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Abstract

The complex potential method is used io
formulate singular integral equation for the
curved crack problem in plane elasticity. This
equation  describes the relation of the
displacement jump versus the resultant force
applied along the crack face.

Introduction

The study of the crack analysis is one of the most
important topics in fracture mechanics. Cotterel
and Rice [5] used the perturbation procedure to
obtain approximate solution for the curved crack
correct to the first order in the deviation of the
crack surface from a straight line. Panasyuk et.
al. [4] developed systems of singular mntegral
equations of plane problems in the theories of
elasticity, heat conduction and thermoelasticity
for a solid containing a set of straight thermally
isolated arbitrary oriented cracks. This includes
problem of periodic and doubly periodic cracks.
Numerical solution of the obtained singular
integral equation was also described.

In this short paper, we will describe the
formulation of the singular integral equation for
the curved crack problem in plane elasticity
based on the complex potential method. The
numerical solution for the obtained singular
integral equation can be found in many
references using various techniques (see for
example, [2,3,4,5]).

The singular integral equations

The stresses (o

I

.0y, 0, ) , the resultant forces

( X,r) and the displacements {u,v) are related
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to complex potential functions ¢(z) and w(z) by

(1]

o, +o, =4Red(z) (N
o, —io, = 2Red)(z)+zm +—‘i_’(_z) ()
f==Y+iX = p(z)+20'(2) +p(2) (3)
2G(u+iv) = xp(z) - z¢'(2) —y(z) 4

where G is shear modulus for elasticity, for the
plane stress problem x=(3-v}/{l+v) and for
the plane strain problem x=3-4v, Vv is
Poisson’s ratio. Also note that, we use the
notation ®(z) = ¢'(z) and W(z)=y'(z)and Z
is a complex conjugation of Z .

If two point dislocations with intensity H {-H )
are placed at the point z=fz=1t+dt), we

obtain the following complex potentials in plane
elasticity {2]

, dt
p'y=-H—
t—=z
— gt dt tdt )
w'(z)=-H -H +H 5
-z -z (t—z)

Substituting H(/} by —g(t)/ 2a(—g(r)/ 27) in (5)
and integrating along the curve L, yields
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where
2G[(2 () + ()Y —(ult) + (N 7

=2Gu(t)+ vt =ix+Dg(t)re L

which is obtained by substituting (6) into (4) and
making use of Plemelj formula [1]. In Equation.

(T @) +iAO) —(u(®) + (1))~ denotes the
jump value of the displacement (or the crack
opening displacement, COD) for the crack and
() +ivENT (w () +iv(OY ) is  the
displacements at point ¢ of the upper (lower)
face of the crack.

It is clear that the single-valuedness condition of
displacements gives

L g(t)dr=0 (8)
From the f{irst equation of (6), we have
) 1 g(t)dt
P(Z)y=—— —_—
v'(z) Loy
and (0'(2):L ‘g(t_)di . Making use of these
2r d(t-z)

terms and substitute (6} into (3), one has

f=~Y+1'X=L g(f)df+ 1 Iz?(ﬁd?

) 2r Ltz 2w g)?
LLfeld 1 pedr 1 Irg_(r“)d?
rdoi—z 2mdiT mdgoz?
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After simplification, this gives rise to

f:AY:{r-jX:i. MJr

A -z

i [ e o L2 A
2 oL t—z (i—z) dt
Letting z — 15,z —; and z =1, yield

L) = (1) ==Y (1) +iX (1)
g gl

L=

1 1 1 di
+— | g -—— ——=5
2m L =ty -1, dt

—_— f— "
+ng(r) , 1_—_—i@7ﬂ dt,
1z A t—ty  (t—1y)" di

fyel. (9)

FEquation (9) is the singular integral equation for
the curved crack problem in an infinite plain. It
gives the relation with the displacement jump
with the resultant force applied along the crack
face.

Equation (9) can be solved numerically using
various approaches (for example, see [2,3]).
Here we have no intention to give a fall solution
of this equation.

Conclusion

We have shown that the singular integral
equation for the curved crack problem can be
formulated by the use of complex potential
method. Even though, full numerical solutions
are not provided here, the obtained singular
integral equation is solvable.

—
fr=re—




1]

i2]

13]

h
4

Reseorch Bullglip of Instifute for Mathematical Research

References

Muskhelishvili, N.I. 1993, Some Basic
Problems of the Mathematical Theory
of Elasticity, Noordhoff, Groningen.

Chen, Y.Z. 2003. A numerical solution
technique of hypersingular integral
equation for curved cracks. Comm.
Numer. Meth. Engng, 19: 645-6535.

Chen, Y.Z. 1999. Stress intensity
factors for curved and kinked cracks in

(4]

[3]

plane extension. Theoretical App. Frac.
Mech., 31: 223-232.

Panasyuk, V.V., Savruk, M.P. and
Datsyshyn, A.P. 1977. A General
Method of Solution of Two dimensional
Problems in the Theory of Cracks. Eng.
Frac. Mech. 9: 481-497.

Cotterell, B. and Rice, J.R. 1980.
Slightly curved or kinked cracks. fnt. J.
Frac., 16(2):155-1.




