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Abstract

The evolution of quantum states serves as good fundamental studies in understanding the quan-
tum information systems which finally lead to the research on quantum computation. To carry
out such a study, mathematical tools such as the Lie group and their associated Lie algebra is
of great importance. In this study, the Lie algebra of su(8) is represented in a tensor product
operation between three Pauli matrices. This can be realized by constructing the generalized
Gell-Mann matrices and comparing them to the Pauli bases. It is shown that there is a one-
to-one correlation of the Gell-Mann matrices with the Pauli basis which resembled the change
of coordinates. Together with the commutator relations and the frequency analysis of the struc-
ture constant via the algebra, the Lie bracket operation will be highlighted providing insight into
relating quantum circuit model with Lie Algebra. These are particularly useful when dealing
with three-qubit quantum circuit problems which involve quantum gates that is derived from
the SU(8) Lie group.
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1 Introduction

Studies of quantum mechanics have become a staple foundation to have a good grasp on the
fundamentals of nature in order to harness those power for future technologies. Some of the
promising applications are the implementation of Shor’s algorithm for prime factorization prob-
lem [14], and implementation of Grover’s search algorithm together with a genetic algorithm for
determining the graph’s planarity [7], [10]. One of the important studies to apply quantum me-
chanics into a physically realizable system is by using group theory. As an example, observables
such as energy, E can only be obtained from the application of operators in SO(n) group to the
quantum states as it ensures the eigenvalues to be real, while the evolution of quantum systems
needed to be governed by operators in SU(n) group to preserve the unit probability of the sys-
tems. Group theory also have wide application in physics, chemistry, and material sciences due to
groups preserving the symmetry properties of the system which leads to invariant property. Some
of the simple objects such as a circle arise naturally from group theory in particularly e’ € U(1)
where 6§ traced how the path of the circles. This concept was eventually extended to Lie group by
Sophus Lie in 1884 to encompass ideas of the application of group theory to geometrical objects.
This enable Lie group to have both group and geometry properties, which is particularly useful
as certain mathematics problems in group theory can be recast into geometry or vice versa for
different insights [3, 6, 8, 9, 16].

It is well-known that the Lie algebra is one of the representations of its associated Lie group,
which simplify the calculation and computation of the problems. Using the previous example
of € in Lie group which represents the global symmetry of a circle, its Lie algebra is a real line
representing the local infinitesimal symmetry, which helped to understand the solutions of the
equations. Since Lie algebra is a linear object, it could be constructed by linearly combining its
basis. In particular su(n) Lie algebra is constructed by the corresponding generalized Gell-Mann
matrices. However, the choice of any basis is just the preferences of the user. Thus it would be
possible to construct (or represent) su(n) in another basis such as Clifford + T basis, which is the
augmented Clifford group with T" gate. Clifford group is defined as a group of unitaries that nor-
malize the Pauli group, and it is generated by Hadamard, S and CNOT gates. In our work instead,
we work on the basis of the tensor product of Pauli matrices for su(2"), as it encompasses the full
space of entanglement for the quantum circuit representation. The motivation behind this repre-
sentation is due to 1) it is much easier to compute the tensor product of Pauli matrices as compared
to generalized Gell-Mann matrices, 2) for certain problems (quantum circuit problems), having
Pauli coordinates give better insights in the evolution of states contributed by quantum gates. This
is particularly useful in representing the evolution of the quantum states, U = e~ *#' using Rie-
mannian geometry tools. This is done by representing the Hamiltonian, H of the evolution of the
quantum states in terms of Pauli coordinates where U is an element of SU(8) Lie group, and H is
also the respective element for su(8) Lie algebra [4, 5, 12].

In particular, it is explicitly shown that the decomposition of the n-qubit system with the tensor
product of Pauli matrices. It is shown to be one-to-one correspondence or just a change of basis to
the generalized Gell-Mann matrices. In line with motivation (2), we, therefore, prepare this work
such that, the proper evolution of quantum states in terms of Pauli coordinates will be properly
understood. To our knowledge, the Lie algebra of d-dimensional qudits system (su(d)) can be de-
composed by the either three different matrix bases for example the generalized Gell-Mann matrix
basis, the polarization operator basis and the Weyl operator basis [2]. From another perspective,
an n-qubit system resembled a 2"-dimensional qudits system will have its associated su(2") Lie
algebra which can also be decomposed by those matrix bases.

This paper has the following structure. Section 2 describes the general form for SU(n) Lie
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group namely SU(8) and provides the counting method for the number of free parameters for
SU(8). Next the generator for SU(8) is constructed, denoted by su(8) Lie algebra having a well-
known form to be the Gell-Mann matrices. In Section 3, the tensor product of Pauli matrices is
computed as the Pauli basis and they are categorized according to their forms. Relation between
generators of SU(8) with tensor product of Pauli matrices associated with their forms will also be
given in this section. This is followed by highlighting the concept of change of basis and a quick
computation method for respective basis coefficients. Section 4 will be covering some properties
of su(8) on Pauli basis as well as the comparisons with su(2) and su(4) Lie algebra for 1-qubit and
2-qubit system. The final section shall offer a concise recap and conclusion.

2 Construction of the generator for SU(8)

2.1 General form for SU(n)

To construct a general form for SU(8) Lie group, any element of SU(8), should satisfy these
conditions:

1. The diagonals must be real.

2. The diagonals must be traceless.

3. The upper triangle of the matrix must be the complex conjugate of the lower triangle of the
matrix.

These conditions are imposed by the Hermiticity of SU(n). With that, the number of free param-
eters for SU(n) can be calculated:

1. There is 2n? free parameters due to n x n complex entries of SU(n) matrix.

The n diagonals must be real thus removing n free parameters.

3. Due to condition 3., the upper triangle have 2(n? — n)/2 components, where n? — n is obtained
by removing the n diagonals from n? components of matrix, multiplied by 2 due to complex
component and divided by 2 to remove the lower triangle component. With this condition we
removed 2(n? — n)/2 components.

4. By applying step 1., 2. and 3. we obtained the number of free parameters for SU(n) Lie group:

N

2

2 _
M2 —pn— M = n2.
2
5. Finally due to "special” properties of SU (8) there is an additional restrains which is det(SU (n)) =

1 thus removing 1 more free parameters yielding n? — 1 free parameters.

Given our case are SU(8) we have 82 — 1 = 63 free parameters. One of the general form for SU(8)
Lie group, G is as follows:

et a1 — by .. ag — ibg a7 — iby
a1 +iby etz ... a2 —1tb1a a1z —ibis
G= : : : :
ag + Zb@ ao + iblz N €“Z}7 a8 — ibgg
a7y +1by  ay3 +ibis ... asg + ibog etvs
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With the same "special” condition of SU(8), det(G) = 1 which lead to sum of the exponential part
of the diagonal of G must be zero, with the following condition:

det(G) = det (') = e TX),

where Tr(X) is the trace of matrix X, thus ¢ = —t); —1)2 —- - - — )7 is required. With that, we have
1 to 17, 7 parameter, a; to ags, 28 parameter, b to bag, 28 parameter, lead to a total of 7+28+28=63
free parameters.

2.2 Generator construction

Let G be a matrix Lie group. Then the Lie algebra of G denoted g, is the set of all matrices X
such that !X is in G for all real numbers ¢ [8].

Since:
d

tX
_ =X
dt € ’

t=0
we can obtained the generator, X. For the case of SU(8), its generators is the element of su(8)

where G € SU(8) is generated by linear combination of those 63 free parameters thus having 63
generators, labeled as X; € su(8), wherei =1,2,...,63. Thus G can be written as:

G=exp(1 X1+ -+ Xs+a1Xg+ -+ asgXss5 + b1 X36 + - - + bag Xe3)-

Following the above, the 63 generators can be found as such, for the diagonal part, we have:

oG
o0 -
Ll ==tpr=a1=-=azs=by=--=b2s=0
oG
87 = X7a
Y PY1=-=tr=a1==a28=b1=--=bag=0
and for the off-diagonal real parts, the respective generators X, . . ., X35 can be obtained by taking
partial derivative of respective parameters, a1, ..., ass. While for off-diagonal imaginary parts,
the respective generators Xsg, . .., X3 can be obtained by taking partial derivative of respective

parameters, by,...,bss. X;, i = 8,9,...,63 are the generalized Gell-Mann matrices for SU(8),
while X;, i = 1,2,...7 can be linearly combined to obtain the diagonal part for the generalized
Gell-Mann matrices for SU(8).

3 Representation of su(8) in Pauli basis

3.1 Pauli basis

Let us start constructing Pauli basis for su(8). Pauli Matrices can be categorized in two groups
which are the diagonals (labeled as D):

10 10
) el b))
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and the off-diagonals (labeled as OD):

(0 1 (0 —i
9%2=\1 0) = \i o)

Thus the tensor product of Pauli matrices can come in eight forms by permutation as follows:

D@D®D, D®D®OD,
D@OD®D, D®0OD®OD,
OD®D®D, OD®D®OD,
OD®OD®D, OD®OD®OD.

A permutation of 4 times for each qubits contribute to 4 x 4 x 4 = 64 forms of Pauli matrices. Then
minus one out due to det(SU(n)) = 1 resulting 63 tensor product of Pauli matrices. These form

the Pauli basis for SU(8). As an example, D ® D ® OD:

0 a OO 0 0 0 O
a 0 0 0 0 0 0 O
0 00 «a 0O 0 0O
0 0o 00 0 0O
00 0 0 0 a 0 Of°
00 00 aa OO0 O
00 0 0 0 0 0 «
000 0 0 0 o O

where a € {1,i, —1, —i} being the quaternion. And one of the element from D ® D ® OD form is

as followed:

0 - 0 0 0 0 0 0
i 00 0 0 0 0 0
00 0 — 0 0 0 0
00 i 0 0 0 0 0
-@0I®oy =14 6 0 0 0 i 0 0
00 0 0 — 0 0 0
00 0 0 0 0 0 i
00 0 0 0 0 —i 0

The full list of su(8) in Pauli basis are as follows:

SH)=mI®@I®o,+al@I®@c,+a3l@I®0,
+all @0, @1+ a5l @oy@T+agl @0, 1
+a70, QI®1+agoy, IR +ago, @I RT

T(H) =010l ®0, @0+ a1l ®0, @0y +a12l @0, @0,
+asl®oy Qo +anul oy oy + a5l oy o,
+a16l @0, @0+ a7l ®0, Qoy+ais]l ®o, @0,
+ 0190, @I ® 0y + 0200, @I R0y + 0210, I R0,
F 220y T Q@ 0y + G230y @I @ 0y + G240y VT ® 0,
+a250, QI Q0+ a0, X1 Q0y+ a0, IR0,
+ 02805 @0y @I + a290, ® 0y @ I + a300, 0, @I
+a310y @0, @1 + a320y R0y @ +azz0y R0, @1
+ 0340, ® 0, @I+ a350, 0y @1+ aze0, @0, @1
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Q(H) =a370, ® 04 ® 0 + 3303 @ 03 @ 0y + A390, ® 05 ® 0,
+ 0400 ® 0y @ 0z + 0410, @ 0y Q Oy + U420, @ 0y R 0,
+ 0430, ® 0, Q 0y + U440, @0, Q Oy + A450, Q 0, Q 0,
+ 0460y Q Oy @ 0z + A470y ® 0y Q 0y + A480y Q 0, Q 0,
+ G490y ® 0y Q 0 + A500y Q Oy Q Ty + A510y @ 0y Q 0,
+a520, ® 0, R0, + 0530, R0, @0y + a540, R0, D0,
+ 0550, Q 0y Q 0y + U560, K 0y Q Oy + 0570, Q 0, Q 0,
+a580, ® 0y @ 0z + 590, ® 0y @ 0y + A600, R Ty @ 0,
+ 4610, ® 0, Q 0y + 0620, X0, R0y + 630, D0, Q0,
where S(H) consist of one, T'(H) consist of two, and Q(H) consist of three Pauli matrices tensor

product respectively, which have weight of 1, 2, and 3 respectively. The number of generalize Pauli
matrices with weight £ computed agreed with the following formula by [1]:

-#()

where n is the number of qubits of the system.

3.2 Representing su(8) in Pauli basis

The generator can be represented in the categories of the form in the previous section. The
results are as follows:

Table 1: Categorization of generator of su(8) in Pauli basis forms

Form
Generator
D®®D®D DR D®OD D®OD®D D®OD®OD
Real X1, Xo, X3, X4, Xs, Xo1 Xo, X16 X10, X15
X5, X6, X7 X30, X35 X31, X34 X32, X33
. X36, Xa9 X37, X4 X38, X43
Imaginary
Xss, Xo3 X59, Xo2 X0, X61
Form
Generator
OD®D®D OD®D®OD | ODROD®D | OD® OD ® OD
X11, X8 Xi12, Xa7 Xi3, X2 X14, X9
Real
Xo4, Xo9 Xos, Xog Xo2, Xor7 Xa3, X6
) X39, Xue X410, Xus X1, Xus X2, Xar
Imaginary
X52, Xs57 X53, Xs56 X50, X55 X51, Xs54

As an example:

Xi=-[I®l®o.)+(0c.0Ix1)

A~ =

+(I®0.®1)+ (0. ®0.®0,)].
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3.3 Change of Basis from Generator Basis to Pauli Basis

The result in Table 1 shown to have one-to-one correspondence between generator of SU(8)
Lie group and tensor product of Pauli matrices. According to change of basis equation:

B Y
Yy =g, ,

where y*, 2V, u, v = 1,2, 3,4 are different Lie algebra basis, g/ is the transformation matrix, Given
the generator of SU(8), the Hamiltonian, H bases transform orthogonally, one can get away with-
out worrying about the distinction between covariant and contravariant part of the tensor, and
also it satisfied the properties of (g%)~! = (g/)" = g/;. Let us look at this example:

D ® D ® OD form generator:

Real part :
I®1I®o0, =Xg+ Xo1 + X309 + X35,
I®o,®o, = Xg— Xo1 + X30 — X35,
0, ®1®0; =Xg+ Xo1 — X30 — X35,
0, Q0. 0, = Xg— Xo1 — X30 + X35.
Let:

Y =101®o0,, a! = Xg,
y2:1®0z®0'm; 1'2:X2la
y3:Uz®I®Om; $3:X303

4
Yy =00, 0y, £C4:X35,

one can rewrite the equations:

y' = gpa”,
y! 1 1 1 1 x!
vl [T -1 1 -1 z?
vl 1 -1 -1 |a2?
yt 1 -1 -1 1 x?

By finding the inverse of ¢!/ one can change the basis of #” which is the generator of SU(8) back
to tensor product of Pauli matrices.

(90)~'y" = (gb) " gba,
a = (gh) "y,
¥ = g y",
azl) (1 11 1 yt
I Ijr -1 1 -1 y?
2] 41 1 -1 -1 v |’
z? 1 -1 -1 1 yt
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which is as followed

Xg = [(I®I®0I)+(I®az®aw)

o~ =

+(az®f®ox)+(oz®az®ax)],
Xm:%[(mlmx)—u@oz@am)

+(0z®l®0$)—(az®az®az)},
XSOZ%[(I®I®UI)+(I®UZ®01)

—(Uz®l®0'a:)—(0'z®(fz®0'm)}a

X35 = [(I@I@ar)—(1®az®az)

NG

—(0Z®I®0m)+(az®az®am)].

Note that (¢/)~! = g%, when:

1 1 1
-1 1 -1|
1 -1 —1| 9w
1 -1 1

wo_
gl/ 2

— e

which is different than the one before by a factor of 1. This is still acceptable as the basis are

normalized unit, thus changing the magnitude would not affects the properties of a basis.

From the result, it is shown that all 63 generators of SU(8) Lie group can be represented in
the linear combination of the tensor product of Pauli matrices. All 63 generators have unique
linear combination which is one-to-one correspondence similar to change of basis. Furthermore,
each set of four generators is generated by a set of four tensor product of Pauli matrices by linear
combination. This is due to fixing one of the Pauli matrices while permuting the other two Pauli
matrices will produce four different tensor products with the same form. As for the factor of
differentiating real and imaginary generator come down to the contribution of off-diagonal part,
o5 and oy. This further implies the similarity of change of basis. In addition to this, there was no
contribution of I ® I ® I component in any linear combination due to traceless properties of the
generator of SU(8). The results are especially important, as it shown that we could represent the
Lie algebra su(8) one-to-one in Pauli coordinates resembling change of coordinates which greatly
reduced the amount of terms used for representation [12, 5, 4].

3.4 Computation of Coefficient for Respective Pauli Basis

Now that we can represent the generator of SU(8) in Pauli basis, we can find the coefficient for
the respective basis with a mere simple method. The Hamiltonian of the quantum circuit, H is the
generator of SU(8), and oy, is the tensor product of Pauli matrices wherei = 1,2, ..., 63 represent
the basis, we can compute the coefficient for the respective Pauli basis as follows:

#0 if gy is its basis
=0 if o; is not its basis

tI‘(O’i.H) {
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4 Properties of su(8) in the Pauli basis

The basis of su(8), are all orthogonal and satisfying:
Tr (o’i2 ) =8.
Elements of su(8) represented in Pauli basis obey the following commutation relation

(00 ®0a®0g,0,® 0. ® 0y| =2[(i€abe) (i€de ) (i€gni) (0a ® 05 @ ;)]
+ 0apded(I @ I @ i€ghio;)
+ bapBgn (I @ icqopoy 1)
+ 0calgn (i€apeoe @ 1 @ I),

where, 04,01, 0¢,04,0c,0f,04, 01, 0; are element of Pauli matrices, d45, dcq, d41, are Kronecker Delta,
and €qpc, €def, €gni are Levi-Civita Symbol. In a more condensed form, we can write as follows:

63
[0i,05] = 2i Z cfjak,
k=1
withi, j,k=1,...,63and cfj is the respective structure constants. It also fulfill the Jacobi identity:

o3, 05, 0] + [loj, 0k], 03] + [[ok, 03], 05] = 0,

and
Tr(oi[o, 0%]) = 16icfj.

These computation results are in conjunction with the SU(4) Lie group studies done by [13].

For su(8) there exist 63 generators which in this work are represented in the tensor product of
Pauli matrices, thus there are 63 x 63 commutation relations contributing to 3969 possible structure
constants. Structure constants can come with three possible values which are 1, -1, and 0, and the
frequency of respective structure constants value are as follows:

Let S1; as the notation be defined as square section for row 1, column 1 of commutation rela-
tion table from o7, . . ., 0¢3:
The full computation of the structure constants for su(8) can be found in the Appendix. Structure
constants for su(8) are anti-symmetric in nature. From Table 2, it is clearly shown that the one-
qubit with three-qubits and two-qubits with two-qubits commutation relations has the highest fre-
quency of non-commutating Lie bracket operation. This has a correlation with quantum physics
operator theory where useful evolutions or measurements on states require non-commutative op-
erators as it incites entanglement between qubits. Thus it shows the importance of choices of
applications of operators (gates) in a quantum circuit.

Next, let us compare with the lower rank of Lie algebra su(2) and su(4) for one qubit and two-
qubit quantum circuitry:

From the comparison of Table 3, it is clearly shown that as the number of qubits in quantum
circuitry increases, the structure constants space increasingly become larger, scaling with (2" —1)2.
The percentage of non-zero structure constants over the entire structure constants space dropped,
which indicated non-entangling gates of choices increase as the number of qubits increase.

The entire list of structure constants can be referred from Appendix A. Note that since the structure
constants themselves are anti-symmetric, thus the table in Appendix A only show one half of the
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Table 2: Breakdown for the frequency of su(8) structure constants

One-qubit with one-qubit:

One-qubit with two-qubits:

Frequency )
Fre%uency 1 -1 0 of ¢k value 1o
of ¢;; value S JS 3
S 9 9 63 RN 18 18 45
U 52175313541
One-qubit with three-qubits: Two-qubits with two-qubits:
Frequency
Frequency £ ok val 1 -1 0
of k. value 1 -1 0 of ¢j; value
g ”S g S22, 533, S44 18 18 45
1559165 D17
Rtk 27 27 27 S23, 524, 534
Ss1,561,.9 oY 27 27 27
51, 261, 271 53275427‘943
Two-qubits with three-qubits: Three-qubits with three-qubits:
Frequency
I 1 -1 0 Frequency
of ¢i; value > 1 -1 0
3 ZJS g of ¢;; value
2017200 22T 18 18 45 Ss5, 66, S77 18 18 45
S52, 562, 572 Ses. Sor
S35, 536, S37 18 18 45 Soe 27 18 36
S53, 563, 573 S
Sas, Sa6, Sar 18 27 36
S 18 18 45 Se5,.5
S54, 564, 574 S

structure constants without the anti-symmetric counter part. The computation results agreed with

Table 3: Frequency of structure constants value

k. value
su(2) T = 0
Frequency 3 3 3
% over 9 33.3% 33.3% 33.3%
k. value
su(4) T 1 i 0
Frequency 60 60 105
% over 225 26.7% 267% 46.7%
c¥. value
su(8) I | )
Frequency 1008 1008 1953
% over 3969 254% 254% 49.2%

[1], due to the form for the weight of the commutator [0, 0;]:

Wy

=|M —N|+1+2r,

where M and N are the weight of o; and o respectively, such that
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From the formula and structure constants computed, we can see that the commutator between
two weight 1 basis will only yield a weight 1 basis, while the commutator between two weight 3
basis can only obtain weight 1 or 3 basis. The only way to obtain the weight 2 basis is by taking
the commutator between weight 1 and weight 3 basis, or between weight 2 and weight 2 basis.
The existence of weight 2 basis enable to generate all weight 1, 2 and 3 basis state, thus showing
the weight 2 state in su(8). This is correlated to [11] that all quantum circuits can be essentially
generated using one-qubit gates and CNOT gates.

5 Conclusion

In summary, the generators for SU(8) Lie group which is su(8) Lie algebra is computed as
the generalized Gell-Mann matrices. We also have computed the tensor product of three Pauli
matrices and categorized them. We then compared both of them and computed the representation
from one to another. The results show to be a change of basis between generalized Gell-Mann
matrices and the tensor product of three Pauli matrices. The structure constants for su(8) are
computed and compared with su(4) and su(2), and it shows that more qubits resulted in more non-
entangling gate operations. Thus su(8) can be represented in Pauli coordinates. From the structure
constants of su(8) we can clearly see the importance of the two-qubits gate in a quantum circuit.
Through our frequency analysis for the structure constant for su(8), one can further investigate it
through the tunnel of Cartan subalgebra where it could further analyse the abelian subgroup and
the non-abelian subgroup for the suggestion of gates for quantum circuit problems. On the same
page, one can consider another approach of using Lie symmetry analysis [15] to obtain an exact
solution to the differential equations, further enhancing the analysis for Lie Algebra.
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Structure Constant cf(j) for su(8)
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One qubit commutation relation:

k
Cit) 1 -1 0
value
Si C?(Q)’ C§(3)’ Cg(l) 03(1)7 Cé(z)’ C%(g)

others

c45)2 %5(6) Co(a)

C7(8) Ca(0)» B (7)

C?(4)v Cé(5)’ Ci(cs)

02(7)7 Cg(s)a 0575(9)

One qubit with two qubit commutation relation:

ek 1 -1 0
value
S12 Ci%n)v 01?14)7 61?17) C%(llz)’ 0%4(115)’ 0%218)
C§?12)7 C;z()’w)v C%?ls) C%%loy Cé?w)’ Cé?w)
‘%%10)7 05?13)7 C:%Zw) Cé(()l 1) C§?14)’ Cé?w)
others
6411?13) ) 6}164) ) C411{(815) 0411%16) ) 0411?17) ) 0411?18)
Cé?w)v C%%l?)’ C%%m) Cé?w)a CéZu)’ cé?m)
Cé?my Céz(ln)v 0(15?12) Cé(()l?,)’ Cé%m)’ Cfli?IS)
S13 C%%zo) ) C%és) ) C%(726) C%(IQO) ; C%:())24) ) C%?Q?)
Cé?m) ) 63%24) ) 03?27) 03%19) ) 03?22) ) C§Z25)
05?19) ) 05?22) ) 03?25) Cés()zo) ) 03%23) ) 03?26)
others
C%?zz) ) 63?23) ) C%24) 03%25) ) C??%) ) C%(lw)
Cés()zs)7 C%?ze)’ 05%27) Cé?w)v Cg?zo)’ 62221)
03%19) ) 03?23) ) 03%24) Cé?m) ) 03?20) ) ‘392)2121)
S1a 02?29) ) 02?32) ) 02?35) C4215()30) ’ 52(233) ] C??%)
65?30) ) 02%33) ) 62?36) Cg(()zs) ] c??ﬁ%l) ) C§?34)
0625?28) ) 02%31) ) 02?34) C?j?zg) ) 02%32) ) 02?35)
others
C??:n) ) 02?32) ) C§?33) 0%34) ) 0%35) ) c:;:()’%)
02?34) ) 02?35) ) 02?36) 03?28) ) 03?29) ) C2?30)
03%28) ) 08%29) ) 08?30) 63?31) ) 63?32) ) 03?33)
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One qubit with three qubit commutation relation:

cﬁj) 1 -1 0

value

S15 c??38),c§%41),c§?44) C§?39)7C%%42)7C%?45)
63239)703?42)703?45) 03?37)’63%40)’03?43)
62?37)’03%40)’03?43) C§Z38)’C§?41)’C§?44)
03%40)703?41)’03?42) 03?40)’03%44)’01545)
C§Z43),cg?44),c§?45) C§?37)’C§?38)’C§?39) others
c§?37),c§%38),c§%39) 02240)762?41)’02?42)
63?37)’63238)’63?39) 02?37)’62?38)’02Z39)
03?40)703?41)703%42) Cg§4o)vcg?41)acg?42)
03%43)»03?44)762?45) 62%43)762%44)762?45)

S16 C?%47)>C?%50)’C??53) 0%348)’0??51)7C§?54)
63?48)763?51)’63?54) 03?46)’62%49)’63%54)
C§Z46)’Cg?49)’cg?52) c§?47),c§?50),cg?52)
02%49)702?50)’02?51) 01?52)’62?53)’62354)

others

46 47 48
C5(52)7 C5(53)° C5(54)

49 50 51
C6(46)° C6(47) 6(48)

55 56 57
C7(46)° C7(47)> €7(48)
58 59 60
C7(49)1 €7(50)° €7(51)

61 62 63
C7(52)7 €7(53)> €7(54)

52 53 54
C5(46) C5(47)> C5(48)

46 47 48
C6(49) €6(50)° C6(51)

37 38 39
C9(46)1 Co(47)> C9(48)
40 41 42
C9(49)1 €9(50)* C9(51)

43 44 45
Co(52)1 C9(53)7 C9(54)
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k -
i) 1 1 0
value
57 60 63 56 59 62
S17 | Ci(56) Ci(50)> Cl(62) | C1(57) C1(60)> C1(63)
55 58 61 57 60 63
Ca(57)> C2(60)7 C2(63) | C2(55)' C2(58) C2(61)
56 59 62 55 58 61
C3(55)7 €3(58)7 €3(61) | €3(56)> €3(59)> C3(62)
61 62 63 58 59 60
C4(58)7 Ca(59)> C4(60) | Ca(61)> Ca(62)> C4(63)
others

55 56 57
C5(61)7 €5(62) €5(63)

58 59 60
C6(55)° €6(56)> C6(57)

37 38 39
C8(55)7 €8(56) C8(57)

40 41 42
C8(58)7 €8(59) €8(60)

43 44 45
C8(61)7 €8(62)> €8(63)

61 62 63
C5(55)2 €5(56) C5(57)

55 56 57
C6(58)° C6(59)° €6(60)

46 47 48
C7(55)2 C7(56) C7(57)
49 50 51
C7(58)2 €7(59)° €7(60)

52 53 54
C7(61)° €7(62)° €7(63)
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Two qubit self commutation relation:

k
Ci(j)

value

1

-1

522

3 1 2
C1011)> ©11(12)> €12(10)

3 1 2
C13(14)> ©14(15)> €15(13)

3 1 2
C16(17)> €17(18)> C18(16)

6 6 6
C10(13)> C11(14)> €12(15)

4 4 4
€13(16)> €14(17)> C15(18)

5 5 5
C16(10)> €17(11)> €18(12)

3 1 2
€11(10)> ©12(11)> €10(12)

3 1 2
€14(13)> ©15(14)> €13(15)

1 1 2
C17(16)° €18(17)> €16(18)

6 6 6
C13(10)> ©14(11)> €15(12)

4 4 4
C16(13)° €17(14)> €18(15)

5 5 5
€10(16)° €11(17)> €12(18)

others

S33

3 1 2
C19(20)> €20(21)> €21(19)

3 1 2
Ca2(23)> C23(24)» C24(22)

3 1 2
Ca5(26)> €26(27)> C27(25)

9 9 9
C19(22)> ©20(23) €21(24)

7 7 7
Ca2(25)> €23(26) Ca4(27)

3 8 8
Ca5(19)> €26(20)> C27(21)

3 1 2
C20(19)> ©21(20)> €19(21)

3 1 2
Ca3(22)> C24(23) C22(24)

3 1 2
Ca6(25)° C27(26)> C25(27)

9 9 9
C92(19)> ©23(20) C24(21)

7 7 7
Cas5(22)7 €26(23)> C27(24)

8 8 8
C19(25)° €20(26)> €21(27)

others

544

574

3 1 2

C28(29)1 €29(30) €30(28)
6 4 5

€31(32)> ©32(33)» €33(31)

6 4 5
C34(35)> ©35(36)> C36(34)

6 6 6
Ca8(31)> €29(32)» €30(33)

4 4 4
C31(34)> ©32(35)> C33(36)

5 5 5
C34(28)> ©35(29) €36(30)

3 1 2

€28(29) €30(29) €28(30)
6 4 5

C32(31)7 €33(32)> ©31(33)

6 4 5
C35(34)7 €36(35) ©34(36)

6 6 6
C31(28)7 €32(29)> ©33(30)

4 4 4
C34(31)7 €35(32)> ©36(33)

5 5 5
Cag(34)° €29(35)> €30(36)

others
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Two qubit with two qubit commutation relation:

k
Ci(j)
value

1

-1

Sa3

39 48 57

€10(20)° €10(23)> €10(26)
37 46 55

C11(21)° C11(24)> C11(27)

38 47 56
C12(19)7 €12(22)> €12(25)

42 51 60

€13(20)° €13(23)> €13(26)
40 49 58

C1a(21)> C14(24)> C14(27)

41 50 59
€15(19)> C15(22)> €15(25)

45 54 63

€16(20)° €16(23)> €16(26)
43 52 61

C17(21)) C17(24)> C17(27)

44 53 62
C18(19)> “18(22)> €18(25)

38 47 56

C10(21)7 €10(24)> €10(27)
39 48 57

C11(19)° €11(22)> €11(25)

37 46 55
€12(20)7 €12(23)> €12(26)

41 50 59

C13(21)7 €13(24)> €13(27)
42 51 60

C14(19) C14(22)> €14(25)

40 51 60
C15(20)> €15(23)> €15(26)

44 53 62

C16(21)° €16(24)> C16(27)
45 54 63

C17(19)) €17(22)> C17(25)

43 52 61
C18(20)> “18(23)> €18(26)

others

Sa4

43 52 61

€10(29)° €10(32)> €10(35)
44 53 62

C11(29)° €11(32)> €11(35)

45 54 63
C12(29)> C12(32)> €12(35)

37 46 55

€13(30)° €13(33)> €13(36)
38 47 56

€14(30)° €14(33)> €14(36)

39 48 57
€15(30)7 €15(33)> €15(36)

40 49 58

C16(28)° €16(31)> €16(34)
41 50 59

C17(28)> C17(31)> €17(34)

42 51 60
C18(28)> C18(31)) €18(34)

40 49 58

€10(30)° €10(33)> €10(36)
41 50 59

€11(30)° €11(33)> €11(36)

42 51 60
€12(30)> C12(32)> €12(36)

43 52 61

C13(28)7 €13(31)> €13(34)
44 53 62

C14(28)> €14(31)> C14(34)

45 54 63
C15(28)> C15(31)> C15(34)

37 46 55
€16(29)° €16(32)> €16(35)

38 47 56
C17(20)° €17(32)> €17(35)

39 48 57
C18(29)7 €18(32)> €18(35)

others
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k -
i) 1 1 0
value
55 58 61 46 49 52
S34 C19(31)> €19(32)> €19(33) | C19(34)> €19(35)> €19(36)
56 59 62 47 50 53
C20(31)> €20(32)> €20(33) | €20(34)> €20(35) C20(36)
57 60 63 48 51 54
Ca1(31) €21(32)> C21(33) | C21(34) €21(35)> C21(36)
37 40 43 55 58 61
Ca2(34)> €22(35)> C22(36) | C22(28)> €22(29) €22(30)
others

38 41 44
€23(34)> €23(35) C23(36)

39 42 45
Co4(34)> €24(35)> C24(36)

46 49 52
Ca5(28) €25(29) C25(30)
47

50 53
Ca6(28)> €26(29) €26(30)

48 51 54
Ca7(28)> €27(29)> €27(30)

56 59 62
Ca3(28)7 €23(29)> ©23(30)

57 60 63
Ca4(28)7 C24(29)> €24(30)

37 40 43
25(31)7 ©25(32) €25(33)

38 Al A4
26(31)7 ©26(32) €26(33)

C

C

39 42 45
Ca7(31)7 C27(32)> €27(33)
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Two qubit with three qubit commutation relation:

k
Ci(j)
value

1

-1

Sas

21 19 20

C10(38)’ €11(39)> €12(37)
21 19 20

C13(41)> C14(42)> €15(40)

21 19 20
C16(44)° €17(45)> €18(43)

30 30 30
C10(40)> €11(41)> €12(42)

28 28 28
C13(43)7 €14(44)> €15(45)

29 29 29
€16(37)° €17(38)> €18(39)

21 19 17

C11(37)° €12(38)> €10(39)
21 19 20

C14(40)> C15(41)> €13(42)

21 19 20
C17(43)> €18(44)> €16(45)

29 29 29
C10(43)> C11(44)> €12(45)

30 30 30
C13(37)7 €14(38)> €15(39)

28 28 28
€16(40)° €17(41)> €18(42)

others

Sa6

24 22 23
Clo(47)> €11(48)> €12(46)

24 22 23
C13(50)> C14(51) > €15(49)

24 22 23
C16(52)° €17(53)> €18(54)

33 33 33
C10(49)> “11(50)> €12(51)

31 31 31
C13(52)7 €14(53)> €15(54)

32 32 32
€16(46)° €17(47)> €18(48)

24 22 23
11(46)° ©12(47)> €10(48)

24 22 23
C14(49)> 15(50) €13(51)

24 22 23
C17(52)7 €18(53)> €16(54)

C

32 32 32
C10(52)> C11(53) C12(54)

33 33 33
C13(46)7 €14(47)> €15(48)

31 31 31
€16(49)° €17(50)> €18(51)

others

Saz

27 25 26
Clo(s6) C11(57)> €12(55)
27 25 26
€13(59)> C14(60) > €15(58)
27 25 26
C16(62)° €17(63)> €18(61)
36 36 36
C10(58)" €11(59)> €12(60)
34 34 34
C13(61)7 €14(62)> €15(63)

35 35 35
C16(55)° €17(56)> €18(57)

27 25 26
C11(55)7 €12(56)° €10(57)

27 25 26
C14(58)" €15(59)> €13(60)

27 25 26
C17(61)° €18(62)> €16(63)

35 35 35
C10(61)> C11(62)> €12(63)

36 36 36
C13(55)7 €14(56)> €15(57)

34 34 34
C16(58)° €17(59)> €18(60)

others
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Ci(j)

value
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-1

S35

12 15 18

C19(38)> C19(41)> €19(44)
10 13 16

€20(39)> ©20(42) > €20(45)

11 14 17
€21(37)> €21(40)> C21(43)

31 32 33

C25(37)> €25(40) > C25(43)
31 32 33

C26(38)> €26(41) > C26(44)

31 32 33
Ca7(39)> €27(42)> C27(45)

11 14 17

€19(39)> €19(42)> €19(45)
12 15 18

€20(37)> ©20(40)> €20(43)

10 13 16
C21(38)7 €21(41)> €21(44)

34 35 36

Ca2(37)> C22(40) €22(43)
34 35 36

Co3(38)7 €23(41)> €23(44)

34 35 36
€24(39)7 C24(42)> €24(45)

others

S36

12 15 18
C92(47)> C22(50)» €22(53)
10

13 16
C23(48)> €23(51) C23(53)

11 14 17
C24(46)> €24(49)> C24(51)

34 35 36

C19(46)> €19(49)> €19(52)
34 35 36

C20(47)> €20(50)> €20(53)

34 35 36
Ca1(48)> €21(51)> C21(54)

11 14 17
Ca2(48)> C22(51) €22(54)

12 15 18
Ca3(46)> C23(48)> C23(51)

10 13 16
Ca4(47)> C24(50)> €24(52)

28 29 30

C5(46)> C25(49) €25(52)
28 29 30

Ca6(47)7 €26(50) €26(53)

28 29 30
Ca7(48)7 C27(51)> €27(54)

others

S37

578

12 15 18
C25(56)1 €25(59) €25(62)

10 13 16

C26(57) €26(60) > C26(62)
11 14 17

Ca7(55)> €27(58)> C27(60)

28 29 30
Ca2(55)> C22(58)» C22(61)
28

29 30
€23(56)> €23(59)> C23(62)

28 29 30
Ca4(57)> €24(60)> C24(63)

11 14 17

Ca5(57)7 €25(60)° €25(63)
12 15 18

C26(55)7 €26(57) €26(60)

10 13 16
Ca7(56)° C27(59)> €27(61)

31 32 33
C19(55)7 €19(58)> €19(61)

31 32 33
€20(56)° €20(59)> €20(62)

31 32 33
C21(57)° €21(60)> €21(63)

others
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Cij)

value
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-1

Sus

16 17 18
Cag(40)> Cas(a1)> €28(42)

10 11 12
Ca9(43)> C29(44)» €29(45)

13 14 15
C30(37)° €30(38)> €30(39)

22 23 24

C34(37)7 €34(38)> ©34(39)
22 23 24

€35(40)7 €35(41)> ©35(42)

22 23 24
C36(43)° €36(44)> ©36(45)

13 14 15
Cag(43)> Cag(44)> C28(45)

16 17 18
C29(37)7 €29(38)> €29(39)

10 11 12
€30(40)° €30(41)> €30(42)

25 26 27

€31(37)7 €31(38)> €31(39)
25 26 27

C32(40)7 €32(41)> ©32(42)

25 26 27
C33(43)7 €33(44)> ©33(45)

others

Sae

16 17 18

€31(49)° €31(50)> €31(51)
10 11 12

C32(52)7 €32(53)> €32(54)

13 14 15
C33(46)7 €33(47)> ©33(48)

25 26 27

Cag(46)> Cas(47)> C28(48)
25 26 27

C29(49)° €29(50)> €29(51)

25 26 21
€30(52)° €30(53)> €30(54)

13 14 15
31(52)° ©31(53) €31(54)

16 cl7 cl8
32(46) ©32(47)7 ©32(48)

C

C

10 11 12
C33(49)7 €33(50)> €33(42)

19 20 21

C34(46)> C34(47)> C34(48)
19 20 27

C35(49)7 €35(50) €35(51)

19 20 21
C36(52)° €36(53)> €36(54)

others

Sar

16 17 18
C34(58)7 €34(59) €34(60)

10 11 12

C35(61)7 €35(62) €35(63)
13 14 15

C36(55)° €36(56) €36(57)

19 20 21
€31(55)7 €31(56)> €31(57)

19 20 27
C32(58)7 €32(59)> €32(60)

19 20 21
C33(61)° €33(62)> ©33(63)

13 14 15
C34(61)° €34(62)7 €34(63)

16 17 18
C35(55)7 €35(56) €35(57)
10 11 12

C36(58)7 €36(59)> €36(60)

22 23 24
C28(55)7 €28(56) C28(57)

22 23 24
C29(58)7 €29(59)> €29(60)

22 23 24
C30(61)° €30(62)> €30(63)

others
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Three qubit with three qubit commutation relation:

k
Ci(j)

value

1
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-1

Ss5

3 1 2

C37(38)> €38(39) C39(37)
3 1 2

Ca0(41)> Ca1(42)> Ca2(40)

3 1 2
C43(44)> C44(45)> C45(43)

6 6 6

C37(40)> €38(41) C39(42)
4 4 4

C40(43)> €41(44)> C42(45)

5 5 5
C43(46)> C44(47)> C45(48)

3 1 2

C38(37)7 €39(38)> €37(39)
3 1 2

C41(40)> €a2(a1)> Ca0(42)

3 1 2
C44(43)> Ca5(44)> €43(45)

6 6 6

C40(37)7 €41(38)> €42(39)
4 4 4

C43(40)7 C44(41)> C45(42)

5 5 5
C37(43)7 €38(44)> ©39(45)

others

Se6

3 1 2

Ca6(47)> Car(48)> Cas(46)
3 1 2

C49(50)> €50(51) > C51(49)

3 1 2
C52(53)> €53(54)> C54(52)

6 6 6

C46(49)> €47(50) C48(51)
4 4 4

Ca9(52)> €50(53)> C51(54)

5 5 5
C52(47)> €53(48) > C54(49)

3 1 2

Cy7(46)> Cas(a7)> Ca6(48)
3 1 2

C50(49)° €51(50)> €19(51)

3 1 2
C53(52)° C54(53)> C52(54)

6 6 6

C19(46)° €50(47)> C51(48)
4 4 4

C52(49)° €53(50)> C54(51)

5 5 5
C46(52)7 Ca7(53)> C48(54)

others

Srr

580

3 1 2

C55(56)1 C56(57)° C57(55)
6 4 5

C58(59)° €59(60) > C60(58)

6 4 5
C61(62)> C62(63)> C63(61)

6 6 6

C55(58) €56(59) C57(60)
4 4 4

C58(61)> €59(62) > C60(63)

5 5 5
C61(55)> C62(56)> C63(57)

3 1 2

C56(55)7 C57(56)° C55(57)
6 4 5

C56(58)° €60(59) €58(60)

6 4 5
Co2(61)° 63(62) ©61(63)

6 6 6
C58(55)° €59(56) > C60(57)

4 4 4
C61(58)° €62(59) €63(60)

5 5 5
C55(61)° C56(62) C57(63)

others
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k
Ci(j)
value
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-1

Ss6

62 63 61

C37(51)7 €38(49)> €39(50)
60 58 59

C37(53)7 €38(54)> €39(52)

56 57 55
C40(54)7 Ca1(52)> C42(53)

63 61 62

C40(47)> C41(48)> €42(46)
59 60 58

Ca3(48)> Cad(46)> Ca5(47)

57 55 56
C43(50)> Ca4(51)> Ca5(49)

9 9 9

C37(46)7 €38(47)> ©39(48)
9 9 9

€10(49)° €41(50)> C42(51)

9 9 9
Cu3(52)> C14(53) Ca5(54)

63 61 62

C37(50)7 €38(51)> €39(49)
59 60 58

C37(54)> €38(52)> €39(53)

57 55 56
€40(53)> C41(54)> C42(52)

62 63 61

C40(48)7 €41(46)> C42(47)
60 58 59

Ca3(47)> Ca4(48)> Ca5(46)

56 57 55
Ca3(51)> Ca4(49)> €a5(50)

others

Ser

62 63 61

€46(60)° C47(58)> €48(59)
60 58 59

C46(62)° Ca7(63)> C48(61)

56

57 55
C49(63)° €50(61)> C51(62)

45 43 44
€49(56)° €50(57) ©51(55)

41 42 40
C52(57)7 €53(55) C54(56)

39 37 38
C52(59)7 €53(60) > C54(58)

7 7 7
C46(55)7 Ca7(56)> C48(57)

7 7 7
C49(58)° €50(59) €51(60)

7 7 7
C52(61)7 53(62)> €54(63)

63 61 62

C46(59)7 €47(60)> €48(58)
59 60 58

C46(63)> Ca(61)> C48(62)

57 55 56
C49(62)° €50(63)> €51(63)

44 45 43

C49(57)> €50(55) > C51(56)
42 40 41

C52(56)° €53(57) C54(55)

38 39 37
C52(60)" €53(58) C54(59)

others

581
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k -
i) 1 1 0
value
53 54 52 54 52 53
S75 C55(42)> ©56(40)> C57(41) | C55(41)) C56(42)° C57(40)
51 49 50 50 51 49
C55(44)> €56(45)2 C57(43) | C55(45) €56(43) C57(44)
50 51 49 51 49 50
C58(45) €59(43)> C60(44) | C58(44) €59(45) C60(43)
54 52 53 53 54 52
C58(38)7 €59(39)> C60(37) | C58(39) C59(37)> C60(38)
others

50 49 51
C61(39)> %62(37)> C63(38)

48 46 47
C61(41)> %62(42) C63(40)

8 8 8

C55(37) €56(38) 7 C57(39)
8 8 8

C58(40)> €59(41) C60(42)

3 8 8
C61(43)> C62(44)> C63(45)

51 49 50
C61(38)° €62(39)> %63(37)

47 48 46
C61(42)° €62(40)> C63(41)
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