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Abstract estimation of the cardinality of ¥ has been the

1t 1s known that the value of the exponential sum
S(f:p”) depends on the estimate of the cardinality
|, the number of elements contained in the set

V= xmed p* | §_=0mod p*

where f is the partial derivatives of f with

X
respect to X. The cardinality of ¥ in turn

depends cn the p-adie sizes of common zeros of
the partial derivatives f L

This paper presents a method of determining the
p-adic sizes of the components of (£,7) a
common root of partial derivative polynomials of
fxyyin Z p[x, v]of degree seven based on the

p-adic Newton polyhedron technique associated

with the polynomial. The polynomial is of the

form

FGop)=ax'+bx°yr o’y + dx* P ex’ yia
mx® >+ nxy® 4y sk o k

The estimate obtained is in terms of the p-adic
sizes of the coefTicients of the dominant terms in

A
Introduction

Let V'={xmodq|f =0Omodg} where f are

the partial derivatives of f with respect to x. The

subject of much research n number theory one
application of which is in the quest to find the
best possible estimates for multiple exponential

sums of the form S( f1q)= % exp(sz\
xmodg N 4

where f(x} is a polynomial in Z[x] and the sum
taken over a complete set of residues x modulo a
positive integer ¢.

Loxton and Vaughn ([3] are among the
researchers who investigate S(f,g) where f is a
non-linear polynomial in Z[x]. They showed that
the estimation of S(fiq) depend on the number of
common zeros of the partial derivative
polynomials of /' with respect to x modulo g.

Through the works of Loxton and Vaughn [3] it
is found that the cardinality of ¥ can be
estimated from the p-adic sizes of common zeros
to partial derivative polynomials associated with
fin the neighbourhood of points in the product

space Q ';) , 10,

The estimations of exponential sums are also
found by other workers such as Mohd Atan K.A
{4], Chan and Mohd Atan [1], Heng and Mohd
Atan [2] for lower degree two-variable
polynomials. The approach is by using p-adic
Newton polyhedron technique associated with
this polynomial.

Koblitz [7] discusses the Newton polygon to

determine the p-adic sizes of common zeros of
the one-variable polynomial and power series
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in [x] with Q, is the completion of the

algebraic closure of Q, the field of rational p-
adic numbers. Mohd Atan and Loxton [5] extend
the Newton polygon idea in the p-adic case to
polynomials in two-variable and call it Newton
polyhedron method. This method involves
reduction of the partial derivatives of the
polynomial . That is f, and £, are reduced to one-
variable polynomials by employment of suitable
parameters, The Newton polyhedron associated
with the polynomial so obtained are then
considered and combination of their indicator
diagrams examined.

There exist common zeros of the single-variable
polynomials whose p-adic orders correspond to
the intersection points in the combination of the
indicator diagrams associated with the respective
Newton polyhedron of the polynomials.

Theorem 1

The p-adic sizes of these zeros are then
determined, and this leads to sizes of common
zeros of the partial derivatives of f.

p-adic Orders of Zeros of A Polynemial

Mohd Atan and Loxton [5] conjectured that to
every point of intersection of the combination of
the indicator diagrams associated with the
Newton polyhedra of a pair of polynomials in
Zplx, y¥] there exist common zeros of both

polynomials whose p-adic orders correspond to
this point.

A special case of this conjecture was proved by
Mohd Atan and Loxton [5]. Sapar and Mohd
Atan [6] improved this result and is written as
follows:

Let p be a prime. Suppose f and g are polynomials in Z,[x, y]. Let (4,4) be the points of mtersection of the
indicator diagrams associated wih f and g at the vertices or simple points of intersections. Then there are £

and 7 In Qp satisfying £(&,7) = g(&,n)=0and ord pé = pi, ara’pr] = 4.

In Theorem 2 we give the estimates of the p-adic sizes of common zeros of partial derivative of the

olynomial f(x,y) =ad’ +bx’y+ad’y’ +ad'y +a’y’ +md’y’ +m° +r” +svrty+k in the neighbourhood of (0,0) in
poly N

.Qp‘

First we have the assertion as in Lemma 1. In this lemma and the theorem that follows:

6b+24c 6b+24,c

;

C6Ta+r Ay 6(Ta+ Ab)
clearthat o, = a, since 4 = 4, .

Lemma 1

a, = with 4,, A, zeros of k(A) = (21rd —3em)A” +(35¢r —em)d +Scn—dm . Tt is

Let UV bein sz with U=x+a,y and ¥V =x+a,y.Let p>7be aprime, a, b, ¢, d. e, nt, nand rin Z,,

ora’pb2 >ord ac, 0= max{ordpa,ardpb,ordﬂc, ordpd,ordpe, ord],m,ordpn, ordpr} and ord s,ond f2a@>8.

s+ At 1 5+

i ord U:lard , ard V =—or
P 5 r

P Fa+ Ab

i 1
then ordpng(af—é) and ordpyzg(afnﬁ).
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Proof:
ol ~al -V
Lety=-2__10"_ and y=
o, —a -y

. 1
with ord U =—ord, d, rd .
6 Ta+ b 6° " Ta+Ab

Then,
ord x = ord (a)V —a.U)~ord (&, — 1) {1)

and ord,y = ord (U ~V)~ord (& ~ ) (2)

(6b° —1dac)(, - A,)

with ord (o - a,) = ord,
! ; " 6(Ta+ Ab)Ta+ A,b)

)

\/(35cr —em) —4Q21rd - 3en)Scn — dm)

d — =
e A A (2lrd —3en)

Since ord , (35cr —em) > ord (21rd = 3en)(Scn — dm) , we have

i Scrn—dm
d (A, —A4)=—ord ——
ool =) 2 3(7rd —en)
Theretore by (1),

(65" —14ac)(4, - A,)
" 6(Ta+ AbYTa+ib)

ord,x = ordp(azU -a V) — ord

Suppose min{ord e, U, ord V' = ord 2, U . Then we have

6 ? _1dac)(d -
ord x> ord U+ord b+2he —ord, (6 Gl .
r r " 6(7a+ A,h) 6(7a+4b)Ta+ A,b)
Then,
ord x> ord U + ordp (60 +24,0) —om‘p(ﬁb2 —4acy— ord (A, - 4)) +ord, (Ta+ A4 b)
s+ At

d Ta+ Ak

1
=—ord
6

+ord, (66 + 24,¢) —ord, (65° ~ 14ac)

5 _
L g, e _dm tord , (Ta+ A,b) .
2 T 3(Trd - en)

Suppose min{ ord , 60, ord ,24.c } = ord ,6b . Since p>7 and om',,;b2 > ord ,ac , we obtain

S+ At 1 Sen—d
St +ord,b-ord ac ——ord, e an
2 3(7rd — en)

1
ordpx > —ord

, +ord (7a+ Ah) .
6 "Tardb ! &
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Suppose min{ ord  7a,0rd A b } = ord ,4,b . Since om’pb2 > ord ,ac, we have

1 + At I Sen—d
ord x 2z —ord | A Jror'd,bfo.mf,b2 7—om',u +ord (Ta+ A4 b) .
S T ! ! P 3(Trd — en) !
Since ord ,(35¢r - em)” > ord,, (21rd ~3en)(5cn ~ dm)y , we have
1 + A4t f Sen—d 1 Sen — d
ord x z—ord, T4 ——0F pu —oF pu
Ta+Ab 2 U 3Trd-eny 2 3{7rd —en)
1 +Af
=—ord sth .
6 "Ta+ib

Suppose min{ ord s,ord At } = ord s and min{ord Ta,0rd A b } = ord Ab , we obtain

1 i
ord x E(ordps - ordp/”tlb) = E(ordps - ordpa) .
Then, by hypothesis,

ordpx 2%(05—«5).

Now, from (2) and (3), we have
(60" — 14ac)(4, — 4,)
P 6(1a+ Ab)Ta+A,b)
Suppose min{ ord U,ord V' } = ord U . Since ord ,(Ta+ 4 b) = ord ,(Ta+ L,b) , we have

om",,y = ordp {(U-V) —ord

ord y > ord U —ord (66" - 14ac) - ord (A, - 1) +20rd (Ta+ Ab)
Sen—dm

1 1
=—ord (5§ + At} —ord jac ——ord | ———e
6 A ¢ 2 T 3(7rd—en)

11
+z-ordp(7a+ﬂ1b)_

Suppose min{ ord , Ta,ord , b } =ord A b . since ord b* > ord ,ac , we have

1 1 Scn—d 11 1111 Sen—d
ordpyzgordp(s-%/i‘,l!)—ora’pbz ——ord ch—am [ d &J

S E— +—0rd}b +—| Tora,
"3trd—en) 6 ! 6\ 2 3(Trd — en)
1 i Scn —di 1 Sen—d
2—(om’ (s + A t)-ord b) m—ordpu— +—ordp£——?—1——,
6 7 4 2 Hird—en) 2 3(7rd - en)

. I . 1
Thatis, ord,y 2 —6—(ordp (s+A40- ordpb) . Then, by hypothesis, ord ,y = E(a -8).

We will get the same result if min{ord 6b,0rd,24,c } = ord,24,c, min{ord,7a,ord ,Ab}=ord,7a and

. . . 1
min{ ord ,s,0rd At } = ord At min{ord U,ord V } =ord V. Therefore, we have ord x2 g(a -&) and

1
ord,y 2 E(a — &) as asserted.

Theorem 2

Let f(x,y)=ac +b°y+ed’y” +dc'y’ +e’y’ +md v’ + w0+ +sx+1y+k be a polynomial in Z,[x,y] with
2 —

p>1. Let a>0, ordpb > ordpac , 0= max{ordpa,ordpb,ordpc,ordpa’,ordpe,ordpm,ordpn,ordpr},

and ord (35cr —emy > ord (2lrd ~3en)Scn—dm) . If ord  f(0,0),0rd . £ (0,0) 2 > & then there exists (&7)

1 1
such that f, (cf, r]) =0,f, (df,n) =0 and ord & 2 E(o:fé'), ord zg(a -8




Letg=f.and A=f, and A constant. Then,
(g+AR(x, )= (Ta+ Ab)x" +(65+ 24c)x"y +(5c+32d)x*y" +(4d + 4ie)x’y’
+(Be+5Amx’y! + Qm+6Amxy® + (n+ TArn® +s+ At
and
(g+AMix. ) [6b+210} s (5a+34d} 12 (4514-4/13) 5 3
=X+ ryt+t|——|xy +| ——x"y
Ta+ b TJa+ Ab Ta+ Ab Ta+ b
Je+5Am 4, 2m+64n 5 n+TAry o  s+Ar
H x| ———— + + . 4
( 7a+2b} Y [ Ta+Ab le [7a+ib]y Ta+Ab “

Let a; denote the coefficients of ¥y’ in (4) with i+ j=6. By completing the sextic equation (4) and by

solving simultaneously equations e, (1}=0, i #0, j=0 and i+ j=6, we obtain

[}
Ak 6b+24
(grimxy) _( . 6b+2ic ol e s+ At , ©)
Ta+ Ab &{Ta+ Ab) Ta+ Ab
where,
n+1Ar l[2m+6ﬂnJ[4d+4Zej
Fa+Ab 8\ Ta+ b 5c+3Ad
That is,
(21rd =3em)A” + (35¢r —em)A +5cn—dm = 0 . (6)

By (6}, we have two values of A, say A, A, where

—(35¢cr —enm) + \/(350‘ - em')2 ~4(21rd - 3en)Scn — dm)
- 2(21rd - 3em)

4

and 4 = —(35¢cr —em) - \/(350’ —em) - 4(21rd — 3en)(5cn — dm) .
- 2(21rd — 3en)

A4 # 4, since ord,(35cr —em)’ > ord  (21rd — 3en)(Scn — dm) .

Now, let
66 +21¢
Usxs——im 7
x+6(7a+21b)y N
Py 50T 2 ’ ®)
6(7a -+ A4,b)
FIUY)Y=(g+ 4)(x, ») 9
and GU, VY= (g +Ah)x,y) . (10)

By substituting U/ and ¥ in (5), we obtain a polynomial in ({/,¥} as follows

H |
H
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FUVY={(Ta+ A" +5+ it (11)

G, Vy={(Ta+ A,bW® +s+ 1.t (12)

The combimation of the indicator diagrams associated with Newton polyhedra of (111) and (12 1s as shown
below:

& ’

A 1 s+ At

ord U = —ord !
P 6 P Ta+ /llb
(44544))

s+AF
—ord 2
6 P Ta+Ab

Figure 1: The indicator diagrams of F(I/,V) = (Ta+ Aqb)U“ +s+ A4t and GUF) :(7a+ﬁ2b)1’6 +s+A,r.

From Figure 1 and Theorem 1 there exists U, %) in sz such that F(U,7y=0, GO, Fy=0 and

5+ At l + At
st and g, =—ord, i .
Ta+ Ab 6 Ta+ A,b

Let U=0U and ¥ =¥ in(7) and (8). There exists ( Xy, ¥y } such that

. . ) 1
ord U = g, ord [V = g, with g = gordp

a,U -V U-v
X, = ———— amd y, = .
o, — &y ay — &

Then, ord,,x, = ord, (alr} - azt}) —ord (e - a,)

and ord,y, = ordp([}fl})—ordp(a, —ay).

By Lemma 1, we have
1 1
ord x, z—g(a -&) and ord y, 2 -g(a—é) .

Let &=x, and 7=y,. By back substitution in (9) and (10) and since A4 =4, we have
g(&n) = f(&m=0 and W& m= [, (£n)=0

1
Thus, ord & = ord x, 2—(a-¢) and ord 7 =ord,y, >

. (a~8) with (&£,17) a common zero of g and /.

1
6
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Conclusion

This work demonstrates that common zeros of
certain p-adic orders of partial derivatives of a
two-variable polynomial with coefficients in Z,
can be obtained through applications of the
Newton polyheron technique. We have also
shown that the p-adic orders of the zeros can be
determined explicitly in terms of the p-adic
orders of the coefficients of the dominant terms
of the two-variable polynomial. This work
extends future direction in finding explicit
estimates of exponential sums associated with
much higher degree of two-vanable polynomials,
which will in turn pave the way to finding better
estimates of the sum associated with polynomials
in several variables.
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