0) and e3 = (0,0, 1). For any vector v = (x;,x2,x3) € R3,
we have v = xje| +x2e3 +x3¢3. So R3 is spanned by e[, e>,e3 and if

cre1 +crep+c3e3 =0,

then ¢y = ¢p = ¢3 = 0. Therefore eq,ey,e3 are linearly independent. Hence
{e1,e5,e3} forms a basis of R>. Meanwhile the dim(R3) = 3 due to the standard
basis consist of three elements. Let M = {(2,1,-2),(—2,—1,2),(4,2,—4)}, then
(4,2,—4)=(2,1,—2) — (—2,—1,2). So these three vectors are linearly dependent.
Since dim(R3) = 3, Thus M is not a basis of R3. Next, consider N = {(2,2), (1,—1)}
and let a(1,2) +b(1,—1) = (0,0). Then a+ b = 0 which gives a =0,b = 0. So
these two vectors are linearly independent. Since dim(R?) = 2 thus N is a basis of R?.

Definition 1.4 (Langari, 2010) A is called an algebra over K if A is a vector space
over K, such that f :A XA — A and

flaa+Bb,c) =af(a,c)+pf(b;c);
f(a7}/b+6c) = ’}/f(aab) +5f(avc);
forall a,b,c € A and a,,7,0 € K.

Mohamed (2014) stated that the set of all complex numbers C is an algebra over the
set of real numbers R with dimg(C) = 2. One set of basis is {a,bi} where a,b € R.

The set of all bilinear maps V ® V. — V form a vector space Hom(V ® V,V) of di-
mensional n3, which can be considered together with its natural structure of an affine

3
algebraic variety over K and denoted by Alg,(K) ~ K" .

An n-dimensional algebra A over K can be considered as an element A (A) of Alg, (K)
via the bilinear mapping A : A® A — A defining a binary algebraic operation on A.
Let eq,en,- -, e, be a basis of the algebra A, then the table of multiplication of A is
represented by point (ll.lj-) of this affine space as follows:

n
Aeiej) = Y, Mer,
k=1

where i,j =1,2,--- ,n. QLI-I} are called structural constants of A. A Leibniz algebra

A on n -dimensional vector space V over a K can be written as a pair A = (V,1),
where A is an algebra law on V.

Definition 1.5 (Mohamed, 2014) An action of a group G on a set X is a function
*: G X X — X that satisfies the following conditions:



1.  exx=x, forall x € X, where e is the identity element of G.
2. gx(hxx)=(gh)*x, forall g,h € Gand x € X.

If G is an algebraic group acting on an algebraic variety X, then there is the
additional condition that  is a morphism.

Definition 1.6 (Mohamed, 2014) Two laws A and Ay from A are said to be
isomorphic if there is g € GA(V') such that

M (x,y) = (g% M) (x,y) = g~ (A1 (g(x),8(»))
forall x,y € V. Thus we get an action of GA(V) on A.
Let O(A) be the set of laws isomorphic to A. It is called the orbit of 1. Once a basis

is fixed, we can identify the law A with its structure constants. These constants li/}
satisfy for associative algebra :

Y A = Y A, (1.1.1)

where i, j,k,t = 1,2,...,n and for Leibniz algebra :

gl

(LA — AL + Ah AT =0, (1.1.2)

=1

where i, j,k,m =1,2,... ,n. Then A appears as an algebraic variety embedded in the

linear space of bilinear mapping on V , isomorphic to K "3. Let A € A and G, be the
subgroup of GL,(K) defined by

Gy = {f € GLy(K)|f*A =1} .

Let O(A) be the orbit of A with respect to action of GL,(K). It is isomorphic to the
homogeneous space GL,(K)/G, . Within the context of this study, the following is
a particular definition of orbit function.

Definition 1.7 (Mohamed, 2014) A function f : A — K is said to be invariant (or
orbit) function if

flgxA)=f(A)
forall g € GLy(K) and A € A.
Description of A for low dimensional associative and Leibniz algebras have been

done by solving the system (1.1.1) and (1.1.2) with respect to ).l-';..

Definition 1.8 (Graaf, 2010) An associative algebra As is a vector space over K
equipped with a bilinear map



-t As X As — As
satisfying the associative identity

(x-y)-z=x-(y2)
forall x,y,z € As.

Example 1.1 (Abdulkareem, 2014) Let V be an n-dimensional vector space over K.
The set of all endormorphism, End(V) forms a vector space is a linear transfor-
mation from 'V to V. The multiplication of two elements f,g € End(V) is defined
by

(fog)(v) = f(g(v)),forallveV.

This product of End (V) is an associative algebra.

Example 1.2 Let As be a three-dimensional algebra with the table of multiplication
as follows :

Asypieje; =ep
that satisfy the associative identity
(eiej)er = eilejer)
foralli,j.k=1,2. Then As is an associative algebra.
The following definitions and examples can be found in Langari (2010).

Definition 1.9 An algebra L over K is said to be a Lie algebra if the following iden-
tities hold:
i. Anti-symmetry: [x,y| = —[y,x], for all x,y € L.
ii. Jacobi identity: [[x,y],z] + [[y,2],x] + [[z,x],y] = 0 for all x,y,z € L,
where [-,-] denotes the multiplication in L.

The first example of Lie algebra is any vector space V has a Lie bracket defined by
[x,y] = 0 for all x,y € V. This is the abelian Lie structure on V. In particular the
K may be regarded as a one dimensional abelian Lie algebra. Other example is let
K =R. The vector product (x,y) — x Ay defines the structure of a Lie algebra on R3,
We denote this Lie algebra by R}. Explicitly, if x = (x1,x2,x3) and y = (y1,2,73),
then x Ay = (X2y3 —X3¥2,X3Y1 — X1Y3,X1¥2 — X2)1)-

Definition 1.10 A Leibniz algebra L is a vector space over K equipped with a bilin-
ear map

[]:LxL—L

satisfying the Leibniz identity



[)C, [yaZH = Hxay]az] - Hxaz]ay]
forall x,y,z € L.

For example, let L be a two-dimensional algebra with the table of multiplication as
follows :

Ly3:[er,e2] = —[er,er] = €2
that satisfy the Leibniz identity
lei[ej ex]] = [[eire )], ex] — [leis el ;]
fori, j,k=1,2. Then L is a Leibniz algebra.
Let A be an algebra, notes that A' = A, A% = [A,A], A% = [A% A],... A¥T] = [AK 4],
for k € N. Then the non ascending series as
A2 SRS . S\ o

Definition 1.11 (Ayupov and Omirov, 2001) An algebra A is said to be nilpotent, if
there exist an integer s € N, such that A’ = {0}.

The smallest integer s for that A* = 0 is called the nilindex of A.
Let A = span{ey, e, e3,e4} with the following table of multiplication

A:ieje; =ep,epe1 =e3,e1ep = ey.
We have the following non ascending series A! D A% 5 A3 5 A* = {0} where
A% = span{ey,e3,e4},A3 = span{es} and A* = span{}. Therefore A is nilpotent
algebra.
The algebra is non nilpotent if the non ascending series as

ADA’ DA} ... DAD ...

where A* # {0}. For example, let A = span{e|,ey,e3} with the following table of
multiplication

A:eyel =ep,e3e] = e3.
We have A2 = span{e;,e3},A® = span{es,e3},...,A" = span{e,,e3}. Then we do

not have the non ascending series which is A” = {0}. Therefore A is non nilpotent
algebra.



The following two examples can be found in Langari (2010). It is stated that every
abelian algebra is nilpotent with a nilindex equal to two. The other example is the
three dimensional algebra, g defined on a basis {e},e,,e3} by the bracket

ler,e2] = e3

is nilpotent with a nilindex equal to three. When

g = span{e.ez,es},g” = span{es},g> = {0},

then we have the non ascending series as g'ogtog= {0}. Thus g is nilpotent
algebra.

Definition 1.12 (Graaf, 2010) Let As be an assosiative algebra and V be a vector
space over K. Then the bilinear maps 0 : As x As — V with

0(x, (,2)) = 0((x,5),2)
for all x,y,z € As is called associative cocycle.

For example, let As = span{e;,ey,e3} with the following table of multiplication
As3 1 e1e] = e3,epep = e3 be an associative algebra. The algebra satisfies

9(6,‘, (ejvek)) N 6((eiaej)vek)

for i, j,k=1,2,3. Then we have the following associative cocycle :

B(eie;) 6O(erer) 0
6= 9(626]) 9(6262) 0
0 0 0

Definition 1.13 (Rakhimov et al., 2009) Let L be a Leibniz algebra over alge-
braically closed field K and V be a vector space over K. Then 6 : LxL — V
be a bilinear maps satisfying the Leibniz identity

O([x, [y2ll) = 6([[x,y],2]) — 6([[x. 2], ¥])
for all x,y,z € L is called Leibniz cocycle.

As an example, let L3 4 = span{ey,e;,e3} with the following table of multiplication
L34 : [e1,e2] = e3,]ex,e1] = —e3 be a Leibniz algebra. The algebra satisfies

O(lei e, exl]) = O([[eisejl, ex]) — O([[eirexl, 1)
fori,j,k=1,2,...,n.

Note that 27 cases are listed. In this section we show only two cases while full
calculations are shown in Appendix B.



1. Forcase i = j = 1,k =2 we have

0([e1,[e1,e2]]) = O([[er,e1],e2]) — O([[e1,e2],e1]),
0([e1,e3]) = —0([e3,e1]).

2. For case i =3, j =1,k =2 we have

([[le3,e1],e2]) — O([[e3, 2], e1]),

After consider for 27 cases, a Leibniz cocycle is obtain as follows :
B(erer)  B(erer) 6O(ere3)
0= | 0(ezer) O(ezea) 0O(ee3)
—0(erez) —0(eze3) 0

Definition 1.14 (Rakhimov and Langari, 2010) An algebra L over field K is called
a center of Leibniz algebra if its binary map satisfies the following properties :

C(L)={a€eL|aL]=[L,a] =0},
forallae L.

Remark : The definition for center of associative algebra is similar with definition
for the center of Leibniz algebra as mentioned above.

Example 1.3 Let L3 | be a 3-dimensional Leibniz algebra with a basis {e|,e),e3}.
The table of multiplication be given as follows :

L3 :[e1,e1] = e3,[e1,e2] = e3,[e2,e1] = e3.

Then,
Ifa=ey,lej,e1] #0;le1,ex] # 0;[ez,e1] # 0;[eq,e3] = 0;[e3,e1] = 0.

Ifa =€, [62361] 7& 0; [61762] 7& 0; [62782] =0 [82783} =0 [93762} =0.
Ifa=e3,[e3,e1] = 0;[er, e3] = 0;[e3,e2] = 0;[e2, €3] = 03 [e3, €3] = 0.
Thus, the center of Leibniz algebra is span{es }.

Definition 1.15 (Graaf, 2010) Let A be an algebra over K for 0 € Z*(A,V). The set
0L is called radical of algebra if its binary map satisfies the following properties:

8+ ={acA|6(a,b)=0(b,a) =0}
forall b € A.

Example 1.4 Let As3| be a 3-dimensional associative algebra with a basis



{e1,e2,e3} and let the table of multiplication be given as follows :
AS371 .eje|p =e3,e1ep =e3,epe1 = ey.
We have associative cocycle for A3 | as follows :
9(6’16’]) 6(6162)

0
0(As31) = |0(ezer) 6O(ezen) 0.
0 0 0

Then,
Ifa=ey,0(erer) #0;0(e1e2) # 0;0(ezeq) # 0;0(ere3) = 0;0(e3e1) = 0.

Ifa=ep,0(ezer) #0;0(erer) #0;0(exer) #0;0(exez) =0;0(ezen) =0.

Ifa=e3,0(eze1) =0;0(e1e3) = 0;0(e3e2) = 0;6(eze3) = 0;6(e3e3) = 0.
Thus, the radical of algebra is span{es }.

The following statements are stated in (Rakhimov et al., 2015). Let A be an arbitrary
algebra over K. The centroid of A, I"(A) is defined by

['(A) ={¢ € End(A)|¢(xy) = ¢ (x)y = x(y) for Vx,y € A}.
A derivation of an algebra A is a K-linear transformation d : A — A satisfying
d(x-y)=d(x)-y+x-d(y), for Vx,y € A.
The set of all derivations of an algebra A is denote as Der(A).

Example 1.5 Let As3 | = span{e, ey, ez} with the following table of multiplication
As3 | :e1e] = e3,e1ep = e3,epe] = e3 be an algebra. The algebra satisfies

Pleiej) = lei)e; = eip(e;),
foralli,j=1,2,3.
Then a centroid of algebra is obtained as follows :

alg 0 0
0(As31) = |arx axn a3
asz| az aptaz

Example 1.6 Let As3 5 = span{ey,es,e3} with the table of multiplication
As3pieje; =e3

be an algebra. The algebra satisfies
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d(ejej) =d(e;)ej+ed(e;)
foralli,j=1,2,3.
In this example, the method is shown as below.
1. Wheni=j=1;

d(ey)er +ed(ey) =d(erey),
(ar1e1 +aizey +ajzez)e; +ej(ajier +apey +ape3) = azre) +azer +aszes,
ajles +ajjez = aszes,
2(111 = das3.

2. Wheni=1,j=2;
d(er)ey+ejd(ez) =0,
(ar1e1 +ajner +ajzez)ey +eq(azier +axer +axes) =0,
azie3 =0,
ajy| = 0.

3. Wheni=1,j=3;

d(e)e3 +ed(e3) =0,

(a11e1 +ajpez +agzes)es +ej(azjer +azey +azzes) =0,
azrez =0,

asg =0.

4. Wheni=2,j=1,

d(ey)e; +exd(er) =0,
(ar1e1 +axer +axez)e; +ex(ajjer +ajpey +ajzes) =0,

aziez3 =0,
ajy| = 0.
5. Wheni=j=2;
d(ep)er +exd(ey) =0,
(az1e1 +aner +axzer)er +ex(azier +aner +axe3) =0,
0=0.

11



6. Wheni=2,j=23;

d(ey)ez +exd(e3) =
(ar1e1 +aner +axzez)es +ex(azie; +axner +azze3) =
0

)

0
0,
0

7. Wheni=3,j=1;

d(e3)e1 +e3d(e)) =0,
(az1e1 +azer +azzer)e +ez(ajie) +aper +ajzes) =0,

aziez3 =0,
aszl) = 0.
8 Wheni=3,j=2;
d(e3)er +e3d(er) =0,
(azrer +azrer +azzer)ep +e3(azieq +axpey +axzes) =0,
0=0.
9. Wheni=3,j=3;
d(e3)e3 +e3d(e3) =0,
(az1e1 +azer +azzes)es +e3(azie) +azer +azzes) =0,
0=0.

Then a derivation of algebra is obtained as follows :

ajl app a3
d(As3p)=| 0 axn a3
0 0 2ay

An algebra A over K is called maximum commutative subalgebra, Com if its
binary map satisfies xy = yx for all x,y € A. An algebra A over a field K is called
maximum abelian subalgebra, ny; if its binary map satisfies xy = 0 for all x,y € A.
For example, let L = span{e;,ep,e3} with the following table of multiplication
A371 . e1ep = ez, e1ep — e3,epe) = es. The algebra satisfies eiej = eje; for all
i,j =1,2,3. Then a maximum commutative subalgebra Com is span{ey,e;,es}
and also satisfies e;e; = 0 for all i, j = 1,2,3. Then we have a maximum abelian

subalgebra ny, is span{e;,es}.

In order to perform a complete list of three dimensional associative algebras, Lemma

1.1 is used to extract the coboundary, B(As»,C).
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Lemma 1.1 Let A be an n-dimensional associative algebra, and let {eq,e;,... ,em}
be a basis of AY). Then BX(A,K) = (6e,0e3,...,08ey,,) where e} (e;) = 0;j and &;;
is the Kronecker delta.

Proof :

Extend a basis of A to a basis {e1,---,em,emi1,---,ent of A.  Then
{e}.e5,...,e,,} form a basis of Hom(A,K). Consider any of € B%(A,K), and let
f =X, oa;ej, e for some o; € K. Then,

n

5f[ej,ek} = Z OC,'EEK (ej.ek),
i=1

I
s
S
)
%
'™
=
K

—
—_

|
™=

Il
L,

OC,'e;-k (ej.ek),

I
agE

a;de; (ej.ex).

—_

Hence, of = Y, o;de;. Further, let «;,00,...,0,, € F such that
Y™, 8e; = 0. Then, Y™, 0;0¢;[A,A] =Y™, 0;6¢;[A<*>] = 0. This im-
plies that oy = 0y = ... = 04, = 0. So {8eq, ey, ..., ey} are linearly independent.

Thus {8e;,8es,..., 8¢y} is span of B(A,K).

This lemma is modified from (Hegazi and AbdelWaheb, 2016) in Jordan algebra
case to associative algebra. It is proven that Lemma 1.1 can be apply for any algebra.

For example, let A be a two dimensional associative algebra with a basis {e1,e, } and
let the table of multiplication of A is given as follows :

A:ieje; =ej.
The cocycle, Z%(A,K) is spanned by { A1, Aoy}

1. SeT = C11A11 +C21A21, where Cll = 565{(6161) = ef(ez) =0 and
Cy1 = bej(ezer) = €] (0) = 0. Then, e; = span{}.

2. 8¢5 = C11 A1 +Co1 Agy, where Cpy = de5(ejer) = e5(ex) = 1 and
Cy1 = be5(ezer) = €5(0) =0. Then, dej = span{;}.

We can conclude that the coboundary,

B*(A.K) = span{8¢}, 8¢5} = span{ 1 }.
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Definition 1.16 (Ahmed et al., 2018) An automorphism g : A — A as an invertible
linear map is represented by an invertible matrix

8 € GL(m;F) : g(u) = g(eu) = egu.
Dueto: gu-v)=gleA(uv)=cg(Au®v))=e(gA)(u®v) and
g(u)-g(v) = (egu)- (egv) = eA(gu®gv) = eA(gu® gv) = eAg™" (u®v),
the property g(u - v) = g(u) - g(v) is equivalent to : gA = Ag®". Thus, for the group
of automorphisms of an algebra A given by MSC A € M(2 x 4;F) (for two dimen-

sional algebras) one has : Aut(A) = {g € GL(2;F) : gA —A(g®g) = 0}. Therefore
we look only for nonsingular solutions

= 4

For example, Ahmed et al. (2018) wrote that let

of the equation gA —A(g®g) = 0.

(0%) o +1 (0 7]

o
A:Al(alaa27a47ﬁ1): |:ﬁ: o _a1+1 —0p

Due to equation Aut(A) = {g € GL(2;F) : gA —A(g ® g) = 0} one has the system of
equations :

—ac+aay —a*oy —2acop — oy + By =0,

—bc—boy —aoy +aon —bcoy —aday —cdoy =0,
a+b—ad—Dboy —aboy +aay —bcoy —aday —cdoy =0,
—bd —b* o —boyy —2bd oy +act — d*ay =0,

—ac+coy +2acoy +coy —a2ﬁ1 +dB; =0,

—bc+becoy —doy +aday +cop +cday —abf; =0,
c+d—ad+bcay —doy +adoy +con +cday —abfy =0,
—bd +2bdoy —day +d* o + coy — by = 0.

The system of equation above implies
a+b—ad+bc=0,
ie,b=/A —aand
c+d—ad+bc=0,
i.e.,d = A —c. Therefore, A = a(A —c¢)c(A —a) and this implies A(1 —a+c¢) =0.

Since A # 0 we have ¢ = a— 1. The similar observation implies d = b+ 1. Therefore
we get
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a b .
g_[al b+1],w1thA—a+b7éO.
As a result the system of equation above can be rewrite a follows :

(140 +20p +ag) —a(l+ oy +20p + o) + 0y =0,
a4(a_ 1) :Oa

a?(1 =200 — o+ PBa) +a(—1+ oy +20p) —ap + 0 — B =0,
((Xl +2a2)(a— 1) =0.

Therefore, Aut (o1, 0, 044, B1)={1}.

A list of non-isomorphism algebras in two dimensional is needed before applying
the Skjelbred-Sund method by using central extension to obtain the list of non-
isomorphic algebras in dimension three. The method can be used to apply three

dimensional algebras extend to four dimensional algebras.

Theorem 1.1 (Graaf, 2010) In two dimensional associative algebras, there are the

following non-isomorphism algebras.
A% : abelian;

A3 (er,e1) = ea;

A3 (e1,e1) =e1,(e1,e2) = e2;

A3 (e1,e1) =e1,(e2,e1) = e2;

Ag : (el,e]) = e],(e],EQ) (62761) =€),
AS: (e1,e1) = ey, (e2,62) = €3.

Theorem 1.2 (Langari, 2010) In two dimensional Leibniz algebras, there are the

following non-isomorphism algebras.
L% s abelian;

L3 : [er,e1] = ep;

Lg . [61782] = —[62,61} =é7;

LY : [ey,e] =[ez,e2] =ey.

From (Burde, 1999) and (Rikhsiboev and Rakhimov, 2012), we have the following

theorem :

Theorem 1.3 In three dimensional Leibniz algebras, there are the following

non-isomorphism algebras.

RRIy : [ey,e3] = —2ey,[ez,e2] = €1, [e3,€2] = €, e, €3] = —e2;
RRL : [e1,e3] = ey, [e3,e2] = ea,[en,e3] = —ep;

RRI3 : [e3,e3] = e1, [e3,e2] = €3, [en, €3] = —ea;

RRIy : [e3,e3] = ey, [e3,e3) = aey,[er,e3] = eq;

RRIs : [ey,e7] = e >[€3,€3] =ey;

RRI : [e1,e3] = ea,[e,e3] = ey;

RRI : [e1,e3] = e3,]ez,e3] = 0tey +e;

RRIg : [e3,e3] = ey, e, e3] = ea;
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RRIy : [e3,e3] = ey, [e1,e3] = e +ep;

L3 :[e1,e2] = e3,[e1,e3] = 2ey, [e,e1] = —e3,[e2, €3] = 22,
le3,e1] = —2e,[e3,e2] = 2e;
Lg((X) : [61,62} =e3, [61,63] = es, [62,61} = —ey, [63,81] = oes;
Ly :[e1,ez] = e2,[e2,e1] = —e3;
Lig: [e1,e2] = en,[e1,e3] = ex te3,[ez,e1] = —ea,[e3,e1] = —ex —e3;
Lis:[er,er] = ep,[er,e3] = e3,[er,e1] = —en,[e3,e1] = —e3;
L16 . [e] ,62] —=e3, [62781} = —e3;

1.2 Problem Statement

The classification problem of algebras is a rather complicated problem especially
for higher dimensions. As well known, the list of isomorphism classes for low di-
mensional algebras such as associative, Lie and Leibniz algebras have been known.
Does the classification of algebras in higher dimensional can be arising from the list
of algebras in low dimensional? One of the methods is the Skjelbred-Sund method
that has been used in the case of Lie algebra. The study in this thesis is to investi-
gate this method can be applied to obtain the list of isomorphism classes for higher
dimensional associative and Leibniz algebras cases.

1.3 Research Objectives

This research objectives are stated as follows :

1. To find the cocycle of associative and Leibniz algebras in dimension two and
three.

2. To establish the group of automorphisms of associative and Leibniz algebras
in dimension two and three.

3. To classify nilpotent associative algebras using central extension in three
dimensional.

4. To classify nilpotent Leibniz algebras using central extension in three and four
dimensional.

1.4 Methodology

Throughout this research, a classification procedure is developed to lead directly to
our objectives.

16



The classification procedures are as follows:

* For a given algebra of smaller dimension, firstly list its center in order to iden-
tify the 2-cocycle that satisfies

6-Nc() =o.

e Determine the 2-cocycle, the 2-coboundary and compute the quotient
H?(A,K). For each algebra A with given basis {e},es,...,es}, a 2-cocycle
6 is presented by a matrix (¢;;), 0 = Y7oy cijQij, where Ajj is the n X n ma-
trix with (i) element being 1 and all the others 0. To compute the 2-cocycle,
all the constraints on the elements c;; of the matrix (c;;) are listed.

* Find a (maybe a redundant) list of representatives of the orbits of Aut(A) acting
on the 6.

* For each 6 found, construct Ag. Discard the isomomorphic ones.

1.5 Outline of Contents

This section gives a brief outline of the material and main concepts in each chapter.
There are five chapters in this thesis with the following contents:

Some basic concepts of algebra in Chapter 1 is described. It started with the
definition of associative algebra and Leibniz algebra together with their examples.
Then followed by other definitions, examples, lemmas and theorems. Our main
objectives and a methodology of this research are listed.

Chapter 2 presents a literature review of the research. This part gives a deep
understanding regarding the backgrounds of the research which is introduced by
Louis Loday in 1977.

The classification of associative algebras in three dimensional is stated in Chapter 3.
Then several extension invariants is presented to distinguish isomorphism classes.
The classification is shown in details by including a group action. Then, a list of
algebras are identified.

In Chapter 4, three dimensional and four dimensional Leibniz algebras are classified.
The similar method as mentioned in Chapter 3 is presented. As requested, the list of
isomorphism classes in dimensions three and four of Leibniz algebras are presented.
Then several extension invariants are considered to distinguish isomorphism classes.
The procedure of the classification is shown including group action in details. At
the end, a list of algebras is identified.
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Finally, Chapter 5 provides the summary of all contributions that has been done in
this thesis and also discuss on future research.
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