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ABSTRACT

Let X= (Xl1 X2 yeeey Xn) be a vector in a space Z" where Z is the ring of integers and

let q be a positive integer, f a polynomial in X with coefficients in Z. The exponential
sum associated with f is defined as
S(f;q) = > exp(24f (x)/q)

where the sum is taken over a complete set of residues modulo q.
The value of S(f;q) has been shown to depend on the estimate of the cardinality [V|, the
number of elements contained in the set

\ :&modqlingmodq}

where i is the partial derivatives of f with respect to X . To determine the cardinality

X
of V, the information on the p-adic sizes of common zeros of the partial derivatives
polynomials need to be obtained.

This paper discusses a method of determining the p-adic sizes of the components of
(€&,m), acommon root of partial derivatives polynomial of f(x,y) in of degree n, where
n is odd based on the p-adic Newton polyhedron technique associated with the
polynomial. The polynomial of degree n is of the form

f(x,y)=ax" +bx" 'y +cx"’y? +sx +ty +k
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INTRODUCTION

In this paper, the notations Z,, Qp and ordpx are used to denote the ring of p-adic
integers, completion of the algebraic closure Qp the field of rational p-adic numbers

and the highest power of p, which divides x. For each prime p, let f = (fl, f o fn)

be an n-tuple polynomials in Zp[g], where Z, is the ring of p-adic integers and

g:(xl,xz,...,xn) :
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The estimation of |V| has been the subject of many research in number theory, one of
which is in finding the best possible estimate to multiple exponential sums of the form

s(fa)= % eXP(ZﬂifJ where f(x) is a polynomial in Z[x] and the sum is taken
xmodq q - B

over a complete set of residues x modulo a positive integer q.

Loxton and Vaughn (1985) are among the researchers who investigated S(f;q) where f is
a non-linear polynomial in Z[x]. They found that the estimate of S(f;q) depends on the
value of |V|, the number of common zeros of the partial derivatives of f with respect to

x_modulo g . By using this result, the estimate of S(f;q) was found by other researchers
such as Mohd Atan (1986). He considered in particular the non-linear polynomial

f(x,y)=ax’+bx’y+cx+dy+e . He found that the p-adic sizes for the zero

1 1
(¢,m) of this polynomial is Ordpfzg(a—@ and OrdeZE(Ot—5) with
3
5=max{ord 3a,—ord b}.
p 2 p

Mohd Atan and Abdullah (1992) considered a cubic polynomial of the form

f(x y)=ax’ +bx*y +cxy’ +dy’ +kx+my +n

1
and obtained the p-adic sizes for the root (€,1) of this polynomial as ord pf = > (a—09)

1
andord 7 > E(oz -8) with 0= maxiord p3a, ord pb, ord pc, ord p3d } .

Chan and Mohd Atan (1997) investigated a polynomial of a higher degree than the one
considered above in Z p[x,y] of the form

f(x,y)=ax’ +bxX’y+cx’y’ +dxy’ +ey’ + mx+ny +k
and showed that for a root (1 ) of f(x,y), the p-adic sizes for the zero (§,m) of this
1 1
polynomialis ord &> 5(0! —6) and ord 7> 5(05 —3J) with

5:max{ord a,ord b,ord c,ord d,ord e}_
p p p p p
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Heng and Mohd Atan (1999) determined the cardinality associated with the partial
derivatives functions of the cubic form

f(x,y)=ax3+bx?y+cx+dy+e

In their work, they attempted to find a better estimate by looking at the maximum number
of common zeros associated with the partial derivatives f (x,y) and f (x,y). A sharper
result was obtained with & similar to the one considered by Mohd Atan (1986). However,
the general result for polynomials of several variables is less complete.

In this paper, a method of determining the p-adic sizes of the component (§,m) acommon
root of partial polynomial of f(x,y) in of degree n where n is odd is discussed. The
polynomial considered in this paper is of the form

f(x,y)=ax"+bx"y+cx™2y?+sx+ty+K.

The desired estimate is arrived at by examining the combinations of the indicator diagrams
associated with the Newton polyhedrons of f and f,developed by Mohd Atan and
Loxton (1986). It is an analogue of the p-adic Newton polygon developed by Koblitz
(2977).

p-adic Orders of Zeros of a Polynomial

Mohd Atan and Loxton (1986) conjectured that to every point of intersection of the
combination of the indicator diagrams associated with the Newton polyhedrons of a
pair of polynomials in Z [x,y], there exist common zeros of both polynomials whose p-
adic orders correspond to this point. The conjecture is as follows :

e Conjecture

Let p be a prime. Suppose fand g are polynomials in Zp[x, y]. Let (u,A) be a point of
intersection of the indicator diagrams associated with fand g. Then there are § and n
in Q satisfying f(&,n)=9(&n) =0 and ordpé:u ,ord n=A1..

A special case of this conjecture was proved by Mohd Atan and Loxton (1986). Sapar
and Mohd Atan (2002) improved on this result as follows:

Theorem 2.1

Let p be a prime. Suppose fand g are polynomials in Zp[x, y]. Let (u,A) be a point of
intersection of the indicator diagrams associated with f and g at the vertices or simple
points of intersections. Then there are & and 1 in € satisfying f(&,n)=9(&,n) =0 and
ord &=u,ord n=A2..
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In Theorems 2.5 and 2.6 that follow, the p-adic sizes of common zeros of partial

derivatives of the polynomial f (x, y) =ax" +bx" "y +cx"?y? + sx+ty + k where

n is odd are given. First, the the following assertions are made
Lemma 2.1

Let n>1 be a positive integer and p>n be a prime. Leta, b, ¢, s andtbe in Z, and A, A,
are the zeros of h(A.)=4c?A.2+4bcA.+(n-1)?b%-4n(n-2)ac and let

(n-Db+24c (n-1)b+24c
g = S and &, =
2(na+ 4b) 2 2(na+A4b)

If ord b?>ord ac, then ord o =ord (¢ —« ):lord ¢ , for i = 1,2 and
p p p i pt 1 2 2 Pa
b

ord (¢ +a )=o0rd — .
p- 1 2 Pa

Proof:

2 _h_ _ _ 2
L _-bnn-2@ac—b’) b Jn(n-2)(4ac -b?)
! 2c 2 2c
are the zeros of h(A)=4c2A2+4bcA+(n-1)?b?-4n(n-2)ac . Then
_ —b+/n(n-2)(4ac-b?)
- 2

AcC
1

Since ordpb2>ordpac and p>n, we have

ord p\/n(n —2)(4ac—b?) :%ord ac

Hence, ord ) (— b+ \/n(n —2)(4ac-b?) ): %ord pac

Thus, ord 2Ac= lord ac< ord b.
Pl 2 p P
By the same method, it can be shown that
1
ord p2/12c = Eord ,ac < ordpb )

Therefore,

1
ord ((n-1)b + 24 ¢) =ord 24 ¢ = EOFd ,ac =12, (1)
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Consider that

Ab=b —b+4/n(n-2)(4ac-b?)

2c

Then,

ord pﬂ,lb = ordpb +ord p[—b + \/n(n —2)(4ac—b*)]-ord ; 2¢

Since 0rdpb>%ordpac and p>n, we have
ord Ab=ord b+lord ac—ord ¢
p1 p 2 p p

>10rd ac+lord ac—ord ¢
2 p 2 p p
:ordpa.
Thus, ord Ab>ord a
p 1 p

Again by the same method, we can show that
ord A,b>ord a

Therefore, we obtain that

ordp2(na+lib):ordpa,i:1,2

From (1) and (2),

ord o =ord {
p 1 p

(n—l)b+2/1ic
2(na+4b) ) =12

=£0rd ac-ord a
2 p p

Thatis, ord & =tord & i=12
P2 Pa
It can be shown that

(/11—/12)(2nac—(n—1)b2)
a—o =
roe 2(na+/11b)(na+/12b)
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2
it 4 Jn(n—2)(4ac—b?)
1 2 c

Then,

ord ; (al - “z) =ord ; \/n(n —2)(4ac—b*) —ord pc +ord (2nac-(n-1)b?)

—ord, 2(na+ Ab)—ord (na+4,b)

Since p>n, Ordpb2 >ord ac and from (2), we have
d —iord ac—ord c+ord ac—2ord a
or p(ocl—ocz) =5 ) ) ) )

= %(ord pc —ord pa)

Thatis, ord (a —a )=3(ord EJ @)
p- 1 2 2 Pa
From (3) and (4), we obtain
1 c
ordpai _ordp(al—az)_Eordpg i=12.

Also, its can be shown that

[2n(n—1)ab+4bcA 2 +(2nac+ (n—1)b2)(ﬂb1 +2,)
2(na+ ﬂlb)(na + /Izb)

a +o =
1 2

—n)2b%— _ b
with 44 = &=WPT=AnN=2)ac g g =2
172 4c o2 C

Then

ord (@, +a,)=ord_ ZCb((z —n)(1+n)b® +6n(n - 2)ac)

—ord 2(na+ Ab)—ord, (na+4,b)
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Since p>n, ordpb2>ordpac and from (2), we have
b
ord (¢ +a )=ord —+ord ac—2ord a
p 1 2 PC p p

b
=ord —
Pa
Therefore, we obtain

ord a =ord (a -« )=10rd E, bagi i=1,2
p i p- 1 2 2 Pa
and ord (o +«_)=ord b as asserted.
p 1 2 Pa

In the Lemma 2.2 and Theorem 2.2,

(n-Db+24c (n—l)b+2/120
% :m,az - 2(na+Ab) Where A, A are the zeros of
1 2

h(1) = 4c’2® +4bcA + (n—1)*b* —4n(n—2)ac . Then a #a because of
A#A .
1 2
Lemma 2.2

Suppose U, Vin Q x& .Letn>1 be a positive integer and p>nbe a prime, a, band
cinzZ.
p

If ordpb2>ordpac, then

ord (aV —aZU):ordp[(n—Z)b(U —V)++/n(n-2)(4ac—b* U +V)] -ord a.

Proof

(n=1)b+ Zilcv ~ (n=1)b+ 24.C

ord (aV —-a U)=ord
po 1 2 P 2(na+/11b) 2(na+12b)

=ord_ [(n-1)b+24c)(na+Ab)V —[(n-1b+24 cl(na+Ab)U |

—ordp2(na+/11b)—ordp2(na+/12b) 1)
Now,
2 2
. :—b+\/n(n—2)(4ac—b) d 2 _—b—y/n(n-2)(4ac-b’)
1 2c 2 2c
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are the zeros of h(1) = 4c*4* + 4bcA + (n-1)°b* — 4n(n-2)ac .
It can be shown that, with the values of A and 2,
[(n-Db+24c](na+2b)V - [(n=D)b+ 2/120](na + ;tlb)U

.1 (n=2)b Jn(n—2)(4ac -b?)
- [Znac—(n—l)b {ZC(U —V)+2—C(U +V)|

Then from (1),
ord (aV ~a,U) = ord [(n-2)b(U —V)+yn(n—2)(4ac—b?) U +V)]

2
. ord {Znac—(n -Db
2c

} —ord , 2(na+ ﬂlb) —ord . 2(na+ ﬂzb)

Since p>nand ordpb2>ordpac , We have

ord p[(n -2)b(U -V)+ \/n(n —2)(4ac—b*) (U +V)]

+ord ac—ord c—2ord a
p p p
Hence,

ord_(aV ~a,U)=ord [(n-2)b(U ~V)+4/n(n—2)(4ac—b?)(U +V)] —ord a

as asserted.
In the following theorem, we give the p-adic sizes of the variables x, y in U,V by using
the assertions in Lemma 2.1 and Lemma 2.2

Theorem 2.2
i n-3 n-1 n-3
Suppose U,V in prprithU =x2 +ax?yandV=x2 g x 2y  Where
1 2

nis odd. Let p>n be aprime, a, band cinZ and ord pb2 >ord ,ac .

> 2
If ord (n-2)b(U -V)>ord yn(n-2)(4ac-b*)(U +V), then Ordpxan and

dvs 2wt dcb(”'3)
oy =12 2% e withW =0rde =orde

Proof

-1 n-3 - n-3
FromU =x2 +agx?y andV =x2 +g x 2y ,wehave
1 2
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2 —
{aV-aUJAl y:L
X = 1 2 n-3
- and -
a-a (¢ —ax )x
1 2 1 2
Then,

2 2
ordpx:—lordp(alv —aZU)——lordp(al—az) (1)

n-3
and ordpyzordp(U —V)—ordp(al—az)—Tordpx @)

From (1), Lemma 2.1 and Lemma 2.2, we obtain

ordpx = ﬁordp[(n—Z)b(U —V)+\/n(n—2)(4ac—b2)(U +V)]

Now, from hypothesis

min {ord_(n-2)b(U —V),ordp\/n(n—2)(4ac—b2)(U +\V)}

:ordp\/n(n—Z)(4ac—b2)(U +V)

Hence,

2 2 1
ord X=—"—ord /n(n—2)(4ac-b")(U +V) ———ord ac
X =—=ord_n(n-2) )(U +V) ~—=ord ac.
Since ordpb2>ordpac and p>n, we have
ord x:iord (U] +V)+i(ord ac—ord ac)
P n-1 » n-1 P p
That is,
ord x—iord U +V)
Pt n-1 p 3)
Let W:orde:orde , we have
ord xziw
P n-1

From (3),

n-1

Ordpx ZOI‘dp(U +V)
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n-1 n-3
But ordp(U+V) = Ordp[Zx 2 +(al+a2)x 2 yJ .

Therefore,
ord x <ord ,(a; +a,)y .

Thus, from equation (2), Lemma 2.1 and Lemma 2.2, we have

n-1 1 c n-3 b
—ord_ y>ord U-V)-=ord,— —| —— |ord . —.
2 oY o ) 2 "a ( 2 ) Pa
Let W=ord pU =ord pV, we have
2] 1 ¢ (n-3 a
ordy>—|W-=ord —+| —— jord — (4)
P -1 2 Pa 2 Pbh
r (n-3)
=i W _Eord Cbi_
n-1 2 pa"?
Therefore,
ord X>LW ord >i W—Eord w
X E g and oy =T W o0, e

where W= ord U= ord v as asserted.
Theorem 2.3 gives an estimate of the same variables in U,V under a different condition
as given by the following lemma.

Lemma 2.3
Let n>0and pbe anodd prime, p>n anda, b, c inZp with ordpb2>ordpac AfUYV in
Q xQ such that

ord , (n—2)b(U -V) <ord p\/n(n —2)(4ac—b*)(U +V), then orde=0rde

and there exists g, w in Z such that

ordp[(n—2)b(u —V)++4/n(n—2)(4ac-b*) (U +V)] :ﬁ+ordp[(n—2)bq ++/n(n—2)(4ac—b*)w]

where B =ord V =ord U and ord q=0 ord w>ord b—iord c,.
P P P P P2 P
Proof

From ordp(n—Z)b(U —V)sordp\/n(n—Z)(4ac—b2)(U +V), p>n and

ord pb2 > ord ,3C we obtain
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ordpb+ordp(U -V)< %ordpac+ordp(u +V)
Since ordpb2>ordpac , this inequality becomes
0< ordpb—%ordpac < ordp(U +V)—ordp(U -V)

Therefore,
ordp(U + V)>ordp(U—V). @

Now, ord p(U +V) -ord p(U-V)>O implies that orde:orde. This is because if ,
ord pU # ord pV we have ordp(U +V)—ordp(U -V)=0.

Suppose S =ord pU =ord pV .
Then,
U =p’k and Vv = p”l with ord k=0 and ord |=0.

Thus,
U + V= pfk+l) and U -V = pPk-I).
From (1), we obtain

ordp(k+|)>ordp(k-l).
This means that, ord p[(k +D+(k-D]=ord p(k -1)

That is,
ordpk:ordp(k-l):o

Therefore,
ord p(k+|)>0

Suppose q =k-1 and w=k+l.
ord, (U +V)-ord,(U-V)=g+ord, (k+1)- g—ord  (k—I)

:ordp(k+l):0rdpw

But ordp(U +V)—ordp(U —V)zordpb—%ordpac )

Then,

ord w> ord b—lord ac .
P P2 p
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Hence,

ord p[(n -2)b(U -V)+ \/n(n —2)(4ac—b*)(U +V)]

=ord [(n-2)bp’q+ Jn(n -2)(4ac —b?) p”w]

with ord g=0and ord w2 ord b—lord c.
p p p 2 p
The right expression becomes

ord_ p”[(n-2)bq ++/n(n—2)(4ac —b?)w]

= p+ord [(n-2)bq +4/n(n—2)(ac—b?)w]

1
with f#=ord U=ord V, ord =0 and ord w> ord b—=ord ac
p p p p p 2 p

as asserted.

Theorem 2.3

n-1 n-3 n-1 n-3
Suppose UVinQ xQ withy =x 2 +gx 2y and V=x2 +¢ x 2 y where
1 2

nisodd. Let p>nbe aprime, a, bandcin Z and ordpb2>ordpac.
2
If ordp(n—Z)b(U -V)< ordp,/n(n—Z)(4ac—b2)(U +V)then ord px > nord pW

2 1 o™
and ordpyzn—_l W—Eordpw with W=ord V=ord U.

Proof

aV-al S U-V
Suppose X=|————— and Y= 3

n-3
a - 7
1 2

(a,—a)x
Then,

2 2
ordpx=mordp(alv—aZU)—mordp(al—az) (1)
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n-3
and ord y=ord (U —V)—ordp(al —az)—Tordpx @)

From (1) and by Lemma 2.1 and Lemma 2.2, we have

ord X :%ord [(n=2)bU -V)+ Jn(n=2)(4ac—b*(U +V)]

By Lemma 2.3, there exists g and w in Z, such that

ord X = r12—1(‘8+ ord p[(n —2)bg + \/n(n —2)(4ac— bz)w]) —iord ,ac

with S=ord V=ord U, ord q=0, and ord w>0.
Suppose W=p, we find that

1
ord x>i W + min{ord b —ord ac+ord w ———ord ac
n-1 2 1 P

Then,

ord x >iw
n-1

From (1) and (2), we have
n-3
ord y = ordp(U —V)—ordp(oz1 —az)—Tord X

n-3

2 2
=ord (U —V)—ordp(al—az)— > L_lordp(alv—aZU)—n_lordp(al—az)

By Lemma 2.2, we have

ordpy=ord (U-V)- (nil)ordp(al ~a,)
((2 3)) ord [(n-2)b(U ~V)+4/n(n—2)(dac —b* (U +V)]-ord o8
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Since p>n and Ol‘dp(n—Z)b(U -V)< ordp\/n(n—Z)(4ac—b2)(U +V), we have

2 (n-3)
ordpy=ord ,(U-V)- (n_l)ordp(al —a,) - 0D [ord b —Vv)-ord a]
By Lemma 2.1, we have
2 2 |1 c| (n-3)
ordpy_—ord u V)_(—l)[ordpa}_(n—l) [ordpb—ordpa]
=2{ord U —V)—lord €_0=9 g b+(n 3)ord a}
n-1 P 2 ra

2 ch™?
:n_l{ord L V)—Eord G 2)}

Let W:orde:orde,

1 ch™® }

2
we have Ord ¥ 2 o _JW _Eordp N

Therefore,

5 2 cb™?
ordpx>mord Vand ©Ord y>n_1 _50 dp "2

with W:orde = orde as asserted.

The following theorem gives explicit estimates of the x,y variables in U and V in terms
of p-adic sizes of integers in Z, The proof utilizes the result obtained above.

Theorem 2.4

n-1 n-3 n-1 n-3

Suppose UV inQ2 xQ withy =x2 +gx2y andy =x2 14 x 2y Where
1 2
n is odd. Let p>n be a prime, a, b, ¢, s and t in Z, ordpb2>ordpac ,

o = max{ord pa,ord pb,ord pC}anol ord s,ord t>a>9.
p p

S+ At

If OrdU:}ordLﬂit ndOde:lord 2 then ord x> 1 2 svand
P2 Dna+/1lba » 2 rna+Ab then ord x=—— (a-(n-3)5)a

ord yzi(a—(n—3)5).
p n-1
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Proof

nt n3 -t n-3
Fromy =x2 tgx2y andy =x2 44 x2y ,wehave
1 2

V-au )™ u-v
_ al az y -_—
X= {J and n-3

a—a _ -
1 2 (ozl az)x

Then,

2 2
ordpx _ﬁordp(alv —erU)—ﬁordp(ocl —az) and

n-3
ordpy:ordp(U —V)—ordp(oz1 —az)—7ordpx

From Theorems 2.2 and 2.3, we obtain that

2
ord x=——W
2 1 ch™?
d U 1 d S+ At ny 1 d s+/12t
ith W=ord U=ord V and or ==0r , or ==ord ——=— |
W ord,u=ord,van P 2 p na+ilb P 2 P na+/12b
From (1),

1 g S+ At
> or ' i=
we have ord x = ord, na+Ab | i=1,2.

By proof of Lemma 2.1, ord p2(na+ Ab) =ord ,a fori=1.2.

Then, ord x> L[ord (s+At)—ord a],i=1.2. )
P n-1 P ! P

1
Suppose min{ord s,ord At}=ord s, i=12we have ord x = 1(ordps—ord pa)

Then, by hypothesis,

1
ord X za(a—b“)

Now from (2),
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1 ch™?

2
> R R
ordpy_ n_l{w 2ordp 0D }

S+At -
__2 Eord 2 —lord C+(n3)ord a
n-1| 2 pna+/12b 2 Pa 2 Ph

> ! ord S+ At —(n_3)[ordp9+ordpc}
n-1 "lna+4,b n-1 a

By the proof of Lemma 2.1, ordp2(na+ lib):ordpa fori=1,2. Then

>71 d At —iord a+ n-3 ord a
ordpy_n_lor p(s+ i) 10, 1 o,

n-3
—[J max{ordpb, ord pc}

zi ord (s+At)—(n-3)max{ord b,ord c}] L i=1,2.
n-1 p i p P

By the same method for ord X from equation (3), we have
1
ordy zm(a—(n—S)ﬁ),
We will get the same result if min {ord S ord p/12t} =ord pﬂit because

ordpa <ord p/1ib ,i=1,2.

Therefore,
ord xzi(a—ﬁ)ziord (@ —(n-3)5) and ord yzi(a—(n—S)é)
P n-1 n-1 P° n-1

as asserted.
Theorem 2.5

Let f(x,y)=ax" + bx™ty+cx™2y?+sx+ty+k be a polynomial in Z p[x, y] with p>nandnis
odd.Let ¢ >0,8 = max{ordpa'ordpb, ord pc} and ordpb2>ordpac.
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If ord, f,(0,0),ord, f,(0,0) > & > & there exist (£, ) such that f(£n)=0, f(En

)=0 and ord, & Zi(a—(n—3)5) , ord 7 Zﬁ(a—(n—%) .

Proof

Letg=f andh=f and A be a constant. Then,
(g+Ah)(x,y)=(na+Ab)x™1+((n-1)b+2Ac)x"2y+(n-2)cx™3y2+s+At

and
(g +Ah)(x, y) _ Xn1+((n—1)b+2/10jxnz N ((n—Z)CJXn_a 2 s+t O
na+ Ab na+Ab na+ Ab na+Ab
By completing the square in equation (1), we have
n-1 n-3 2
(g+ﬂh)(x,y): W 2 +(n—1)b+2/10X 5 N S+ At @
na+ Ab 2(na+ Ab) na+ Ab
(-2 ((n-Db+24c) o
if na-+Ab 2(na + Ab)
Thatis, 4c?A° +4bcA+(n—-1)°b° —4n(n—2)ac =0. (3)
From (3), we will get two values of A, say A, A,, where
—b+4/n(n-2)(4ac -b?) _—b—yn(n-2)(4ac-b’)
A= and 4 = :
1 2C 2 2C
A # A, because Ordpb2 >ord ac of means that b®=ac .
Now, let
o (n-Db+24c "3
U=x?+———Lx?y
2(na+4b) : (4)
M (n-1)b+24c "B
V=x? +——2x?y, (5)
2(na+/12b)
FU.V)=(g+4h)(xy) (6)
and G(U,V)=(g+2h)(xy) . O
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By substitution of U and V in (2), we obtain the following polynomials in (U,V)
FU,V)=(na+2b)U’+s+At (8)
GU ,V)=(na+/12b)V2+s+/12t (9)

The combination of the indicator diagrams associated with the Newton polyhedron of
(8) and (9) takes the form shown in Figure 1.

\Y
& s+At
ord U =—ord L
» 2 phna+ib
1
(1)
1 2
1 s+At
""""""""""""""""" ord V ==ord 2
b 2 phna+ib
2
» U

Figure 1: The indicator diagrams of F(U,V) = (na + /11b)U Zis+ /11t
and
G(U,V) = (na+/12b)V2 +sHAL

From Figure 1 and Theorem 2.1 there exists (U,V) in Q_ xQ such that F(U,V)=0,

and

o . " 1 S+ At
- ord U=y, ord V = == .

GWU,V)=0 and ] zuli b /U2Where H, 20rdp na+Ab
1

1 S+Azt

=—ord
# 2 pna+ﬂ,2b

Suppose Y =U and V —Vin (4) and (5). There exists (X, ,y,) such that

aV-al u-v
% e | ad YT 5%
172 (0 —a )x 2
1277
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(n-Db+22c _(n-Db+24c
2na+ib) ' 2 2(na+4b)

with @ = in which A, A, are the zeros of

h(2) = 4c*2* + 4bcAd + (n—1)*b® —4n(n—2)ac and a #=a, because of 4 # 1,
From Theorem 2.4, we have
1 1 .
ord x, Zmordp(a—(n—3)5) and ordpy0 2m(a—(n—3)é)

Let &=x, and n=y,

Now, we show that g(&,n)=f, (£,7)=0 and h(&,n)=f (&,m)=0.

From (6) and (7), we obtain F(U V) =(g+4h)(&,7) and G(U,V)=(g +AN(E7) -
Because of F(U,V)=0 , then g(&,n)+ llh(f, n)=0 (10)
Also G(U,V)=0. Therefore g(&,7)+ Ah(,n)=0 (11)

Since 4 # 4, and from (10) and (11), (/11 —xlz)h(é,n) =0, we obtain h(&,1)=0.

Similarly g(&m1)=0.

Then, ord &> ﬁ(a— (n-3)5) and ord 77> ﬁ(a —(n=3)5) where (&n) are

the zeros of gandhand o= max{ordpa,ordpb,ordpc}.

We will get a sharper result if ordpa>ordpb, as written in the following theorem:

Theorem 2.6
Let f(x,y)=ax"+bx™y+cx™2y?+sx+ty+k be a polynomial in Zp[x,y] where p>nandnis
odd. Let o >0, 6:max{ordpa,ordpc},ordpb2>ordpac and ordpa>ordpb.

If ord . f (0,0),0rd . fy(0,0) >a > 5 thereexists (1) such that f (£,1)=0, fy(é,n):o and
ord §>i(a—5) ord ,7>i(a_5)
> n-1 ' P’ n-1

Proof
By proof of Theorems 2.4 and 2.5, there exists x, and y, such that

ord x > (¢=5).
PO0 n-1

1 I
ordy,>—| =

S+At _ .
2 ord —Eord E+(n—3Jord alj =1,2.
n-1|2 pna+/1ib 2 Pa 2 Ph
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By proof of Lemma 2.1, ordp2(na+/1ib) = ordpa fori=1,2. Then

ord y 22[1ord s+ it)—Lord atord & _(N-8 b
PT0T h-1] 2 n( g 2 r 2 ra 2 Ordpa

That is,

ord y 22{1ord (s+ﬂ_t)—lord c+(_jord }
po 12 » 2 e 2 Ph

where i=1,2.
By the hypothesis ord pa>ord pb , we have

2 1 1 )
ord py0 > n_l[zordp(swlit) —Zordpc} =12
Similarly, by the same method for ordpx from equation (3) in Theorem 2.4, we have
1

ordpy0 zﬁ(a—ﬁ)
Suppose £ =x, and 1 =y, .
Hence,

ord >+ (4—8) and ord 7> (a-5)

z2——(a—- z——(a~—
" n-1 an ! n-1

where & =max{ord ja,ord b,ord c} asasserted.

CONCLUSION

Our investigation shows that if p is an odd prime p>n,

f(xy)=ax"+bx""y+cx"*y® +sx+ty+k apolynomial inZ [x,y] where nis odd,
o>d, O = max{ordpa, ordpb, ordpc} and ord pb2 > ordpac then the p-adic sizes of the

common zeros (&,m) of the partial derivatives of this polynomial is

1
ord ¢=-—(a=(n-3)5), Ordpnzﬁ(a—(nﬂ)& . We obtain a sharper result if
ord a>ord b, that is ord cfzi(a—cS) , ord nzi(a—é) with
p p P’ pn-1 P*on-1

o= max{ordpa,ordpc}.

42 Malaysian Journal of Mathematical Sciences



A Method of Estimating the p-adic of Common Zeros of Partial Derivative Polynomials
REFERENCES

CHaN, K.L. and K.A. MoHb. ATAN. 1997. On the estimate to solutions of congruence equations
associated with a quartic form. Journal of Physical Science 8: 21-34.

Heng, S.H. and K.A. MoHbp ATaN. 1999. An estimation of exponential sums associated with a
cubic form. Journal of Physical Science 10: 1-21.

KosLiTz, N. 1977. p-adic Numbers, p-adic analysis and zeta Function. New York: Springer-
Verlag.

LoxTton, J.H. and R.C. VaucHN. 1985. The estimate of complete exponential sums. Canad. Mth
Bull. 28(4): 440-454 .

MoHp. Atan, K.A. 1986. Newton polyhedral method of determining p-adic orders of zeros
common to two polynomials in. Pertanika 9(3): 375-380. Universiti Pertanian Malaysia.

MoHp. Atan, K.A. and |.B. AsbuLLaH. 1992. Set of solution to congruences equations associated
with cubic form. Journal of Physical Science 3: 1-6.

Monp. ATan, K.A. and J.H. LoxTon. 1986. Newton polyhedral and solutions of congruences.
In Diophantine Analysis, ed. J.H. Loxton and A. Van der Poorten. Cambridge: Cambridge
University Press.

SAPAR, S.H. and K.A. MoHp ATan. 2002. Estimate for the cardinality of the set of solution to
congruence equations. Journal of Technology No. 36(C) (Malay): 13-40.

Malaysian Journal of Mathematical Sciences 43



