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AbStRACt
The partial integrals of the N-fold Fourier integrals connected with elliptic polynomials (not necessarily 
homogeneous; principal part of which has a strictly convex level surface) are considered.  It is proved that if  
a + s > (N – 1)/2 and ap = N then the Riesz means of the nonnegative order s of the N-fold Fourier integrals of 
continuous finite functions from the Sobolev spaces Wp

a(RN) converge uniformly on every compact set, and if 
a + s > (N – 1)/2 and ap = N, then for any x0 ∈ RN there exists a continuous finite function from the Sobolev 
space such, that the corresponding Riesz means of the N-fold Fourier integrals diverge to infinity at x0.  AMS 
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INtROduCtION
Let Ω be an arbitrary domain in RN, Ω ⊆ RN.  Consider an arbitrary non-negative elliptic differential 
operator A(x,D) with smooth coefficients and the domain of definition C0

3 (Ω) (i.e. infinitely 
differentiable functions on Ω with a compact support).  Let us denote by A an arbitrary non-negative 
self-adjoint extension in L2(Ω) of the operator A(x, D).  According to the spectral theorem there 
exists a family of spectral projectors {Eλ} such that for every f ∈ L2(Ω) one has

Af x dE f x
0

m=
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m^ ^h h# ,

where Eλ f(x) is called the eigenfunction expansions of f.  According to Gärding theorem, each 
projector Eλ is an integral operator with the kernel θ (x, y, λ), called the spectral function (Gärding, 
1954).

The Riesz means of nonnegative order s of eigenfunction expansions Eλ f(x) are defined as
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In particular, if the operator A(x, D) has constant coefficients and Ω = RN, then Eλ f(x) coincides 
with the partial integrals of N-fold Fourier integrals of the function f ∈ L2(RN).

In the present paper we study the uniform convergence of the spectral resolutions E fs
m  and 

their Riesz mean E fs
m  for functions belonging to the Sobolev space Wp

a (Ω) (for the definition and 
basic properties of the spaces Wp

a (Ω) see the monograph (Sobolev, 1963)).
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Definitive sufficient conditions for the uniform convergence on any compact set K ⊂ Ω of E fs
m  

to the finite function (i.e. with compact support) f belonging to Wp
a (Ω) (even to the broader Nikol’skii 

classes Hp
a (Ω) ( )a

pH Ω ) were established by Sh.A. Alimov (1967; 1978), and they are as follows:

,a s
N

ap N
2
1

2$+
-  (2)

where , ,p s a1 0 02$ $ .
These conditions ensure the uniform convergence of eigenfunction expansions of Schrödinger 

operator with singular potentials too (Sh.A. Alimov and Joó, 1983).
The relations (2) were first found for the Laplace operator in the work of Il’in [5] for s = 0. 

Moreover, Il’in proved (see [3]), that for uniform convergence the first condition here is best possible. 
Namely, if ( )/a s N 1 21+ -  then there exists a finite function f ∈ Ca (Ω) for which the means 
E fs
m  are unbounded at some point.

As for the condition ap N2 , it guarantees, according to imbedding theorems, the function in 
question to be continuous, and if the opposite inequality ap N#  is satisfied, then there exists an 
unbounded finite function f ∈ Wp

a (Ω) whose Riesz means clearly cannot converge to it uniformly. 
In this connection the following question arises: is the assertion on uniform convergence valid if in 
conditions (2) the inequality ap N2  is replaced by the equality ap = N and it is additionally required 
that the function f be continuous in the domain Ω? In the paper [6] Sh.A. Alimov gave a complete 
answer to this question in case of the Laplace operator. Namely, he proved that in case =ap N  
the sum a + s is essential, i.e. if ( )/a s N 1 21+ -  then we have the uniform convergence, and if 

( )/a s N 1 21+ -  then we do not.
To prove these theorems Sh.A. Alimov, distinguishing the leading term of the spectral expansion 

(Il’in, 1957), obtained an extremely convenient for studying representation of E fs
m  for the functions 

f from W2
a (Ω) (see Lemma 4). The proof of this representation essentially based on the mean value 

formula for the eigenfunctions of the Laplace operator. Even in case of the Shrödinger operator, 
where we have the mean value formula but with the remainder term, this representation is not 
proved yet.

In this paper we investigate the same question for elliptic differential operators (not necessarily 
homogeneous) with constant coefficients and an arbitrary order, considering in RN.

the mAIN ReSultS
Let A(D) be an arbitrary elliptic differential expression with constant coefficients and order m:

A D a D
m

=
#

a
a

a
^ h /

Note this operator is not necessarily homogeneous, i.e. the coefficients aa  with m1a  is 
not necessarily zero.

If we consider A(D) on L2(RN) with the domain of definition C0
3 (RN), i.e. infinitely differentiable 

functions with a compact support, then we will have essentially self-adjoint operator (see, for 
example (Alimov et al., 1991; Sobolev, 1963).  Let us denote a unique self-adjoint extension of 
this operator by A.  As mentioned above an eigenfunction expansion in this case coincides with the 
Fourier expansion and has the following form:
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where f pt̂ h is the Fourier transform of f x^ h and A p^ h is the symbol of the expression A(D), i.e.

A a
m

p p=
#

a
a

a
^ h / .

The Riesz means of a nonnegative order s of Eλ f are defined as in (1).  Observe if s = 0 then

E f x E f x0 =m m^ ^h h.

If we define

,x
A

e d2 1s N

A

s

ixi m r
m

p
p= -

1mp

p-^ ^
^

c
^

h h
h
m

h
#  (3)

then by the definition of the Fourier transform one has

,E f x f y x y dys

R

s

N
i m= -m ^ ^ ^h h h# . (4)

The function , ,x x0i m i m=^ ^h h is called the spectral function of the operator A while ,xsi m^ h  
is called the Riesz means of the spectral function.

The following homogeneous polynomial A a
ma

0 p p= a
a

=
^ h /  is called a principal symbol of the 

elliptic polynomial A p^ h.  Obviously, the asymptotic behavior of the function ,xsi m^ h essentially 
depends on the geometry of the set :C R A 1N

0! #p p= ^ h" ,.  When the surface

:C R A 1N
02 !p p= =^ h" , (5)

is strictly convex, i.e. when the Gaussian curvature is positive at every point of this surface, then 
we have the best possible estimate for the Riesz means of the spectral function.

We denote by W R,p
a N
0 ^ h the class of functions belonging to W Rp

a N^ h and having compact support 
(i.e. finite functions).

The main results of the paper are the following theorems.
theorem 1.  Let  A p^ h be an arbitrary elliptic polynomial with strictly convex surface (5). Let 

G RN1  and suppose that the numbers s ≥ 0, p ≥ 1 and the integer a > 0 are related by

,a s
N

ap N
2
1

2+
-

= .

Then for any function f W R,p
a N
0! ^ h continuous in the domain G the following equality holds 

uniformly on each compact set K G1 :

limE f x f xs =
"3m

m ^ ^h h.

theorem 2.  Let A p^ h be an arbitrary elliptic polynomial with a strictly convex surface (5), 
and let x0 be an arbitrary point of RN.  Suppose that the numbers s ≥ 0, p ≥ 1, and the integer 
a > 0 are related by

,a s
N
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2
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Then there exists a continuous function f W R,p
a N
0! ^ h such that

limE f xs
0 3=+

"3m
m ^ h .

These theorems are true in fact for finite functions from the broader Nikol’skii classes H Rp
a N^ h 

where the index a 02  may assume any (not necessarily integer) values. But for these functions 
the proofs will be technically more complicated.  

We also note, that these theorems were proved in case of homogeneous elliptic 
operators A D a D

m
0 =

#
a

a

a
^ h /  (Alimov et al., 1991). In case of the operators A0(D) the sets 

:R AN
0! #p p m^ h" , form a family of enclosing sets, whereas the domains :R AN! #p p m^ h" , are 

in general not similar for different values of λ.  Therefore, investigation of the Riesz means (4) for 
non-homogeneous elliptic operators more complicated.

CONCluSION
Let A(D) be a non-homogeneous elliptic operator with strictly convex surface (5). We investigated 
the corresponding Riesz means of the Fourier integrals (4). Consider the Sobolev class W Rp

a N^ h 
and let ap = N.  In this case functions from this class are not necessarily continuous. Therefore we 
cannot expect the uniform convergence of multiple Fourier integrals to these functions. Now let us 
consider only those functions of W Rp

a N^ h which are continuous (i.e. consider a subspace). As it is 
shown in Theorems 1 and 2, for uniform convergence of the Riesz means (4) of order s for functions 
from this subspace the sum a + s is essential.  In other words, if this sum is greater than (N – 1)/2 
then we have uniform convergence and otherwise we do not.

ACKNOwledgemeNtS
This paper has been supported by the Ministry of Higher Education of Malaysia under Research 
Grant (FRGS, Fasa 2/2009, Grant number 01-11-09-713FR/F1).

ReFeReNCeS
Gärding, L.  (1954).  Eigenfunction expansions connected with elliptic differential operators.  Proc. 12 Congr. 

Scand. Math. Lund (pp. 44-55).

Il’in, V. A.  (1957).  On the uniform convergence of expansions by eigenfunctions under summation in the 
order of increasing eigenvalues.  Dokl.Akad. Nauk SSSR, 114, 698-701

Sh. A. Alimov.  (1976).  On spectral decompositions of functions in Hp
a. Mat. Sb., Nov. Ser., 101(1), 3-21. 

English translation: Math. USSR, Sb. 30, 1-16, Zbl. 344.46069.

Sh. A. Alimov.  (1978).  Decomposability of continuous functions from the Sobolev classes with respect to 
eigenfunctions of the Laplacian, Sibirsk. Mat. Zh., 19(4), 721-734.

Sh. A. Alimov Joó, I.  (1983).  On the eigenfunction expansions associated with the Schrodinger operator 
having spherically symmetrical potential.  Acta Sci. Math. (Szeged),  45(1), 5-18.

Sh. A. Alimov, Ashurov, R. R., & Pulatov, A. K. (1991). Multiple Fourier series and Fourier integral. 
Encyclopaedia of Mathematical Sciences, 42, 3-95.

Sobolev, S. L. (1963). Applications of functional analysis in mathematical physics. Leningrad: LGU (1950). 
English translation: Providence, Rhode Island. Am. Math. Soc. 1963 (239 pp.) Zbl. 123,90.


