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Abstract

In this paper failure times following Weibull,
exponential and log-normal distribution are considered.
The parameters of these distributions are estimated
by the maximum likelihood method and these values
are used to estimate other quantity of interest such as
Mean Time to Failure (MTTF), an important function
in a reliability analysis. This study is to look at the
performance of maximum likelihood estimate (MLE)
under various conditions by considering varying sample
size and percentage of censored data. The performance
is quantified from the study.

Introduction

Mamufacturing industry piays an important role in
developing a country’s economy. Considering this,
it is utmost important for a manufacturer to develop
new products in a short period of time using modem
technologies and continue to improve the quality of the
products. Thus reliability improvement in products is
indeed required in a quality improvement program. As
noted by {1] and [2], the feasibility of product improvement
depends on the series of tasks to be carried out in order to
evaluate aspects related to product performance.

Within a short period of time, data connected to product’s
reliability must be collected and analyzed. The result
from the analysis should be used in the improvement
of the current ones and new product development. The
analysis of failure time data 1s one of the methodologies
that can be used to evaluate the performance of the
products in its operational hifetime. This analysis
consists of modelling the failure lifetime data using some
underlying distributions (e.g. Weibull and log-normal).
In most statistical lterature, reliability is defined as the
probability that a system or item will function over some
period of time under specified condition [3]. In this
sense, the reliability depends directly on time (failure
time) but this concept is not easily assimilated in some
situations and to overcome this difficulty, the reliability
may be reported by for example mean time to failure
(MTTF) if the item is not repairable [4] .

The focus of this study is to look at the maximum
likelihood estimates of MTTF under the exponential,
Weibull and log-normal distributions, some of the
common used distributions in reliability studies. It is

also known that estimates of these parameters are biased
when small samples are used and such bias increases if
some censored observations are present. Experiments
in reliability usually involved few sample units and the
presence of censored data is common phenomena.

The Likelibood Function

0

Let 57, ... Tn0 be the true failure times of a sample of

size 1, assumed to be independent identically distributed
(i.i.d) with distributions exponential, Weibull or log-
normal. Assuming that these observations are subject to
arbitrary right censoring, the period of follow-up for the

i-th individual is limited to a value C;. Here C I <,
are assumed to be iid with a uniform distribution.
Then, the observed failure time of the i-#k individual

is given by T; =min (T}O,Ci). Together with this is
the indicator variable, §;, which is defined as &, =01if
T° 2 C (censored) and & =1 if T° < C (observed

failure). If #,7,,..2 are the values of a random sample

from a population with parameterd, the likelihood
function of the sample is

L(O)=I17(:0)
for values of # within a given domain where

I;_IIf(t’;'g) =S 258 g the value of the
joint probability distribution or the joint probability
density of the random variable 7, 7,,.. ., 77 at
]; = t1>1-:‘?. = 12,___,]:7 =7, "

Censored observations make contributions to the
likelihood which is & function of the reliability function.

An observation which is right-censored at 7, contributes
tothe Rz &) Forexample, a given data consisting
of a set I/ of uncensored observations and a set S of
right-censored observations, the likelihood function is

AL F;0) TR 0) (1)

The method of maximum likelihood consists of
maximizing the likelihood function with respect to &.
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The value of & that maximizes the likelihood function
is the maximum likelihood estimate of &.

FExponential Distribution

The probability density function (pdf) of an exponential
distribution has the form

St Ay =Ae M, r=0

where 4>0 is a parameter of the distribution, often
called rate parameter. The distribution is supported on

the interval [0,32 oo ).
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The reliability function for exponential distribution is
given as

R(t; A) = e_’u, r =0

The mean or expected value and the variance of an
exponential distributed random variable T with rate
parameter X are given by

MTTF = E(T) = % and -7y = %

Standard error for mean of T'is
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Weibull Distributicn
The pdf of Weibull distribution is

k Y
tkA)=—i"" =11 =0
Sk 2)= exl{ [rc”

where k > 0is the shape parameter and 2 > 0 is the scale
parameter. Whenk = 3.4, then the Weibull distribution

appears similar to the normal distribution. Whenk =1,
it reduces to the exponential distribution.

The reliability function for Weibull distribution is
f i
Rk, )= exp{—[—] }, t=0
A
MTTF = E(T)=AT(1+ })

V(T)= AT+ %) - E(TY

The standard error is

- \/AT(H%)—E(T)"
n

Log-Normal Distribution
The log-normal distribution has pdf

2
. | (In{(N-p)
f(t,/l,cr)—mmexp{ 2 } 1>0

where g, the mean and o , the standard deviation, are
log-normal parameters.

The reliability function for log-normal is

R(r;;;,a):l-gﬁ(l—“%l{), 120

MTTF =E(T)=¢" ?

V(T)=(e" D
The standard error for mean of 7'is
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SE =

By employing (1) for all the three distributions the
estimated mean time to faiture, MTTF can be obtained
and the standard error calculated. To incorporate
the percentage of censoring, following {6] the joint
probability density function for T (survival time) and
TCC (censoring time), both independent of each other
is

gT,C('t €)= f; (¢ )- fe(e)

Suppose that the censoring times follow Uniform (0.0),
then the censoring parameter » will be chosen such
that it results in an overall probability of censoring

p=P(c<T) B

B=p(C<T ) (2)
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Generated Data

In this section a comparison study was carried out
to evaluate the performance of MLE of MTTF for
exponential, Weibull and log-normal distributions. For
ali three distributions the sample size considered were
n=20,50and 100, and the percentage of censoring
were 0, 10 and 25. The parameter values considered
were as follows:

Exponential : 1 =0.01

Weibull : A =1000,4 =5

Lognormal: pg=4,0=1.5
Three sets of data were generated from each distribution.
For the exponential distribution with 4 = 0.01 , the values

of £=1000(P =0.1) andb=400(P, =0.25), where b
was obtained by utilizing (2). For Weibull distribution

close to the true value, Overall the exponential distribution
gives the smallest SE.

Conclusion

This study illustrated the performance of three
distributions, exponential, Weibull and log-normal of
failure time data with censored observations. Maximum
likelihood method was used in the estimation and these
values were used in the estimation of MTTF, an Important
component in reliability. This study was ata preliminary
stage. An extensive simulation study should be carried
out with the computation of Mean Square Error (MSE),
bias and construction of confidence interval to give a
better insight and results of the performance of MLE,
Other statistical tests can also be employed to determine
the best model.

Table 1 : MTTF and SE for the Exponential, Weibull and Long-Normal distributions.
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Exponential Weibull Long-Normal
Sample size Percentage of . - - R - -

Censored Data MITF SE MITTF SE MTTF SE

1] 1259 28.15 9145 40.46 149.5 673
=20 10 109.9 2521 878.6 47.34 149.2 56.43
25 108.5 28.03 975.0 39.40 117.9 55.21
n=50 0 95.1 13.45 910.7 31.74 159.5 54.41
10 101.5 15.14 958.0 28.67 133.6 36.30
25 93.4 14.96 918.6 36.71 157.5 69.07
7=100 0 100.6 10.06 925.2 21.51 174.7 50.01
10 99.3 10.35 902.9 22.08 157.0 42,05
25 94.5 10.84 917.3 23.54 126.2 35.69

for each n generated with A —1000and k=5, the References

values of & are 9181.69 and 3672.676 for F, =0.land
F, =0.25respectively.  For log-normal distribution
with 4 =4 4= %and ¢ =1.5 v = 1.5, the values for
bare 1681.74 (P, =0.1)and 672.696 (P, =0.25). Each

data were replicated 100 times. The results are shown
in Table 1.

The true MTTF for exponential, Weibull and log-normal
are 100, 918 and 168 respectively.

From Table 1, for the exponential distribution, the
MITTF decreases with the increase of sample size and
percentage of censored data. However the SE did not
behave in the sarme manner. Even though the values of
SE are seen to be decreasing as sample size increases,
with a bigger percentage of censored data the values
tend to increase. For s =100with complete failure

time, MTTF is closest to the true value with the smallest
standard error.

There is no obvious trend in the Weibull distribution,
Generally the SE decreases as n increases, but tend to
increase with an increase of censoring percentage. MTTF

is closest to the true value with » = 50 and P, = 25% . For
the log-normal distribution, S’E decreases as » increases
except for # =50 with B, = 25% . No MTTF is actually
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