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ABSTRAK

Setiap automorfisma kumpulan Fuchsan diaruh oleh suatu automorfisma kumpulan bebas. Kertas
ini memberikan suatu persembahan kumpulan automorfisma bagi kumpulan Fuchsan genus sifar melalui
kumpulan tocang. Sebagai sampingannya kumpulan kelas pemetaan tulen dan kumpulan serabut Seifert

dibincangkan.

ABSTRACT

Every automorphism in Fuchsian group is induced by some automorphism of a free group. This
paper gives a presentation of a automorphism group of Fuchsian group of genus zero via braid groups.
We also obtained the pure mapping class groups and the Seifert Fibre Groups.

INTRODUCTION

A co-compact Fuchsian group, I', is known to have
the following presentation:

,xrl X;

= Ky KB
i <a1,b1,....,ag,bg 1 2

=1 a =
| < ib:
s lj1r1[J J] 1>

where g > 0,r>0, m; > 2and [a,b] =aba™'b~".

(See [5]). The integers m, ,m,, ..., m_ are called
the periods and g is called the genus. We say I has
signature (g; m;, m,, ..., mr). If g =0, we simply

write (m] sMy, .., m,) for (0; m, 51 e mr).
If g=0,r=3,wecall (¢, m,n) the triangle group.

I’ is the fundamental group of some surface.
By Nielsen’s theorem, every automorphism in the
fundamental group of a surface is induced by a
self-homeomorphism of the surface. With abuse
of language, we call those automorphisms induced
by the orientation-preserving self-homeomor-
phisms of the surface, the orientation-preserving
automorphisms, denoted by Aut*. In this paper,
we will give a presentation of Aut™ I', for I" a
Fuchsian group of genus zero.

i. BRAID GROUPS

Artin (1925, 1947) defined the braid group (the
full braid group) of the plane, Br, with r strings as:

Generators: o LA RS =
Defining relations:
0i0; + 19, 0; 4 190; + ],1<i<r—2
(1.1)
.0. = 0.0. i—j|=
°1°J 0101 s ==

The braid group, Br’ can be looked upon as
the subgroup of the automorphism group of a free
group of rank r. We will adopt the convention of
operating from right to left, that is

Uin(x) = al(oj(X))

Let v: B~ Zr be defined by v(o;) = (ii+ 1),
for 1 <i<r—1,where Er is a symmetric group
on r letters. Let Pr = ker v. Then Pr is called the
pure braid group and is known to have the follow-
ing presentation: Generators:
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=1 -1 = PR
4 g . 0 0.70;
Al_] aj—] ]——2 i+1 11

<i<i
9 _ 20 11 iLj<r
Defining relations:

-1
Ast Aij Ast

A.,ifs<t<i<j ori<s<t<j
ij

AL A
sj

o Ansyif t =1
l]Asj,l

4 AT ALALALIfs=i<j<t (12)
Ar Mg M Ay A !

A gl o Aos A A A
Asj Atj ASJ Atj Au Atj sh ot 8

ifs<i<t<j
As a representation of the automorphism of
the free group Fr =< Xy 5 X2y e Xy > we have.

-1
= 3 > X. X. X.
C; - X. X + 1 i

1 i1
BRIy N (1.3)
xj—>xj, forj#i,i+ 1.
and
Ast:xi--)xi Jift<iori<s
e ift=i
> X X.X y
i 1 (1.4)
. -
> B AN A Jif s=1i
-1 -1 -1_-1 . "
> XX Xg Xp XXXt Xs Jif s <i<t
Note:
T_ T
(0,02 ...ar_l) —(ar_lar_z...ol)

=1(XXg .- xr) (1.5)

(Ar—l,rAr—2,r wEe A2rAlr) (Ar—2,r—-lAr—3, r—1

= (A (Ag3Ard) (A A g A1)
=I(x Xy - - X ).

where I () denotes the inner automorphism

x> yxy™!

The center of B_,T= 3, is the infinite cyclic sub-
group generated by

a =(070,..0,_)'=(A) (AyzA35) . ..
(Ar_l,rAr__z,r e Alr)

2]
(See Birman, 1974 and Chow, 1948)

We now state the well.known necessary and
sufficient condition for an automorphism of a
free group to be an element of the braid group Br‘
Theorem 1

Le:tFr=<xl,x2,...,xl_>.Thenﬁ<~:Bl_CAutFr
if and only if 8 statisties:
1 <i<r

= -1

5(x1x2. : .xr)=xlx2 X

T
| I
where ( ) is a permutation and
o B Rl
7\1=)\1 (Xl,X2, ..... ,xr).

(Artin, 1925 and Birman, 1974) (See [1], [3])

The mapping class groups are closely related
to the braid groups and the automorphism groups
of the Fuchsian groups. (See [3], [7]). The map-
ping class group (full mapping class group),
(M(o, 1), is known to have the following presenta-
tion:

Generators: Si , 1<is<r-1.

Defining relations:
EEind =8 418 P 1Sisr=2
55 =& sl (138)

TSI I LT BRRS 713 Rl
(Elz?_ i3l Er_l)rr- 1

2. AUTOMORPHISM GROUPS

We now state a restricted version of Zieschang’s
theorem (1966):
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Theorem 2.1.
m.
Let l‘=<xl,x2,. l=x1x2...xl_=l>

be a Fuchsian group of genus zero and I' =

L 5 s X [xi

<;(\1,;(\2, N ';r > be afree group of rank r. Then
every ¢ € Aut® T is induced by some ¢ € Aut I
staisfying:

B(x) = Ax A 1<i

{2:4.)
¢(;];(\2 I ) )x(?l?z /x\r)X s
g 2% Hibiy
where ( ) is a permutation with m“A o
By My - TR i

L ,I<i<r
and?\], 2 ,?\r,)\el"

Let ¢: I‘—»F w(x)—x,1<i r,be
the natural homomorphism. lf ¢ € Aut F satifies
(2.1.), then there is a unique ¢ € Aut™ I' defined

by:
) &
w J
r
We know that every automorphism of I' can
be obtained in this way by Theorem 2.1, The set
of all such automorphlsms ¢ of l" forms a sub-
group of Aut I‘ wh1ch is denoted by A(F) By de-
finition, B, C A(F) The correspondence ¢ - ¢
" defines a homomorphlsm n: A(I‘) 2 Aut" T.
We denote n(B ) =B *, n(P) . Without
ambiguity, we w1ll use the same symbol for the
elements in B (respectively, P) corresponding
to the elements in B (respectlvely B )
As we see, ¢ € Aut I' maps X, mto a conju-
gate of Xui with m#l = m The intermediate
groups between Pr and B (and hence the inter-

mediate groups between Pr and Br) depend strong-
k

~~
_— 3

2.2)

I e e
<

—

ly on the periods and the permutation. Let ilTlZaf

1

T, X..xZ oy Where E Q

r, be the symmetric
i i=1

group corresponding to the permutation of the
periods. Then we have:
k
:8,>22 71 5,5{1}
i=
We are interested in the structure of the groups v™"

k k .
(7 T )Yandnu'( m X ) defined by:
TR e f

)4_:)13

i:

: I
[ " piot
B vl (2 P (2.3)
; (1-1 0‘1) l
e

v $ v

- SRR k. ¥R

Let us simplify the notation of the signature
of I' as:
%

« (7
(m, ,mzz,...,mkk) (2.4)

where Z Q;
Fi=gs
tors have period m,, the next @, generators have

= r, to mean that the first o) genera-

period my, ..., and the last @) generators have

neriod my . We set 0, = 0, the significance of
which will become clear later for the simplicity
n
z a;, 0 <n
i=0
0= O,Ql=a1,22=a1 +a2, £

of notation. Let Qn =
¢

< k. Then

,Qk=r.

Then the defining relations of I' with signa-
ture (2.4) are:

M+l
o —lforQ +1<i<@

I n+l’ Sn<k -1

From the homomorphism v, we then see that

k
the generators of u_] (. my 2. are:
= T

i
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0; for 1 <i< Sr—1,i#2,1<n<k-1. (2.6)

Aij for 1 <i<j<r. (2.7)

From the definition of Aii in terms of ai’s,
we see that it suffices to substitute (2.7) with:
Aig +1for1<i<
n

Qn,]<n<k—1. (2.8)

Hence, (2.6) and (2.8) form a sufficient set of

k
generators of v_l(_ lIl Z)
i= i

The defining relations are those of the braid

group and the pure braid group wherever definable

k
corresponding to the symmetric group 1201,
i= i
We then have the following:

Theorem 2.2.

k
v_l(_ m i llla )admits a presentation with generators:
i= i

aforl i< r—11=#Q <n<k -1

Ai,Qn+],forl<1<Qn,l<n<k —1

and defining relations: (1.2)

andaol+lo 0,419 %41 JJoeh<Slisr — 1,
1=#Qn < l,Qn
= R [
aioj 0101 Jforli—j|=2
Aijot otAij Jfort#i—1,1,j.
Theorem 2.3

Let I'" be a Fuchsian group with signature (2.4). Then.

k
ut"C=nut (1 Z,).
=1

Lemma. 2.1.

* L =K 5 yea
l(l")CPr Cnu (i7=r1 o k
Proof:
If we denote the inner automorphisms
xj =>i(x lx2

. x;z)xj(xlx2 e XQ)'1 BESNES

by BQ, 1 <<, then we have the following:

fa 0 1% 2 "02)1_
oi " (or—l Vo2 === l)i_
019 5.-.0p"  (29)
0, _1=1(0,_50 _5...0, o)~
0, =g, 30 - .al)r = (0y0, - ..or_l)r

*
where oi’s now are the elements of B_. Since each
element x. is mapped on a cogjugate, it follows
then by definition that I(I") C Pr'

Remarks 2.1.

1. Note that with the action on l:(that is, consi-
dering oi’s as the elements of B)

%
0102 e 0, 90 1O 5. - 0504
= 1—r T
(or—l Dy s 0302) (or 0201)
o 1 -1
—(Or_lor_z 02)

] M x; and x‘i have equal periods, then their inner
automorphisms are conjugate of each other;
Since the periods are equal, there is an auto-
morphism

LR S X;

such that for eachk, 1 <k <r,

(VI ™ () = 7% (7 ()

Y Y xx )

=1

Y%, v(x;” ;

V)= XX X

[l(xj)] (xk).

Therefore, I(xj) = ‘71(Xi)’Y-l :

Proof of Theorem 2.3.

By Zleschang s theorem every ¢ € Aut® I' is in-
duced bv ¢ € A(l") which satisfies (2.1.). Then
AD = 1D)w- l( gk jand Aut* I'=I().q™*

i=1 i
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k
(m Z,)- By Lemma 2.1. then we have the
i=1 i
result.

Corollary: 2.1.
. If all the periods are equal, then Aut' T' =
B .
1. If all the periods are distinct, then Aut® I’
=P
r

Our aim now is to find the structure of these

k
groups nv™' (7

* * - - .
3 Eai), Br’ Pr' We will do this in

. two stages.
Stage 1: ML
Let N, be the normal closure Of{xlxz...xr}in
F and F = F/N

Let ;v ( @ Ea)bethe
i=1 i

~=1

group of automorphisms in F-rr induced by v

Za ). Correspondingly, let m(Br) = Blr and
i=1 i

nl(Pr) 3 Plr'

Then by Magnus’s theorem, (Maclachlan, 1973
and Magnus 1934), ker n = center. Hence we
have:

Theorem 2 4.

1 % -1 k
=l )ls isomorphic to v ™ ( nlE ) mo-
:l 1 1_

dulo the center.
Hence we can find the presentation of 7, v '(m 1
l=

Z ) by expressing l(x x, e X ) which is the gene-

& rator of the center by (1 7), in terms of the genera-

-1
torsv™ (T 2. ).
i=1"%

Corollary 2.2.
Bl B /Lenter ThereforeB is generated by 0,

1< i<r - 1, with defining relations (1.1) and

PERTANIKA VOL.

Corollary 2.3.

15% 1
Pr = Pr/center' Therefore Pr is generated by Aii’
1 < i<j<r,with defining relations (1.2) and
(A1) (AyzAyg) .. (A | (AL 5 - AP=1

Remarks 2.2.
Maclachlan, (1973), gives the presentation of Bl!. By

the same argument as Theorem 2.3., Aut” i Brl .

Stage 2:

Let 2: Aut* F —*Aut I" be the natural homoml?r-

phlslethQ(B) B Q(P) P Q(’?lu( m
=1

- e -1 . > .
Eai)) nvl)) nv (i1='r l Eai). We will first find Br'

Let K be the normal closure of [I (x;n): 1 <i<r)in

Brl . We will now prove the following:

Theorem 2.5.
B, = B!
= B /K.

r

Proof:
By Maclachlan & Harvey (1975) we have:

B!/I(T,) = Aut® T, )/I(T,)=M(0,r)=Aut" T/K(T)
r ’

= *
= Br JU(T).
1 Q
Br —_— 5 B
V) \DZ
v
M(0, 1)
with ker § | = I(T), ker Y5 = (). So, Q7 (ker ¥/5)

= I(I‘ﬂ). Therefore ker 2 C I(l","). Hence, ker 2 CK.

Clearly, K C ker £2. Thus ker £ = K proving our theo-
rem.

11 NO. 1, 1988 119
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The extra relations that we have to add in Bt
are those of{l(x;n); 1<i< r} By remark 2.1, it
suffices to add only:

l(Xrln) = (0102 RS Or_z Ug_lar_z " s ozol)m =
1.

Hence we have shown.

Theorem 2.6

If T is a Fuchsian group of genus zero with r equal
periods, m, then Aut® I is generated by 0, 1<i<
r — 1, with defining relations:

01%:4+1% = %i+1%%+1

0.0.

=0.0.
1]

il

L
(0,0, ... Op1q) =
2 m _
(0405 ...0._,0% 10; 5. 0,0V =1

k
We will next find nu™ (7 g Z,.)- Let K now
i= i

Mh+1
be the normal closure of{l(xk );0sSn<k-1,

Qn +1<i< Qn +1fin I‘". By a similar argument to

(2.5), with the ‘mapping class group’ corresponding
k
to T Ea-’ then ker £ = K. Hence we have the fol-
i=1 "1
lowing.
Theorem 2.7.
If I" is a Fuchsian group with signature (2.4.), then

k
Aut'T'=nu! (m | Ea) is isomorphic to n;v !
l =

1

k
(7™ X2 ) moduloK.
i=1 %

Remark 2.3.

Our problem of finding the presentation is reduced
to expressing {[(xi ml""’1): 0<n<k-1,8 +1<
i< Qn+l}in terms of the generators of nlv‘1 ( iz .
z ai), which depend on the signature of I'".
Corollary 2 4.

If I is a Fuchsian group of genus zero and all the

120 PERTANIKA VOL

periods are distinct, then Aut* I' = Pr* is isomor-
phic to P 1 modulo K, where K is the normal clo-

m.
sure of{[(xi h.1<i<t, m, # m, for all i ¢j}.

Examples

.7 o Lix ™
= <X X X xoXax = x 1=

1<i<4,mi#=mjfori=#j>

\ 3
Aut I isgenerated by Aii’ 1 <i<j<4,with
defining relations (1.2) and

A1gAg3AI3A4A A 4 = ]

AL A M4
(Agqfpqh ) * =1
m
-1
(A34M24A14A12834") 3 = 1

Ly =}
(A3A 3444858354054 ) A35 7 Ay
sy

A 1 )mz » l A m
34 = 1(Ag3A34A,4A454354,5)

X m
20 = xl,xz,x3,x4,x5Jx1x2x3x4xS=Xl 124
. m.
l<1<5,mi=/=mj,fori#=j> = x; 11

Aut® T is generated by Ay, 1 < i1<j <5, with
defining relations (1 .2) and

A e
124234134348 4A | JA45A 354,54 15 = 1

A 3
(AgsA35A55415) ° =1

A m
( 45A35A25A‘5A12A23A13A4-51) 623

m
e
(A34h45A35A53A134,5") 3 = 1

_lA

(A23A34A WA - ARER, A35

244573572512
m

2=
=1 (A23A A

A i}
340248458 358,5) = 1.

3.T = <xl,x2,x3,x4,x5,x6|xlx2x3x4x5x6
m.

5 RL 1<i<6,mi¢mj for 1 #j>.

Aut” T is generated by A; 1 <i<j<6, with
defining relations (1.2) and

.11 NO.1,1988
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A]2A23A13A34A24A14A45A35A25A15A56 brackets, that is the terms with periods, equal
3 to one, since they are either I(x.) or (I(x.!).

Ws A46A36A25A16 =1 - ! o 1
Then we reduce these relations to the simplified

m6 form
(AseAy6h36M26816) © = 1 :
(A56A46A36A26A16A12A23A13A34A24A14 3.1.PM(0, 3)=1.
A56—1)m5 = § (Trivial form remark 24)

(A eAc A AL 2ig -1
457756 46 12 A13 A12A23A13A34A24 32
m PM(0, 4) is generated by A.., 1 <i<j < i
A 4ASE) 4 =g 0, 4)is g ¥y <i<j <4, with

145 defining relations (1.2) and
=1 Sy e
(A34845A35A5608 462362 122232122 46 As6 S G R
i 34772313
=1 3 = =
b Ags) : A3qhyah 4 '
_1 =
(Ay3A34A04A 458358258 5684614 36 26 12 AjaAsy * 1
m
P R L R L i
AzehaghseA3shysAzy © = 1 e " Sadl
( Ao s el e A sy S w ) 28
A,LA = -
5 46" 736 2
237324 Qe 25 26 GRS PM(0, 5) is generated by Ag, 1 <i<j<5, with
Remarks 2 4. defining relations (1.2) and
I. We are unable to find the general formulae for
i, AgsAzqhgahiy = 1
I(x. ’), since our technique is iterative. How-
; AycAL AL A = ]
ever, given a particular r, one can calculate 43735 205515
; n, G B
10 . AjpAgzAI3As = 1
II. If [ is a triangle group with distinct periods, A34A45A35A1_12 ==
then *
Aut'l =P = KT). A23A34A 0484583545 = |1
3. PURE MAPPING CLASS GROUPS 34

PM(0, 6) is generated by A, 1<i<j<6, with

The mapping class group can be looked upon as '
defining relations (1.2) and

the quotient group of the orientation-preserving
)automorphjsms, Aut® T, of a Fuchsian group, I,

by its normal subgroup of inner automorphisms, A56A45A35A25A15 =8l
(Maclachulan and Harvey, 1975). Corresponding
to the Fuchsian group of genuz zero with r distinct A56A46A36A26A16 71l
periods, we can get the pure mapping class group,
denoted by PM(0, r). So much has been said in the A12A23A13A34A24A14A§:§ = ]
past about the full mapping class groups, (Birman, i35 oy e
1974), but we cannot find much information A23A13A12A46 A56 A45 =4
about the pure mapping class groups.

In this section, we will give the presentations A34A45A35A56A46A36A 1-12 52

of PM(0, r), based on the calculations in the exam-

=8 A,,A
ples. The technique is to set the terms within the 23

A e
342258453582 5A56A 46A 36826 = |

PERTANIKA VOL. 11 NO. 1, 1988 121
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Remarks 3.1.

If T is a Fuchsian group with signature (2.4), then

* I'/I(D) is isomorphic to the mapping class

group corresponding to the symmetric group
k

mn 2
i=1 9%

‘{I(xi): Qn +1<i<Z®

: k
in terms of the generators of nlv" (.m lZa_), we
i= i

can determine the presentation of this mapping
class group. This mapping class group lies in
between the pure mapping class group and the full
mapping class group.

4. SEIFERT FIBRE GROUPS

Let I" be a Fuchsian group:

m.
Xl %ot

F<a X

"'-!ag7bg,xl7x2’--~

s x; Tl ) =1>

i=1 =
Let G be a central extension, by T, of Z

1 —»(2) »— G—w>d/ I's1 (4.1)

such that:
G=<ay, by, .. a b X
1”71 1,Xg5 vy Xy 2l
m. n.
x; z1l=1,
i
r g
T x. mla,b.]l=2",
i=1 1j=131
Z > X.a.b.> (4.2)

where «—> denotes commutativity.

In Orlik’s notation, (1972), we restrict ourselves
to the case 0;: €; = 1 for all i. If for each,i, 1 <i
<, (mi, ni) are relatively prime positive integers
and 0 < n, < m,, then G = nl(M), where M is a
Seifert manifold. We call G a Seifert fibre group.
We call the signature of M as:{
(M, nz), et (mr, n

We call M small if it satisfies one of the following:

n; g; (my, ng),

(i g=0,r<2

(i) g=0,r=3,1/m) +1/m,+ 1/mg>1.
(i) [—2;0;(2,1),(2, 1),(2,1), (2,1)]
ivyg=1,r=1.

Otherwise, we call M large.

We summarize below a special case of Orlik s

theorem, [10], restricted to the case 0,: ¢ =1
forall i.

Theorem 4.1.
Let M and M’ be large 0, — Seifert manifolds. If
$:G = nl(M') > G = nl(M) is an isomorphism

with z" - z, then g’ —g,r =T, m =m,. n1 =n,,

1
(A=0) for all i, and ¢(Xi ) = le# Ql iy <i<r,
where

(1 P i

2y Mg ) is a permutation, m; m#l,Qie G.
Corollary 4.1

Let M be a large 01 — Seifert manifold with signa-
ture{ n; 0; (M}, n)), (my, n)), - . -, (mp, n }.
Then an automorphism A*:G - G such that
A*(z) = z satisfies:

A*(xi>=’lixyi9;‘ L 1<i<r,
where
L .
e R “r) is a permutation,
2
m; = m“i and Qi 6
Proof

Set M' = M in Theorem 4.1. for g = 0.

We denote those automorphisms which satisfy
Corollary 4.1. by Aut'® G, which form a sub-
group of Aut G. We call the element A* € Aut*
G, a regular automorphism

Theorem 4.2

Suppose G and I' are as (4.1) and (4.2), respective-
ly,for g=0. Then Aut* G = Aut™ I

122 PERTANIKA VOL. 11 NO. 1, 1988
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Proof

By Zieschang’s theorem (1966) A € Aut® I' satisfies:

= -1 i
A(xi) Qix“i Qi . ity

where

2 . .1

uy Hy - “2 is a permutation, m, = m“i’ Qie r

(

Let ¥: G~ I'. Then ¢ induces ¥#: Aut* G > Aut®
*

I, Y«(A ) = A and ker (¥x)trivial. Hence, Aut* G

=Aut*' I

~ Corollary 4.2.

out* G = Aut* G/I(G) = Aut* I'/I(T")

Mapping class group of
a closed orientable
surface, XO, of genus
zero such that X, =

Trl(I‘).

[l 1R

Proof:

Observe that I(G) = G/(Z)A =TI = KI") and
¥+(I(G)) = I(T"). Therefore, Yx: Aut* G - Aut'T'/
I(I") has ker ¥« = I(G). Hence the results follow.
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