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Abstract

The onset of Marangoni convection in a horizontal porous layer heated from below
with a constant heat flux is investigated. The Brinkman model is used and the Darcy law is
employed to describe the flow in the porous medium heated from below. We obtain for the
first time the closed form analytical solution for the onset of steady Marangoni convection
in a fluid saturated porous layer with a prescribed heat flux at its lower boundary. Besides,
the asymptotic solution of the long-wavelength is also obtained using regular perturbation
technique with wave number as a perturbation parameter. The Marangoni numbers are
found to depend on the Darcy number and Biot number. Predictions for the onset of
convection are studied in detail.
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1. Introduction

Convective flow driven by both buoyancy and surface tension play an important role in science,
engineering and technology, especially in crystals growth and in materials processing (Pimutkar and
Ostrach (1981) and Ostrach(1983)). One of the early attempts to study convective flows driven by
surface tension, is known as Marangoni convection was made by Pearson (1958) under assumptions of
infinitesimally small amplitude analysis with non-deformable free surface and no-slip at the bottom.
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He showed that the variations in the surface tension at the free surface due to temperature gradients
could induce motion within the fluid when the Marangoni number exceeds a critical value in the
absence of buoyancy forces.

The problem of convective instability in a horizontal porous layer driven either by buoyancy
effects or surface tension effects has been investigated extensively in the literature, using Darcy model
(Lapwood (1948), Palm et. al(1972), Rudraiah et. al (1980), Nield (1977,1983)). The thermal stability
for different system of superposed porous and fluid regions has also been considered by Pillatsis et. al
(1987) and Taslim and Narusawa (1989). Hennenberg et.al.(1997) have considered a liquid saturated
porous media in contact with air and subjected to an adverse gradient of temperature in the lower
boundary is perfectly conducting. They have developed the model that can be described in terms of the
Brinkman model. They solved the Brinkman approach over the whole saturated porous matrix and
obtained a critical wave number which was highly dependent on the Darcy number. Recently,
Shivakumara et al. (2006) studied the onset of Marangoni convection in a composite porous-layer
system and the Beavers-Joseph slip condition is used at the interface and the Darcy law is employed to
describe the flow in the porous medium. They showed that the linear stability curves for the onset of
Marangoni convection depend on the parameter (, that is the ratio of the fluid layer depth to the

porous layer depth. They interpreted their findings by showing that for { small, the instability was
initiated in the porous medium, whereas for larger {, the instability was controlled by the fluid layer.

They also suggested that the regular perturbation technique with small wave number a as a
perturbation parameter can be conveniently used in solving convective instability problems in the case
of insulating boundaries.

The purpose of the present work is to study the model developed by Hennenberg et al (1997) by
considering the lower boundary is at the constant heat flux. We derived for the first time analytical
expression for the onset of steady Marangoni convection for the case of constant-heat flux thermal
condition at lower boundary. We also use regular perturbation technique to obtain the asymptotic
solutions of the long-wavelength.

2. Mathematical Formulation
Consider a saturated isotropic porous matrix of thickness d and of infinite horizontal extent, heated
from below. The physical configuration is shown in Fig. 1.

Figure 1: Physical Model
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Its upper boundary is at a temperature 7y and is in contact with a gaseous phase. The lower
boundary is assumed to be a perfect insulator at a higher temperature 7, +AT . The free surface is

assumed to be flat and undeformable. The saturated porous matrix is entirely described by the
continuity, Brinkman momentum law and energy equation that are
V-V=0 (1)
oV

r
Piéa "= -VP _EV + e V2V, (2)
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PCrn %+p,clv VT =k, VT, (3)

where V is the seepage velocity, p, is the mean density, p, is the clear liquid density, ¢, is the
specific solid heat capacity in the clear liquid, ¢, is the specific solid heat capacity in the porous
medium, k,, is the overall thermal conductivity of the porous medium, g is the effective saturated
porous medium viscosity, ¢, is the acceleration coefficient, P is the pressure, x is the pure liquid

viscosity and K the permeability of the porous matrix.
The variables are then nondimensionalized using d, ¢d : / a, .a,/d, AT, ua, / K as the units of

length, time, velocity, temperature and pressure respectively. Using the dimensionless variables, the
Egs. (1) — (3) are transform to the following dimensionless form:

V-V =0, 4)
Va %vzv =-V +Da'viv | (5)
P _yivig, ©6)
ot
v HgK c,pra,K o
where Da‘ :? and y, ='d—2 with ¢, as the mean thermal diffusivity of the saturated
H ca H
porous medium. The boundary conditions at the bottom are for rigid boundary insulated to temperature
perturbations:
W _29_, (6)
0z 0Oz

evaluated at z=0. The boundary conditions at the upper surface is based on rev averaged surface
tension as detail in Hennenberg et. al (1997). The boundary conditions are

w=0, (7)
aZW eff 72

522 :Map Vh 0’ (8)
L0 iy ©)

Z

evaluated at z=1 and Ma‘"

P

Ve | 00, |_ATdk
g oT | uyak,

is the product of the pure liquid Marangoni number by a quantity which is a function of

is the equivalent of a Marangoni number for the upper surface, defined as

eff
p

the porosity ¢ and of the thermal conductivity of the clear liquid and the solid (see detailed in

Hennenberg et al.(1997)) and V2 =o?/ax? +°/6y? is the horizontal Laplacian operator.

If fis a disturbance quantity, then following Hennenberg et. al (1997), and expressing this
quantity as

where Ma

Floyz)= | Jdk,dk, £, Grexplilk, v+ k,v)+ist], (10)
with a =,k + ky2 is a wavenumber. Using (10), Egs. (4) and (5) in dimensionless form become

(7,5 +1)-Da*"(D* —a*)(D* -a* )W (2) =0, (11)

(D> = (a* +5))6(z) =W (2), (12)

where W(z) is the vertical variation of the z-velocity and D =d /dz .
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The dimensionless form boundary conditions (6) — (9) become
D=d/dz, (13)
DO =0, (14)
DW =0, (15)
at z=0 and
W=0, (16)
D@ =-Bid, (17)
D’W +Ma%'a’0=0, (18)

at z=1. The governing equations (11) and (12), subject to the boundary conditions (13) — (18),
constitute an eigenvalue problem of order six can be solved exactly.

3. Method of Solutions

The resulting eigenvalue problem is solved exactly, in general, with Ma®"

p
an analytical expression for the critical Marangoni number is also obtained by regular perturbation
method with wave number a as a perturbation parameter.

as an eigenvalue. Besides,

3.1. Exact Method

Since equation (11) is independent of # and we want to look at the marginal non-oscillating case
which we set s = 0, equation (11) can be directly solved to get the general solution in the form
W (z) = A, sinh(az) + A, cosh(az)+ A, sinh(azer)+ 4, cosh(aza), (19)

where 4; — A4 are constants to be determined and « = . The parameter a plays a crucial

aZDaeff
role. When the permeability K and the Darcy number, Da®™" becomes infinite, then the parameter « is
equal to one. Using the boundary conditions (13), (15) and (16) to solve equation (11), we obtain

W (z) = A, [sinh(az) + A, cosh(az) + A, sinh(azar) + A, cosh(aza)] (20)

where

A = _l(a sinh(a) — sinh(aa)}

a \ cosh(a)—cosh(aa)

21)
A, =—l, and A, =-A,.
o

The heat equation (12) has now to be solved defining their right-hand sides by the expressions
given by equation (20). The solution obtained for @ using the boundary condition (14) is

{C* | 1+2aap() Z} cosh(az) - {a(l —a*Da*" )z + a(l-3a’Da*" )ﬂ(l)} sinh(az)
24 2a2(1—a2Daeff)

eff eff
+ {I—B?W} cosh(aaz) — {%} sinh(aaz)

cosh(a) — cosh(aa)

0=4 (22)

where f(1) = — - and two unknown quantities 4 and ¢* remain to be calculated.
a sinh(a) — sinh(aa)

After using the last boundary conditions (17) and (18), we obtain the explicit value of Ma®"as a

p
function of the wave number a, the porous Biot number, Bi and the Darcy number, Daff

by

that is given
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Ma® = 2a(a2 - 1)2 [CBi + aS](@S cosh(aa) — C'sinh(aa))
g (a2 —~ IXaaS — asinh(aa) — a cosh(aa) ) — 4aC + a(az + S)C2 cosh(aa)
- (3052 + I)CS sinh(aa)
where C = cosh(a),S =sinh(a). From equation (23), it is seen that the Marangoni number whose
explicit value is highly dependent on a and is thus a function of the permeability K.

(23)

3.2. Regular Perturbation Method

As the fluid is subjected to a uniform heat flux below and above (Bi =0), the critical wave number is
vanishing, a, - 0. When both boundaries are insulated to temperature perturbations, the long

wavelength (a, — 0) approximation is usually invoked to find the solution for the eigenvalue problem
in a closed form using regular perturbation technique with wave number a as a perturbation parameter.
To study the validity of the small wave number analysis, the dependent variables in the porous layers
are now expanded in powers of @’ in the form

(7.0)=2( ) (7,.6,) 24)

Substitute equation (24) into equations (11) — (18) yields a sequence of equations for the
unknown functions #,(z) and 6,(z).

At the zeroth order, equations (11) — (18) become, respectively,

D*W, -Da*" (D*W, )=0, (25)

D*0, +W, =0, (26)
atz=0,

w, =0, (27)

DG, =0, (28)

DW, =0, (29)
atz=1,

W, =0, (30)

Do, =0, 31)

D*W, =0. 32)

The solution to the zeroth order for the equations (25) and (26) is given by

W, =0and 6, =1. (33)

The terms of order a2 are

D*W, - Da*" (D*W, )=0, (34)

D*6, +W, =1, (35)
atz=0,

W, =0, (36)

DW, =0, (37)

DO, =0, (38)
atz=1,

W, =0, (39)

D, =0, (40)

D’W, +Ma¥' =0. (41)
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Using the symbolic algebra package MAPLE 11 to carry out much of the tedious algebraic
manipulations, we obtained the critical Marangoni number, (Ma ;ff )v as a function of Darcy number,

Da® is given by
eff o —1(ryaeff |2
_ 48B, + B, +6yDa™" +8y (Da ) (42)

(Ma"),

ByB,Dac"
where

)
B = (\yDaeff +yvDa’T +y 1YDac" )/24
b (o0 o1y ) ()]

By =—1+2yDa’" —24/Da —2Da°,
B, =4Da°" (\u —y! ) —4(Daeff )3/2 (\u +y ! —2) —/Daf (2 +y+y! )

4. Results and Discussion
The criterion for the onset of Marangoni convection in a one-layer system that is porous medium is

investigated theoretically. The marginal curves in the (a, Ma;ff) plane are obtained by (23) where

Ma;ff is a function of the parameters a,Biand Da® . For a given set of parameters, the critical

Marangoni number for the onset of convection is defined as minimum of the global minima of

;ff and the corresponding of a are shown in Figure

2 and 3 below for a range of values of Da®" with Bi = 0 and Bi = 2 respectively.

marginal curve. Numerically calculated values of Ma

eff
p

eff :

Figure 2: Variation of Ma®’ with a for different values of Da®" in the case of Bi = 0.
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Figure 3: Variation of Ma;ff with a for different values of Da®" in the case Bi = 2.
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An inspection of the figures reveals that the critical Marangoni number increases as the Darcy

number decreases and thus making the system more stable. This is due to the permeability decreases,
one needs more driving forces to produce a given amount of flow.

At finite a, when the Darcy number, Da®f

— o, a clear fluid ¢ tends towards 1 and K which
is dependent upon the layer width d, becomes infinite, then the problem (11) — (18) reduce to the

problem studied by Pearson (1958). When a equal to one, equation (23) will produce the explicit

Marangoni function for an insulating rigid wall. By applying the I’Hospital rule, we derive the
numerator and the denominator of equation (23) and we obtain

. ar  8a[Bi(a—CS)+a(aS—-C?+0C)
hmMaP = > > >
a1 a(@®+2)S+(1-a*-Cc*cC

(43)
The compatibility condition (43) produces for Darcy numbers, Da*™ much larger than one,

exactly the results derived by Pearson (1958). To verify our results, test computations have been
performed for large value of Darcy number (i.e Da®" = 50 and Da®™" = 100). The marginal stability

curves obtained by (43) are plotted in Figure 4 and 5 for a range of values of Bi. As expected, the

classical curve (1958) is reproduced and the critical Marangoni number attains the minimum, Ma "=
48 at a = 0 in the case Bi=0.

P
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Figure 4: Variation of Ma®" with a for different values of Bi in the case Da""= 50
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Figure 5: Variation of Ma" with a for different values of Bi in the case Da*™ =100.

The critical Marangoni numbers obtained by the regular perturbation method, that is Eqn. (42)
are shown in Fig. 6 by the symbol lines. It can be seen that there is an excellent agreement between the
results of the exact method in the case of Bi = 0 and the regular perturbation method. This also proved
that the regular perturbation method with wave number a as a perturbation parameter can conveniently
be used in solving this convective instability problems.

Figure 6: Variation of (Ma ;ff )C with Da*" for different values of Bi
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5. Conclusions

The stability of Marangoni convection in a liquid saturated porous media in contact with air and
subjected to an adverse gradient of temperature by considering the lower boundary is at the constant
heat flux has been investigated. We derived for the first time analytical expression for the onset of
steady Marangoni convection for the case of constant-heat-flux thermal condition at the lower
boundary. We also use regular perturbation technique to obtain the asymptotic solutions of the long-
wavelength. Results are presented for the Marangoni number, Darcy number and Biot number on the
convective heat transfer.

Acknowledgment

The authors gratefully acknowledged the financial support received in the form of a fundamental
research grant scheme (FRGS) from the Ministry of Higher Education, Malaysia. The referee’s
comments leading to the improvement of the paper are gratefully acknowledged.

References

[1] Beavers, G. S. and Joseph, D. D., (1967). Boundary conditions at a naturally permeable wall.
J.Fluid Mech., 30, 197 — 207.

[2] Benard, H., (1900). Les tourbillons cellulaires dans une nappe liquid. Rev. Gen. Scie. Pures
Appli., 11, 1261 — 1271.

[3] Hennenberg, M., Saghir, Z.,Rednikov, A. and Legros, J.C., (1997). Porous Media and the
Benard-Marangoni Problem. Transport in Porous Media, 27, 327 — 355.

[4] Nield, D.A., (1977). Onset of Convection in a Fluid Layer overlying a layer of porous layer. J.
Fluid Mech., 81, 513-522.

[5] Nield, D.A., (1983). The boundary correction for the Rayleigh-Darcy problem: limitations of
the Brinkman equation.. J. Fluid Mech., 128, 37-46.

[6] Ostrach, S., (1983). Fluid mechanics in crystal growth — the 1982 Freeman Scholer lecture.
J.Fluids Engrg., 105, 5-20.

[7] Pillatsis, G., Talim, M. E. and Narusawa, U. (1987). Thermal instability of a fluid-saturated
porous madium bounded by thin fluid layer. ASME J. Heat Transfer, 109, 677-682.

[8] Pearson, J.R., (1958). On Convection cells induced by surface tension. J. Fluid Mech., 4, 489 —
500.

[9] Pimputkar, S. M. and Ostrach, S. (1981). Convective effects in crystals grown from melt, J.
Crust. Growth, 55, 614-646.

[10] Rayleigh, L., (1916). On Convection currents in a horizontal layer of fluid when the higher
temperature is on the under side. Philos. Mag, 32, 529 — 46.

[11] Taslim, M. E. and Narusawa, V. (1989). ‘Thermal stability of horizontally superposed porous
and fluid layers’. ASME J. Heat Transfer, 111, 357-362.

[12]  Shivakumara, I. S., Suma, S. P. and Chavaraddi, K. B., (2006). Onset of surface-tension-driven
convection in superposed layers of fluid and saturated porous medium, Archives of Mechanics,
58, 71-92.



